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“Those who are not shocked when they first come across quantum theory cannot

possibly have understood it”

Niels Bohr

“I don’t like it, and I'm sorry I ever had anything to do with it.”

Erwin Schrodinger

“I think I can safely say that nobody understands quantum mechanics.”

Richard Feynman
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1. The Old Quantum Theory

1.1 Planck’s formula

In the late 19'" century the basis of the theoretical understanding of our world was formed by
the “classical theory”: Newton’s laws (or more sophisticated formulations such as Lagrangian
or Hamiltonian mechanics) and Maxwell’s theory of the electromagnetic field. However, by
1900 and shortly after that there was enough experimental evidence that made it clear that the
classical theory does not completely describe the nature.

Historically the first problems appeared when physicists tried to describe the spectrum of
radiation emitted by heated objects. It was observed that any physical body at non-zero temper-

ature! emits electromagnetic radiation with a continuous spectrum of wavelengths/frequencies.
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Figure 1.1: A sketch of a blackbody: a model for producing electromagnetic waves which are in
thermal equilibrium with a body at temperature 7. The frequencies in the emitted radiation

can then be investigated.

!Non-zero here means “above the absolute zero”, which is at zero degrees Kelvin.

7



8 CHAPTER 1. THE OLD QUANTUM THEORY

Not all frequencies of radiation are produced equally, instead certain frequencies dominate.
This is the same phenomenon that makes iron objects glow red when they are heated. We
are interested in the answer to the following question: Consider some physical object at a
temperature 7', it loses heat through electromagnetic radiation (vibrating electrons lead to
electromagnetic waves), into which frequencies is the energy it emits distributed? The function
we are seeking is called the spectral energy density?, and denoted u(v, T) and it tells us about

the energy contained in frequencies between v and v + dv. In fact
u(v,T) = N(v)(E)

where N(v) = 8’;—§’2 is the number of standing waves in a cavity with frequencies between v and
v+dv, and (E) is the average energy of the oscillators in the wall of the cavity at temperature
T. There exists a simple argument which implies that if our object is a black body, i.e. it
absorbs all incident radiation, then u is independent of the physical nature of the body and
only depends on thermodynamic properties of electromagnetic radiation. Indeed, if an object
is in equilibrium with radiation, it should emit exactly as much radiation as it absorbs, and
should be at the same temperature 1" as the electromagnetic field. But a black body absorbs all
radiation that reaches it, whose properties are completely determined by the electromagnetic
field.

Lord Rayleigh and James Jeans had used statistical mechanics® to determine (FE), the ideas
that worked so successfully for thermodynamics said that energy was distributed according to

the Boltzmann distribution, so that the expectation of the energy in an oscillating wave was

f0°° Ee—E/ksT)qE

(E) = [ e BkeTdE

= kT

where kg = 1.380649 x 10~2 Joules per Kelvin is called the Boltzmann constant. The classical
computation of Jeans and Rayleigh stated that the expected energy was independent of the
frequency of the electromagnetic waves carrying the energy and gave

82
3

u(v,T) = kgT

which became known as the Rayleigh-Jeans law. Unfortunately the Rayleigh-Jeans law only

agreed with experimental results for small frequencies. In figure 1.2 the experimental results

2An equivalent quantity is called the radiance B(v,T) and it is simply related to the spectral energy density
by B(v,T) = £u(v,T).

3The details of the classical computation uses Maxwell’s equations and ideas from statistical physics for a
black body, which we have only outlined here. For more information see, for example, Lectures on Quantum
Mechanics by Steven Weinberg or Quantum Mechanics - Concepts and Applications by Nouredine Zettili, but

even so a firm appreciation of statistical physics is recommended to appreciate the full computation.
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Figure 1.2: Comparison of Planck, Rayleigh-Jeans and the Wien laws for the blackbody radia-
tion at a fixed temperature 7. The solid curve shows the results from experiment, which agrees

with the prediction of Planck.

are sketched with a solid line, and the Rayleigh-Jeans law is shown in the dashed line to the
left of the sketch. There was a second, different formula for u(v, T") due to Wien, who derived
his equation from the Stefan-Boltzmann law that power radiated is proportional to 7. This

was also on solid ground in classical physics, and Wien'’s law was
u(v, T) = Avde /T

where A and 8 were parameters that could be adjusted to fit the experimental data. Wien’s
law agreed with the experimental results only for large v (Wien’s law is sketched on figure 1.2
in the dashed line mostly to the right of the figure). So there were two well-founded classical
predictions that failed to give the results found in experiments. The Rayleigh-Jeans law in
fact predicted that infinite energy is radiated from a blackbody at finite temperature 7" (found
by integrating u(v, T') over all the frequencies to find the total energy). This was called the

ultraviolet catastrophe (because u diverged for large v).

One feature that was found in the experiments is that for a given temperature 7" the spectral
energy density u(v,7T") has a maximum at some v. In other words, there is some characteristic
frequency v(T') or equivalently a wavelength A(7") at which most of the energy is radiated. If we
were to apply the classic argument using statistical physics and Maxwell’s equations, we would
expect to find a theoretical prediction for A(T') in terms of T', the speed of light ¢, and the

Boltzmann constant k. But no such expression exists: it is impossible to form an expression
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with units of length using these constants! Consider
MT) oc TP kY. (1.1)

Note that 7" has units K (degrees Kelvin), ¢ has units m/s, and kg has units of energy divided
by temperature, kg - m? - s72 . K~1. Altogether, the right-hand side above has the units of
K®(m/s)?(kg-m?-s72. K~1)7. The units of A should be metres m. These do not match for
any choice of «, 3,~. (Verify this!)

In the problem set you will show, using the same idea of dimensional analysis, that the
classical argument must give the Rayleigh-Jeans law:

u(v,T) = Nc—gszT (1.2)

for some numerical constant N. The complete argument shows that N turns out to be 8.

The breakthrough came in 1900 when Max Planck proposed a new formula for u(v, T') that
described the experimental data rather well. How did he manage that? Well, one thing that is
obvious from the above discussion is that we need to add some new physical constants to our
arsenal if we are to get correct answers that have correct units. This is how Planck’s constant
h came to be. Introducing it breaks the dimensional analysis argument that we made above,
and infinitely many new formulas can be written. Planck’s argument rested upon the idea that
the energy exchanged between the vibrating particles in the wall of the blackbody and the
electromagnetic radiation were not exchanged continuously, instead he said that at a frequency
v only the energies

E =nhv

for n € {0,1,2,3,...} could be exchanged. Then the computation of (F) from statistical

mechanics becomes

o0 —nhv/kgT
Y oo nhve

<E> = ZOO—O e—nhv/kpT (13)
hv
= ohw/ksT _ (1.4)
and so Planck predicted the formula (using u = N(v)(E))
8rhi? 1
u(y, T) = ERR T (1.5)
Planck’s formula matched the experimental data, and for large v it becomes Me_’%—? ie.

c
82
3

hv
i.e. the Rayleigh-Jeans law (use e*sT — 1 a2 1),

Wien’s law, while for small v it becomes s
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Figure 1.3: A cartoon of electrons being emitted from a metal sample irradiated by light.

The reason that the Rayleigh-Jeans formula works so well for small v is that for low frequency
energy is exchanged in small lumps, which approaches the continuum distribution of F.

Planck was motivated by finding a formula to fit the experimental data, but key to explaining
his idea was that electromagnetic energy could only be absorbed or emitted in portions, which
he called quanta (singular “a quantum”), of energy F = hv where v = ¢/\ is the frequency
of radiation. In other words, we only care that the energy is exchanged in discrete portions
(quanta) if these portions are noticeably large. Large compared to what? The only energy scale
we have is the scale of thermal fluctuations kgT'. So if hv < kgT then the size of the portions
should be irrelevant and Planck’s formula should reduce back to the classical one. Indeed, it
does.

This discovery showed that there are some things that physicists definitely did not under-
stand about electromagnetic radiation. As we will see, the quantum E = hv and the Planck’s

constant h ignited the development of the quantum theory.

1.2 The photoelectric effect

The next development came with Einstein’s explanation of the photoelectric effect. It was
observed that when a piece of metal is illuminated by light with the right properties, its charge
steadily changes. This was interpreted as electrons being emitted from the metal by the elec-
tromagnetic forces (figure 1.3).

Recall that according to the classical theory light is an electromagnetic wave, i.e. a wave
of electric and magnetic fields. An electric field produces a force on charged particles and can
transmit energy to them. It is then natural that electrons can be accelerated by light and
eventually ejected from the metal. This phenomenon was first investigated by Hertz in 1887.

The amplitude squared of the electric field is proportional to the intensity of the light source I,
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and so the classical theory predicts that the kinetic energy K of the emitted electrons should
grow with 1.

Instead, it was found that K does not depend on the intensity I and depends instead on the
frequency of light v. In fact, for v below some threshold value vy, K goes to zero and there is
no electron emission no matter the intensity. When the emission does happen, only the number
of emitted electrons depended on intensity. Even for very low intensity light if the frequency of
the light satisfied v > vy then electrons were emitted. If v > vy then the number of electrons
ejected increased with the intensity but that number did not depend on v.

In order to explain these results, in 1905 Einstein proposed that a stronger form of Planck’s
idea holds: it is not just that the electromagnetic field exchanges energy with matter in discrete
portions, but light in fact consists of particles, photons, carrying the energy hv. When a photon
is absorbed by an electron, the latter receives energy up to hv.* Some fixed work W is spent on
removing the electron from its binding to the metal, and the maximal kinetic energy of emitted
electrons becomes

K =hv—-W. (1.6)

Of course, if the frequency v is too small and hv < W, then there is not enough energy to
remove the electron from the metal, and no effect is observed. This predicts vy = W/h. The
intensity I of the light source is proportional to the number of photons, which explains why
the number of emitted electrons grows with 7, but not their energies. The formula (1.6) was
later confirmed experimentally by Millikan. Einstein’s Nobel Prize was awarded for his work

on photoelectric effect.

1.3 Compton scattering

An effect that is somewhat similar in nature to photoelectric effect is Compton scattering.
Consider a free electron that interacts with an incoming electromagnetic wave of frequency v.
According to the classical theory, the electron will be accelerated by the wave, and will start to
move in some manner. The motion will happen at the same characteristic frequency v, and the
electron would thus produce electromagnetic radiation with frequency v’ = v. There could be
corrections to v/ due to the velocity of the electron, but these would depend on the amplitude
of the wave.

Instead Arthur Compton observed in an experiment in 1923 that the wavelength \' = ¢/1v/

of the radiation emitted by the electrons was related to that of the incident radiation by

N =X = A(1—cosb), (1.7)

4Possibly less because the electron can re-emit a photon, or interact with the metal.
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Figure 1.4: Kinematics of the Compton effect. The incoming radiation is coming from the left,

with the wavelength A, and the radiation scattered at angle 6 has the wavelength \'.

where 6 is the angle at which the radiation is measured (see figure 1.4) and . is the Compton

wavelength of the electron,
h
Ae = . (1.8)

MeC

As you will see in the problem set, this formula is easily explained by Einstein’s hypothesis that
light consists of photons. The key idea is that a photon can scatter off an electron, transferring a
part of the energy hv to it. The scattered photon will then have a lower energy hv', with v/ < v
and thus A’ > A\. Working out the conservation of energy and momentum using relativistic

formulas leads to (1.7).

1.4 So what is light?

The above examples seem to prove conclusively that light consists of photons carrying energies
E = hv. But, of course, previously physicists came to the conclusion that light is an electro-
magnetic wave, and they had equally convincing evidence based on interference and diffraction.
The question then arises: what, in the end, is light? Is it a particle or a wave?

The answer is of course that it is neither: as we have seen, either concept fails in explaining
one or another experiment. So we need a new concept that would have the properties of both
particles and waves, and a mathematical formalism to describe this concept. The new concept
is that of a quantum particle. The mathematical formalism is going to be the subject of this
module.

However, I have to make the disclaimer that we will not develop the mathematical formalism
that describes photons. The reason for this is that we will study non-relativistic Quantum
Mechanics. It is not applicable to photons, which move at the speed of light and are inherently
relativistic. The relativistic version of Quantum Mechanics is Quantum Field Theory, which is
far beyond the scope of this module.

Quantum Mechanics is however applicable to non-relativistic electrons and other particles,
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and these will serve as the experimental context for our lectures. So let’s now discuss the other
developments that grew out of the ideas discussed in the previous sections and led the physicists

to reconsider the nature of electrons, nuclei, and other particles.

1.5 Rutherford’s and Bohr’s atoms

In 1911-1913 Ernest Rutherford developed a model of the atom, based on experiments per-
formed under his direction by Hans Geiger and Ernest Marsden. The experiments were based
on scattering of alpha-particles (helium nuclei) off a thin metal foil, and showed that sometimes
the alpha-particles scatter at large angles. This was inconsistent with the previous models of
the atom, and supported Rutherford’s idea of a small yet heavy positively-charged nucleus
(which could significantly affect the trajectory of the heavy-ish alpha-particles) surrounded by
relatively light negatively-charged electrons.

Despite being supported by experimental evidence, Rutherford’s atom was not theoretically-
self consistent. Consider for example the Hydrogen atom, which has one electron. According
to the classical theory, the electron would orbit the atom in circular or elliptical orbits, just
as planets orbit the sun. However, circular orbits mean that the electron moves with accelera-
tion, and accelerating charges emit electromagnetic radiation, which carries away energy. The
electron would then move to orbits with smaller radius and higher orbital frequency, and the
radiation wavelength would shorten. Eventually the electron would fall onto the nucleus.

This means that in the classical theory, Rutherford’s atom is inherently unstable which
is of course not what is found experimentally. Electromagnetic radiation by atoms has been
observed, but it behaves completely differently from what Rutherford’s model predicts.

Specifically, it was observed that the light is emitted by atoms only at a discrete set of
wavelengths. For Hydrogen, generalising earlier Balmer’s formula, Johannes Rydberg found

that these wavelengths can be empirically described by the formula

1 1 1
)‘m,nz ny ny

where R is the Rydberg constant, and n; > ng are any pair of positive integers.

Niels Bohr found a way to explain this spectrum and compute R in terms of fundamental
constants. His idea was that classically, when an electron orbits the nucleus, the frequency at
which it radiates is determined by the period T of its orbit, v = 1/T". Since we know from other
experiments that radiation can only be emitted in quanta with energies F = hv, this suggests
that only a discrete set of frequencies should be allowed. Bohr effectively postulated that the

angular momentum L of the electron is quantised. For a circular orbit,

L =mcrv=hn, (1.10)
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where h is some new constant, m, is electron’s mass, r is the radius of the orbit, v is electron’s
velocity and n is a positive integer. On the other hand, we have that the Coulomb’s force must

give the correct centripetal acceleration

e? mev?

= . 1.11
4megr? r ( )
We can find from (1.10) and (1.11)
1 €2
= —— 1.12
Ameg nh’ (1.12)
n?h?
r = 4meg L (1.13)
and the electron’s total energy
mev? 1 e? 1/ 1 \?me
E, = — — = —— . 1.14
2 dmeg T 2 (47‘(’60) n?h? ( )

This formula then explains the spectrum of wavelengths (1.9): if the electron is excited to the
orbit with n = n;, it can then emit a photon with energy E,,, ., = E,, — E,, if it transitions to
a lower-energy orbit with n = ny < ny. This photon will have the wavelength A, ,, determined

by (as follows from E,,, ,, = Aty n, and v = ¢/\)

2 4
Lo Bww 101 AT (10 1) (1.15)
Anims he 2 \4mey ) R?hc \ n3 nj
which agrees with Rydberg’s formula (1.9) if
1/ 1 \*me
== ) 1.1
k 2 (47T60> h2hc (1.16)

To determine A, Bohr reasoned that for large n (and thus large r), the behaviour should be
similar to the classical one, and so the frequency of radiation should be given by the frequency

v with which the electron revolves around the nucleus,

v 1 1\? mee?
= = — , 1.17
YT omr T on <47T60> n3h3 (1.17)

On the other hand, from the quantum point of view, it should correspond to transitions between

neighbouring states F,, and E,_;, which produce photons with frequency v given by

mee* [ 1 \? 1 1 1\ me
h — € _ - — R — ¢ —4 . 11
YT o <47T60> ( (n—1)2 n? ) <4W€0> h2n3 +0(n™) (1.18)
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Comparing (1.17) and (1.18) we find

hmee*  meet
2rh3n3  h2nd’

(1.19)

which implies
h

The constant A is called the reduced Planck’s constant. Plugging this into (1.16) we find

(1.20)

mee

R=—— 1.21
8e3ch?’ (1.21)
which matched the experimental value.

This set of postulates, namely

e the electron can stay in the stable orbits (energy levels) determined by the quantisation

condition (1.10) without producing electromagnetic radiation,

e the electron can transition between different energy levels E,, and E,, by emitting a

photon with energy FE,, — E,,,

are known as the Bohr’s model of the atom. While it successfully explains the values of the
energy levels and the spectrum of hydrogen, it does not explain where the postulates are coming
from. For example, how do we compute spectra of atoms with more electrons, such as helium

which has two electrons? New ideas were needed to explain the origin of Bohr’s model.

1.6 The correspondence principle

In the discussion of Bohr’s atom, we have used the idea that in some limit, the quantum
calculation should reproduce the classical one. The reason for that is, of course, that the
classical theory was developed to match the experiments of the time, and it is accurate in
most situations. If we assume that the quantum theory should be more general, extending the
classical theory to a wider domain of experiments and physical phenomena, it must be the case
that the quantum theory should reproduce the classical theory in an appropriate limit. This is
Bohr’s correspondence principle.

In which situations should we recover classical theory? So far, the key element of quantum
phenomena was that various quantities were quantised in multiples of Planck’s constant h, e.g.
E = nhv, and L = nh. Therefore, we should expect the classical theory to be valid in situations
when h can be assumed to be negligibly small (so there is effectively no quantisation), or, when

relevant, in circumstances where the quantum numbers are large, i.e. for large n. However
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it is not always as simple as taking a limit in which n becomes large, the key requirement is
that in a regime in which classical experimental results become valid can be obtained then the
quantum description should match the classical case. In the example of the hydrogen atom,
when the angular momentum (L = nh) is large (i.e. for large n) compared to Av, and so also
the radius and energy of the electron is large, the classical approximation should become valid.
It is when n is large that the difference in energy levels of the hydrogen atom become very
close together, approaching a continuum in the limit, and it is the continuous release of energy
which is apparent in classical physics. In the example of the black-body radiation each photon
has energy hr and in the setting where this number is very small, i.e. for temperatures 7" such
that kgT > hv then we recover the classical results (the exchange of energy lumps approaches
the limit of continuous exchange of energy and the Rayleigh-Jeans law emerges from Planck’s

expression for the spectral energy density).

1.7 de Broglie waves

In 1923 Louis de Broglie suggested that since light apparently can behave both as a particle
and as a wave, it could be true that other particles, such as electrons, have this property as
well. In other words, there could exists situations in which the electron behaves as a wave.

If the electron behaves as a wave, then what is the frequency v and the wavelength A of this

wave? de Broglie conjectured the following relations,

E = hv, (1.22)
h
= — 1.2

where FE is the energy of the electron and p = muv is its momentum. de Broglie motivated
these relations using special relativity. A simple way to see that they make sense is by noting
that the first relation is just the same relation as was found for photons. It turns out that the
second one is too: the momentum of a photon is related to its energy by E = pc, which implies
p = h/A. de Broglie conjectured that these relations hold also for electrons.

The first piece of evidence supporting de Broglie’s theory is that it explains Bohr’s quan-
tisation condition (1.10). Indeed, if an electron is on a stable stationary orbit, it is natural to
expect that there is an integer number of wavelengths A that fit on this orbit. If the length of
the orbit is ¢ we then expect £ = nA for a positive integer n. The length of the orbit is ¢ = 27r
and (1.23) implies A = mlev, so from ¢ = n\ we find

nh

2nr = 1.24
r p— ( )
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or
merv = — = hn, (1.25)

precisely the Bohr’s condition (1.10).

Another expectation that we might have if electron can behave as a wave is that it should
be able to exhibit the phenomena of diffraction and interference, just like light. Indeed, in 1927
George Thomson and also Clinton Davisson and Lester Germer were able to experimentally
observe diffraction of electrons, confirming de Broglie’s theory.

The theoretical developments described in this chapter and their extensions formed what
is now known as the “old quantum theory”. While it did explain some experiments, it did
so in a rather unsystematic and heuristic way. For example, while de Broglie’s hypothesis
postulates that electrons have wave-like properties, the equations governing these new waves
were unknown. In 1925 Schrodinger proposed a new wave equation to describe de Broglie’s
waves and Heisenberg developed “matrix mechanics”. This formed the basis of the modern

quantum theory that we will study in the following chapters.



2. The Schrodinger Equation and

Wave-Functions

2.1 An Equation for Matter Waves

Let us try to find a wave equation for the waves of the kind that de Broglie conjectured should
describe electrons. A wave that describes an electron should have the following properties:
e it should have the frequency v related to electron’s energy by E = hv,

e it should have the wavelength A related to electron’s momentum by p = %

Suppose that the wave is described by a single function ¥(z,t), where ¢ is time and € R?

a1
given by x = | x5 | is the position in space.! Then a simple plane wave with the above
T3
properties is?
U(z,t) = elPe-EO/ (2.1)
yai
where, as before, A = h/2m and p = | po |. Of course, there is no reason to expect that an
V25

electron in something like a hydrogen atom would be described by such a simple wave. But it

1One can question this assumption and ask whether we should instead use a vector-valued function, like in
the case of electromagnetic waves. This objection is perfectly valid and in fact (non-relativistic) electrons are
described by two-component wave-functions and this is related to the notion of spin, which is outside of the

scope of this module. In the absence of magnetic fields one can however get around with just one component.
2The overall sign in the exponential is a convention, and we choose it to match the standard one. (This

choice dictates the signs in front of ¢ throughout all of quantum physics.) The relative sign between Et and
p -z is important and is chosen so that the wave travels in the direction of p, not —p. We will see this more

importantly below.

19
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is reasonable to assume that a free electron in empty space would. For such an electron the
energy is I = %, where m is its mass®. We would like our wave equation to allow (2.1) as a

solution for all p and E = %. The simplest equation that does the job is

ihglll(a: t) = —h—2V2\I/(m t) (2.2)
ot ’ 2m Y '
where o P P
Vi=A= (2.3)

or? + 03 + o3’
Indeed, the left-hand side of (2.2) is simply EW¥(z,t) and the right-hand side is %\If(a:, t).

So, equation (2.2) describes the free plane waves (2.1). This is so far not very exciting
(although it is already non-trivial, as we will see in the next section). In order to understand
something like the Hydrogen atom, we need an equation that would describe the electron’s
motion under the influence of some external forces. So suppose that our electron moves not
freely, but in some potential V'(z), so that its energy is now

E= . + V(z). (2.4)
2m
Schrodinger guessed that we should modify the wave equation by including V() in (2.2)

z‘h%\ll(w,t) = —%V2\If(x,t) +V(z)V(z,t). (2.5)

This makes sense because the first term on the right-hand side of (2.5) in the case of plane
waves (2.1) was equal to %\If(a:, t), so if we want to find an analogue of (2.4), it is natural to
just include V(z)¥(z,t) in (2.5).

The equation (2.2) is known as the (time-dependent) Schrodinger equation. Of course,
at this point (2.5) is just a guess. How do we know it is correct? Historically, the first
piece of evidence was that Schrodinger solved this equation for the Hydrogen atom, where
Vir) = - ¢ He obtained the energy levels which were conjectured by Bohr, and which

4meg T

were in a perfect agreement with the experiment. Since then the Schrodinger equation and its
generalisations have been solved (often numerically) in lots of examples, and no disagreements

with the experiment are known.

Comment(s). 1. The time-dependent Schridinger equation is first-order in time. This
means that if we know W(z,ty) for all x € R® at a fized time t = to then the right-

hand-side of (2.5) allows us to find %¥

50 Which, in turn, can be used to find V(x,t) at

other times.

3We will only study non-relativistic physics, where this formula for the kinetic energy is correct. We could
also add the +mc? term, but in the end this would drop out of all equations because it does not depend on p.
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2. The time-dependent Schrodinger equation is a linear equation and so we can superpose
(add) two solutions to find a third.

We arrived at this equation motivated by describing the behaviour of the electron, but the
same equation applies to all (non-relativistic) particles. In the rest of this section we will discuss

the physics of the free Schrodinger equation and the meaning of the “wave-function” W.

2.2 Interpreting the wave-function

Let us study the solutions of the free (i.e. V(z) = 0) Schrodinger equation (2.2) in more detail.
Let’s first look at the plane wave (2.1),

U(x,t) = ! Po B/, (2.6)

At a moment of time ¢, where is the particle described by this wave? It seems natural to expect
that W(z,t) should vanish, or at least be very small, far away from the particle. However, the
solution (2.6) is non-zero everywhere, and its “size” |¥(z,t)| = 1 for all  and t.

So it seems impossible to tell where the particle is for the wave solution (2.6). We will
understand why this is the case a bit later. Now (2.6) is a wave solution with the required
properties of de Broglie’s matter wave, but as the time-dependent Schrodinger in (2.5) is a
linear equation we may find alternative wave solutions by taking sums, and even integrals, of

waves having the same form as (2.6), i.e.

U(z,t) = /d3p A(p)epe=ED/h (2.7)

(where [d®p = [ [ [ dpidpsdps) also satisfies ih2 U = EP, —%VQ\I! = %\I/. The expression
in (2.7) can be used to build a wavepacket, a travelling wave bounded by an enveloping wave-
function and itself made up of simple harmonic waves. The overall shape of the travelling wave
comes from the coefficients A(p), we will look more closely at wavepackets in chapter 3.

We will now consider an alternative wave-function at t = 0, we will revisit it later and see it
as a wavepacket, and we will show that it solves the Schrodinger equation in the problem sets.
The function at ¢t =0 is ,

U(z,0) = Ae™ e twe/h (2.8)

Here A is some real constant that we will determine momentarily, while Az is a positive
constant, &g is a constant vector (used to inform of us about the location of a particle at ¢t = 0)
(we emphasise that Az is a constant and not a function of ). We are motivated to consider

this wave-function as it, unlike (2.6) at ¢ = 0, is very small unless  satisfies |£ — x| is less than
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or of the order of Az. But just as the wave-function in (2.6) it also contains the ip -2/ in the
exponential, which makes it at least look like the particle has momentum p located somewhere

near y.

%, |

Figure 2.1: Left: a 3D density plot of the probability density (2.9) The diameter of the fuzzy
ball is roughly 2Az. Right: a plot of |¥|? from (2.9) at z3 = 0.

To quantify how large is W(z,0) let us consider its absolute value

(z—z0)?

|U(z,0)]* = U(z,0)"V(z,0) = A% 2a:7 . (2.9)

The plot of this function is shown in figure 2.1. We see that it is indeed large near £ = z, and
decays quickly away from it. What does it tell us about the position of the particle at t = 07
Initially physicists tried to interpret the wave-function like this as a “spread-out” particle.
That is, the value of |¥(z,0)> would determine “how much” of the particle is at a point z.
This interpretation turned out to be incorrect because, as we will see in later examples, the
wave-function can spread out in ways in which the real particles have not been observed to
behave.

What is now understood to be the correct interpretation of the wave-function is that
|U(z,t)|* gives the probability that the particle’s position, if measured, will be z. More precisely,
|U(z,t)]? is the probability density, meaning that the probability P(V') of finding the particle

in some set V € R? ig?

*Our notation in the integral [, d*z is a shorthand for the volume integral [ [ [ daidxzodzs over the volume
V eR3.



2.2. INTERPRETING THE WAVE-FUNCTION 23

P(V) = /Vd% U (z, 1)) (2.10)

How to interpret this fact is a matter of real debate - there are different philosophical takes
on what the probability distribution derived from the wave-function “means” - but in this
course we will adopt the “standard” or “Copenhagen” interpretation. It is important to note
that the different interpretations do not differ on physical predictions, they all agree on what
experimenters will see, just on what it all “means”.

In the Copenhagen interpretation, the particle is still point-like, but we have to give up the
classical idea that a particle always has a definite value of the position 2. This is different from
probability theory or statistical physics, which try to capture our ignorance of the complete
description of the system. In quantum theory we really believe that W describes all there is to
know about the particle. For this reason we will often refer to ¥ as the “state” or the “quantum
state” of the particle.

Notice that the total probability P(R?) of finding the particle anywhere in R® must be 1,
so we should have

1= P(R% = /3 x| U(z, t)]* (2.11)
R

We will often call this equation the normalisation condition for ¥ and we will refer to the
functions that satisfy it as normalised. Sometimes we might have a wave-function ¥ which
does not satisfy (2.11), but for which the integral

N= [ &x|¥(zxt)? (2.12)

R3

is finite, N” < oo. We will call such wave-functions normalisable, because they can be normalised

by defining a new wave-function
O(x,t) =N "2U(z,t). (2.13)

Our example wave-function (2.8) is not normalised unless we choose the constant A carefully.

The normalisation condition takes the form
(3—23(1:)2
1= / x|V (z,t)|* = A2/ d*re” 22 (2.14)
R3 R3
We can compute the integral using the identity

+o0o
/ dze™"? = \/or. (2.15)

o0
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Y1
For this we first change the integration variable to y = | y, | by substituting
Y3
T = Azy + x, (2.16)

recalling that Az and xq are constants, to get

z—x()2 2 +o0 3
/ Py e S — Aw3/ Pye~ 7 = Ao (/ dy, e_y%ﬂ) = Az®(27)%/2. (2.17)
R3 R3 -

[e.o]

Here we have used (2.15) and the fact that y* = y? + y3 + y3,° which allowed us to split the

3d integral into a product of 3 identical 1d integrals (over y;, y2, and y3). Overall, we find
for (2.14)

1 = A2Az?(2m)%2, (2.18)
which gives
1
A= (AP (2.19)
The probability density (2.9) then becomes
1 (@—=q)?
2 _ — = U7
‘\Ij((lf,O)’ = WG 2822 | (220)

The normalisation condition has been found for a wave-function at time ¢t = 0 but we will need

it to hold for all ¢ and this will have come interesting consequences.

2.3 The Free Particle

The interpretation of the wave-function (2.8) is that it describes a particle which is likely to be
found at time ¢ = 0 near x = xy. What happens to this wave-function at later times t > 07
The free Schrodinger equation (2.2) expresses the time derivative of W in terms of its spatial
derivatives, which means that it can be used to determine W(z,t) for all ¢ starting with the
expression (2.8) at t = 0. In the problem set you will verify that the solution takes the following

form

A (x—mo —pt/m)2 . .
(. ¢) (1 it )% P ( 4(Az? + ikt /2m) p-z/h—iEt/h |, ( )
2mAx?

where E = %, and A is given as before by (2.19).

SWe are using the notation v; with i = 1,2, 3 for the components of a vector v.
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Let us see what this means for the probability density |¥(x,t)|?. First of all, we compute

= 3 eXp ( (@ — 2, _pt/m)Q (@ — 2, —pt/m)2 ) (2.22)

‘IJ 2 = — —

¥z E) |14 AL, > 4(Ax? +iht/2m)  4(Az? — iht/2m)

1 (x —zoy — pt/m)? )
= exp | — 2.23
(2m)3/2 (sz + 477,?222212)3/2 ( 4(Ax? + R2t? /Am? Ax?) ( )

1 (z —zo(1))?
= —_——— 2.24
ey ™ Tt (229
where
9 ) h2t2

o(t) = 2o + %t. (2.26)

Just like |¥(z,0)|? in (2.20) the probability density |¥(z,t)|? is a Gaussian, but now centered
at zo(t) and with the growing “uncertainty” Ax(t) given above.

n
@y

B

Figure 2.2: A schematic representation of the time evolution of the density (2.24): the center

moves by £ at the same time as the uncertainty Ax(t) grows according to (2.25).

Two things are therefore happening to our wave-function. Firstly, the center z((¢) is moving

with the velocity v = p/m, which is just the classical velocity of the particle. Secondly, the
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probability distribution is spreading out as dictated by Ax(t). Both effects are schematically
illustrated in figure 2.2. We will come to this spreading of the wave-function in a second.
Ignoring it for now, we see that the Schrodinger equation succeeds in describing the linear

motion of a free particle, thus reproducing the simplest bit of classical physics.

2.4 Uncertainty and wave-function spreading

Let us now discuss the spreading of the wave-function. First of all, let’s see how badly it
spreads.

At time ¢, the uncertainty is given by (2.25). How much time does it take for Az(t) to
double, i.e. what is the ¢ for which Az(t) = 2Az?% We find from (2.25)

Ax*m

t=+v12
\/_h

(2.27)

Let us estimate this for a person weighting m = 80kg and initial uncertainty Ax of one
angstrom, i.e. Azr = 107%mn — a typical atomic scale. We find, using i ~ 10734 m?kg/s, the
order of magnitude

t ~ 10%%s ~ 10® years. (2.28)

This is a hundred million years, so clearly the spread of the wave-function is absolutely negligible
for most applications in this setup. If we use instead the mass of an electron, m ~ 10~*°kg, we
get

t ~ 107105, (2.29)

which is quite fast! This clearly shows that the spreading of the wave-function is much more
important for electrons in atomic systems than for people.
How do we interpret this spreading of the wave-function? Let’s look again at (2.25). For

large times t we can ignore the first term (the initial uncertainty Ax) and write

ht
omAx’

Ax(t) ~ (2.30)
Given the probabilistic interpretation of the wave-function, we can say that after a large time
t, the particle’s coordinate x; will most likely be in

Pi ht i hit

i € it —t— ——, i
v (wo)i + m 2mAzx (z0)i + m

(2.31)

SNote though that the growth of Az(t) is not exponential!
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This looks very much as if we are uncertain about the particle’s velocity v or, equivalently,
its momentum p = mw, i.e. p; € [p; — Ap,p; + Ap|]. That is, we can describe this growing

uncertainty in particle’s position by an initial uncertainty in its momentum,

h
Ap = ——. 2.32
P=SAs (2.32)
Equivalently, we find
h
ApAx = 7" (2.33)

This is a special case of Heisenberg’s uncertainty principle, which says that in all situations

the uncertainty in particle’s position and momentum satisfy
h
ApAz > 3 (2.34)

We will derive this principle in full generality later in this module.

We can now understand why we couldn’t tell the location of the particle for the plane
wave (2.6): we constructed that wave-function to have a definite momentum p, which means
that Ap = 0. But then (2.34) implies that Az = oo and we shouldn’t be able to tell where the

particle is, which is indeed what we observed.

2.5 Operators and Expectation Values

We have seen that for a typical wave-function W(z,t) there’s some uncertainty not just in the
position of the particle, but also in its momentum. The uncertainty in the position is easy to
see even at fixed ¢, since |¥(z,t)|? has the interpretation of the probability density in z. To see
the uncertainty in p we have to study how the wave-function evolved over time. Can we tell
what Ap is by just looking at W(z,t) at one ¢, e.g. t = 07

The answer to this question is yes. As we will see later in this module, analogously to z,
one can compute a probability density for p from W(z,t). For now, we will discuss a simpler
way of dealing with the “observables” which are not x, such as p.

First, note that we can compute the expectation value of x in a normalised state ¥ using

the formula
(x) :/ dx x|V (z,t)|. (2.35)
RB

We can rewrite this in the following way,

(x) = /R3 d*x U(x, t)zV(z,t). (2.36)
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The idea is now to make the following liberal interpretation of this equation: we view the

expression

VU (z,t) (2.37)
as a linear operator & acting on the function ¥(z,1t).

Definition 2.5.1. A linear operator O is a rule that takes a wave-function ¥ and produces a

new wave-function that we denote OU. Linearity means that it satisfies the property
O(a¥; + BU,) = 0T, + O, (2.38)

The definition of the operator & is just this: it multiplies the wave-function by . To be
more precise, Z is a actually a vector of three operators 21, Zo, 3. Each of these operators act
by

(Z;9)(z,t) = 2, V(z, t). (2.39)

We now postulate that every observable, for example the momentum p, is described in the

quantum theory by a linear operator. For p, the operator is a vector with components

0
p; = —1h—. 2.40
pi = —ihg - (2.40)
or
p = —thV. (2.41)
To motivate this definition, consider the plane wave (2.6),”
U(x,t) = !Po- B/, (2.42)

By construction it has a definite momentum p. If we act on it with p; given in (2.40), we find

0

X

(PiV) (2, 1) = —iho—e®== P/ — p,l@e= B0 — p i (z;, 1), (2.43)

So p; acting on a ¥ with a definite momentum p; just multiplies it by the value of p;. We say
that W is an eigenfunction of p; with eigenvalue p;.
More generally, we say that a wave-function ¥ is an eigenfunction of O with eigenvalue
OeRif
O = OV, (2.44)

TA cautious reader will notice that a plane wave is not normalised. In fact, it is not normalisable since for
it [ps Br|V(z,t)]? = Jgs d®>r 1 = co. We will learn how to deal with this problem later in the module, but for
now note that it was from the plane wave that we derived the Schédinger equation, i.e. despite its problems, it

is a very useful tool.
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We interpret this to mean that the observable described by O has a definite value in the state
described by W.
Finally, we can generalise (2.36) to a general observable O: the expectation value of Oina

normalised state W is given by
(0) = / d%@(x,t)*(@@)(a:, t). (2.45)
R3

You will check in the problem set that the expectation value of p in the state given by the

wave-function ¥ in (2.8) is indeed p,
p) =p. (2.46)

but ¥ is not an eigenfunction of p, so we should expect some uncertainty.

2.6 The Hamiltonian Operator and the Schrodinger equa-
tion

Using the language of operators, we can neatly rewrite the Schrodinger equation (2.5). First

we notice that, using (2.40),

2_ 2 2 2 N s 22
p° =D z s = —h = —h"V~. 2.47
P" =Py + P+ Py (ax§+ax§+ax§) v (2.47)
Using this, the Schrodinger equation (2.5) can be written as
zhg\ll(a: t) = ﬁ\l/(x t)+ V(x)V(z,t) = ﬁ +V(z) ) U(x,t) = HU(z, 1) (2.48)
ot T 2m 7 o\ 2m o T '
where Y
2 p
H=— 24
P v, (2.49)

is called the Hamiltonian operator. It generalises the classical expression

2

E=2 v (2.50)

2m

to a linear operator H by simply replacing p — p. To summarise, with the definition (2.49),

the Schrodinger equation takes the form

m%xp(x,t) = HU(z,t). (2.51)
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2.7 Conservation of Probability

We have seen that in order to interpret p = |U(z,t)|? as the probability density, we need the

normalisation condition (2.11),

/ dgxp:/ cx|V(z,t))? =1, (2.52)
R3 R3

to hold. At the same time, the Schrédinger equation (2.5) (or (2.51)) predicts the time derivative
of W, i.e. it dictates how W evolves in time. It could happen that this evolution is inconsistent
with the normalisation condition [, d*z|¥(z,t)|> = 1. In other words, the value of ¥(z,0)
determines, through the Schrédinger equation, W(z,t) for all times ¢. Is it guaranteed that if
U(z,0) is normalised, then W(z,t) is normalised for all ¢?

To check this, let us compute the time derivative of p = U*W¥ where for notational simplicity
we have written W in place of W(z,t). Then we have

dp  OU* ov

ot ot r+¥ ot

=+ ((wyw — v (w))
= % ((_%vw + V(gz)qf>* U — U (—%VZ\IJ + V(f)@))
= e (V)

_v. (_;_h (VU — v* (V\If))>

m

=-V.-J. (2.53)

Altogether we can write the equation above as

dp
a+V-J_0 (2.54)

and (2.54) is called the continuity equation for probability, while

i

- 2m

J (VI — T (VD)) (2.55)

is known as the probability current, as it encodes the flow of probability across space. In

particular consider a finite volume V' C R3 with boundary S and consider the rate of change
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of the probability of finding a particle (recall equation (2.10)) with wave-function ¥(z,t) in V:

dP(V) [ 9p 4
dt Vatdx
=— | V.- Jdz
1%
=—¢ J da (2.56)
S

where we have used the divergence theorem (also known as Gauss’s theorem) from vector
calculus to convert the volume integral to the integral over the surface in the last line. The
equation above implies that the rate of change of P(V') is equal to the amount of J flowing
outwards at the the surface of V', this is why J is called the probability current. If instead we
allow V' to grow to be all of space, i.e. V — R? then if total probability of finding a particle
associated to W somewhere in space is to remain equal to one, then it must be that there is no
loss of probability at infinity, i.e. if %153) = 0 then at infinity (the boundary of R?) we must
have that the probability current vanishes: J = 0.

We can ensure that J vanishes at infinity by imposing the following conditions on any

wave-function:

lim [¥(z,1)] =0 (2.57)
Tim [VU(z,t)] € R® (2.58)

i.e. the wave-function should vanish at infinity, and its derivative must be finite in any direction.
These conditions are consistent with the idea that a wave-function should be normalisable.

The condition that the probability current vanishes at infinity has consequences for the
Hamiltonian operator:

dpgw) - %/Rd & <(ﬁ‘1’>*‘1’ - ‘If*(fﬂf)> =0 (2.59)

or if we rearrange the equation:

/ d ((qu)*qf) - / d v (HY) (2.60)

A~

any such operator (not only H) which satisfies the above condition is called Hermitian.

Definition 2.7.1. An operator O for which

/ d3x\P1(x,t)*@\Ifg(m,t):/
R3

d'a (@\Ifl(x, t)) "Wy (2, 1) (2.61)
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for any ¥, and U, is said to be Hermitian.®

For example, let us check that the momentum operator p; is Hermitian,

/ d?’:z:(ﬁiklll(m,t))*\lfg(x,t):/ dx (—ih 0
R3 R3 0

9
_ zh/R3d . (axi\lfl(x,t) ) Uy(z, 1)
| L0
= —’lh/RS de\Ifl(:r,t) axl\IIQ(:r,t)

_ / P (U, (1)) s, 1). (2.62)

7

\Dl(w,t))* Uy(z,t)

Here we used integration by parts to arrive to the second to last line, in which we dropped the
boundary terms because we have used that W(z,t) tends to 0 as £ — oo. We will learn more
about Hermitian operators a bit later when we develop better notation.

In the problem set, you will show in a very similar way that the Hamiltonian H given
by (2.49) is a Hermitian operator. Using this fact and the definition 2.7.1 (with ¥y = Wy = ),
we can directly conclude that (2.59) is zero. Note that all of our arguments are consistent: the
vanishing of the probability current J at infinity agrees with the Hamiltonian operator being
Hermitian.

We have shown that the norm

x|V (z,t)? (2.63)

R3
is constant if the Hamiltonian is Hermitian, the wave-function ¥ vanishes at infinity and has
only finite derivatives at infinity. If it is equal to 1 at one moment in time, it is 1 for all other .
We say that the total probability is conserved under time evolution, or that the time evolution

is unitary. The origin of the word “unitary” will become clearer later in the module.

2.8 Evolution of expectation values and the Ehrenfest

theorem

A similar exercise that we can do is to consider how expectation values of various quantities
evolve with time. Let’s focus on the expectation value of some operator O (which we assume

does not explicitly depend on t),

(O) = /R 3 Parl(z, 1) 00 (z, ). (2.64)

8This at least is how physicists use the term, and we will adopt this definition in this module. In functional
analysis, the definitions are more refined and more technical. We will briefly mention them later in this module.
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Taking the time derivative, we find

d, A s (0 " 5 w0
E«I)) —/Rgdx<at\11(x,t)) O\I/(m,t)—i—/Rgd xV(z,t) Oatlll(x,t)

_ </ & (ﬁf\lf(z,t)> OV (z,t) — / d%@(m,t)*@f[\ll(x,t)) , (2.65)
h/ R3 RS
The Hermiticity of H implies (using the definition 2.7.1 with ¥; = ¥ and ¥y = @\p)

/ da (fI\Il(x,t)>*@\IJ(x,t): / BV (z, ) HOU(,t). (2.66)

R3
Plugging this into the above, we obtain

%((6) = % (/]RB &Pz (U(z, 1) HOV(x,t) — /w d3x\If(x,t)*@ﬁ\If(x,t))

7 A

- </RB B (U(x, 1) (HO — @H)\If(a:,t))

- %(ﬁ@ — OH). (2.67)

S

Expressions such as HO—OH are extremely common in quantum theory and have their special
notation,

[H,0]=HO - OH, (2.68)
called the commutator. We have thus proved the following

Theorem 2.1. For any time-independent observable @, the time derivative of its expectation
value is given by

d A T, A A

—(0) = =(|H,0O 2.69

S(0) = 1(111,0)) (2.69)
where H is the Hamiltonian operator.

Comment(s). 1. Note that we only used the Schridinger equation in the form (2.51), and
did not have to specify H (besides assuming its Hermiticity).

2. Compare this expression with the similar statement in the Hamiltonian formulation of

classical mechanics for an explicitly time-independent function f = f(q,p) on phase space

(i.e. 24 =0):
G =% (5 L)

ot
B 0f 0H Of 0H
B P 0q; Op; Op; 0g;

:{va}
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where H is the Hamiltonian of the system and {f,g} denotes the Poisson bracket of the
functions f and g. In quantum mechanics, the function is replaced by an expectation value
of an operator, and up to coefficients (%) the Possion bracket has been replaced with the

expectation of a a commutator.

Let us apply theorem 2.1 to the operators £ and p. This will also give us the first example
of non-commutativity of quantum-mechanical observables: in the classical theory where all
observables are numbers, expressions like (2.68) vanish. In quantum theory observables are
linear operators (and so expressible as matrices), and these don’t have to commute.

We first start with O = pi. Recall the expression for the Hamiltonian (2.49), which implies

2
N p ~
Hpl= 2 v, pl. 2.70
.00 = | 2+ v (2.70)
At this point we can use the fact that [ouzl—}-ﬁé, (j] = oz[/l, C’] +ﬂ[B, (j] for any linear operators
A, B,C and numbers «, 8 € C (check it using the definition 2.5.1 and (2.68)!) to get

A5 = 5 [%.5] + V()51 (2.71)

so we can compute each of the terms separately.
We first compute [V (x), pi,

Vie)p] = —in|Vio) 5 (272)

where we used (2.40). To understand the commutator, consider how it acts on a function
U(z, 1),

[V(z), aij U(z,t) = V(z) aify(””’” aii (V(2)U(z,t))
V() aii‘”x’” agg)qf(x,t) Viz) 81\11(33,@
_ _a‘a/a(j)\lf(x,t). (2.73)
So we conclude that
[V(m), 81] - _ax{;g)) (2.74)
V() 5] = hag? (2.75)

Here we understand functions f(z) as operators which simply multiply by f(z).
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We can similarly compute [p®, ;] by writing p* = p? + p2 + p2, and noting that for any £,
from (2.40),

0* 0
hr pi| = ih’ | =, =—| . 2.76
Acting on a function ¥(z,t) with the above commutator we find that it is zero,
9 0
—,7—| =0 2,77

because the order in which we take the derivatives does not matter (check these steps yourself!).
We find then that [jﬁﬁi] = 0, and combining this with (2.71) and (2.75) we find

[H, ] = z’ha‘a/i;c). (2.78)

We can use this in theorem (2.1) to conclude that in any state we have

st = - (5, (2.79)

In the problem set you will show that

A hp;
i) = -2 2.80
.3 = - (2.50)
which then implies, using theorem (2.1),
0, ()
—(x;) = . 2.81
ot (&) m (281)

The two equations (2.79) and (2.81) comprise the Ehrenfest theorem. The importance

of this theorem is that it can be contrasted with the classical equations of motion

9 bi
g  J0V(x)

These would be the same as (2.79) and (2.81) under the identification z; = (Z;) and p; = (p;)

if we had
V(z)\ 2 V((z))
< oz, > = T or, (2.84)
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which is not true for general V. However, if the wave-function ¥ in which we compute the
expectation values is tightly localised near just one point, similar the case considered in sec-

tion 2.3, i.e. the uncertainly Az of z is sufficiently small so that V'(z) varies only a little over

() -

and we recover the classical equations of motion for the expectation values (Z;) and (p;).

this scale,? then we do have

9And if we can neglect the wave-function spreading over the range of times in which we are studying the

system.



3. Simple Quantum-Mechanical Systems

In this section we will solve the the Schrodinger equation for some simple one-dimensional

systems and analyze the meaning of the solutions.

3.1 Separation of Variables and Energy Levels

The wave-functions satisfy the Schrodinger equation (2.5),

,ha\ll(x,t) R PY(a,0)
! ot 2m  Ox?

+ V(@)U (2, b). (3.1)

We will use the following trick, known as separation of variables, to solve this equation. First,

we assume that U(z,t) factorises as

U(z,t) = o(t)e(x), (3-2)

where ¢ and ¢ are some new unknown functions. Plugging this into the Schrodinger equation

above we find

im0 o) = T 44y v @poyee) (33)
Dividing by ¢(t)p(z), we find

S O0(t) 1 1 [ R Pox) Dol

W = 7 o V@) (34)

Now the left-hand side only depends on ¢, while the right-hand side only depends on x. This

can happen only if both sides are equal to a constant which we can call E,

Cos) 1
W)( P V@) )) E. (3.6)

37
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It is easy to solve the first equation, the solution is just!
P(t) = e BN, (3.7)
So we find that there are solutions of the equation (3.1) of the form
U(z,t) = e Bhp(x), (3.8)

where ¢(z) solves (3.6) that can also be written as

I ()
2m  Ox?

We can interpret the above equation (3.9) as follows. Recall the Hamiltonian operator

+V(x)p(z) = Ep(r). (3.9)

given (2.49), which allows us to write (3.9) as

A~

Hyo(x) = Ep(x). (3.10)

Equation (3.10) (or its version with H plugged in) is often called the time-independent
Schrédinger equation. This equation just says that ¢(z) is an eigenfunction of H ,i.e. a par-
ticle in the state p(z) has a definite value of energy and this value is equal to E. The functions
Note that the full time-dependent wave-function, given by (3.8), at any given time ¢ differs

from ¢(z) only by an z-independent pure phase e~ *#/%

. Consequently the probability density
described by |¥(z,t)|* = |¢(z)|? is independent of time, such a state is called a stationary state.
In particular, a particle described by W(x,t) = ¢(t)p(x) is an eigenfunction of H and has a
definite value of energy, equal to F, at any time ¢.

When we study example of solving (3.10) for some simple potentials we will find that we
only have normalisable solutions ¢(x) for a discrete set of values of E, which we call the energy
levels of our system. This is the analogue of the set of energy levels that we discussed in
the context of Bohr’s atom, but now described in a systematic way using wave-functions and
operators. While the time-dependent Schrodinger equation tells us how states evolve in time,

the time-independent version tells us which values of the energy E are allowed for the system.

3.2 The Infinite Potential Well

Consider a particle that can move in only one dimension, parametrised by a coordinate x.

Suppose that we confine our particle to a length L, given by 0 < x < L. The particle is free to

"'We could multiply this ¢(t) by any constant to get another solution, but such constants can always be
absorbed into ¢(x) since the only important combination is ¥(z,t) = ¢(¢t)p(x)
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move inside the (one-dimensional) box, but cannot exit it (i.e. V(z) =0 for 0 < = < L, and
V(z) = oo for # < 0 and © > L - i.e. there is an infinite potential well used to confine the
particle). We will model this situation by requiring the wave-function ¥(x,t) to vanish outside
of the box,

U(zr,t) =0 ifx<0orxz>L. (3.11)

The general solution of (3.9) is given by
o(x) = Acos(kz) + Bsin(kz), (3.12)

where
k= +v2mE/h, (3.13)

h2E2
2m

However, we have insisted that our particle is confined to a box, and so the wave-function should

and A, B are arbitrary constants. This might make it seem like any value of £ = is allowed.

satisfy (3.11), this will restrict which values of k are possible. The solution (3.12) only describes
o(x) for 0 <z < L, so it is allowed to be non-vanishing, but it still has vanish at the end points

z =0 and z = L. This means

©(0) =A=0, (3.14)
o(L) = BsinkL = 0. (3.15)

The first equation implies that A = 0. The second implies that either B = 0, or sin(kL) = 0.

We cannot have B = 0 because then the whole wave-function would vanish, and so we conclude
sin(kL) = 0. (3.16)
This implies
kL = nm, (3.17)
where n € Z~g is a positive integer.? Expressing this in terms of E, we find

2 h?n?

These are the allowed energy levels for the particle in a box of size L in one dimension.

2It is non-negative since by construction k and L are non-negative. It can’t be 0 because that would imply

k =0, and so sin kx = 0, and then the whole wave-function would vanish.



40 CHAPTER 3. SIMPLE QUANTUM-MECHANICAL SYSTEMS

It remains to normalise the wave-function. We have?

L
12/ () 2dx (3.19)
0
L
= BQ/ (sin kz)2dw (3.20)
0
L —
:Bg/ 1 cos2k:xdx
0 2
z  sin2kz]”
= B? {— - } (3.21)
2 4k |,
B2L
=5 (3.22)

where we used that sin 2kL = 2sin kL cos kL = 0 due to (3.16). We conclude B = /2/L.
Combining the above results with (3.8), we find the time-dependent solutions of Schrédinger

equation

U, (z,t) = e_iE"t/hgon(x), (3.23)

on(x) = \/%sin(”—fx), (3.24)

where F, is defined in (3.18). The first few ¢, (z) (equivalently, ¥, (z,t = 0)) are plotted

in figure 3.1. The corresponding probability densities |¥(x,t)|?> are time-independent and are

N 1w

x T

Figure 3.1: Left: the wave-functions ¢, for n = 1,---,5 (from bottom up). Right: the
|> for n = 1,---,5 (from bottom up). Red, dashed: the localised
classical-like probability density |poc|?.

probability densities |p,

3An alternative way to compute I = fOL sin?(kx)dz is to observe that 21 = fOL(sing(ka:) + cos?(kx))dx = L
and so I = L/2.
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leal?

n

Figure 3.2: Typical behavior of |c,|? for a wave-function well-localised in energy.

given by

W, ) = lpu(o)? = 2 sin?(22) (3.25)
The first few are plotted in figure 3.1. These look nothing like the classical expectation of
a particle bouncing back and forth. So what’s going on? What about the correspondence
principle*?

The wave-functions in figure 3.1 (which are each energy eigenfunctions with precise energy
eigenvalues for H ) have time-independent probability densities do not look like that of a classical
particle. As we saw when we introduced plane waves as a candidate for the matter wave for
a free particle, their probability density is not localised about a point. A wave-function for a
particle (localised about some point) does not have a definite energy, i.e. it is not equal to a
single energy eigenfunction, but a linear sum of them.

Let ¢ioc(7) be a wave-function with a localised probability density |¢ioc(z)]? as shown by
the red, dashed line in the bottom graph on the right of figure 3.1, similar to the states that we
studied in section 2.3. We can express @jo.(z) as a sum of eigenfunctions of H that we found
above®,

9010(:(37) = Z Cn@n<x) (326)

for some coefficients ¢,. Typical values of the coefficients ¢, are shown in figure 3.2: they
may be peaked sharply around some n, but they are non-vanishing for many n. We interpret
these coefficients as follows: |c,|? gives the probability that when the energy of the particle is
measured, the outcome will be F,, as given in (3.18). We say that the state ¢y, is a superposition

of many energy eigenstates ¢,,.

4See problem set 3 for a problem which addresses this question.
5The energy eigenfunctions here form a complete basis for the wave-function, we have not proved this yet,
but we make use of this fact here.
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Let us note how one can use the decomposition (3.26) to understand how ¢joc(2) evolves
in time. Say we have ¥(x,t = 0) = @joc(z), what is W(x,t) for general ¢? Since we know how
each (, evolves in time, see (3.23), we can use the linearity of the Schrédinger equation (a sum

of solutions is a solution) to write

oo

Uz, t) = cne P, (2). (3.27)

n=1

This time |¥(z,t)|? will be time-dependent (unlike |¥,,(z,t)|?) because we cannot simply factor
out the phases e *#»t/" from all terms simultaneously. In fact, U(z,t) will continue to be
localised as ¥(z,t = 0) = @ioc(x), just as we found for the free-particle wave-function and its
maximum will bounce around in the box just like a classical particle with speed 2 as indicated
in (2.26), but the width of the Gaussian wave-packet will spread out until eventually the wave-
function spreads out to fill the whole box (which may happen slowly or quickly depending on

situation, see section 2.4).

3.3 The Free Particle Again

It may seem surprising that we discuss the free particle now, but it is worth revisiting in the
context of the time-independent Schrodinger equation. In the free case, in one dimension, we

have V(z) = 0 and we aim to solve

h? 9%
- T _F 3.28
2m Ox? 14 ( )
for all z € R. The solution has the form
o(z) = Ae'*® 4 Be~ ke (3.29)

V2mE
n

boundary conditions which we can use to eliminate the constants A and B in favour of E. If

where k = but now we run into some problems: ¢ is not normalisable, and there are no

we form the time-dependent solution we have

U(x,t) = Ae!Fe PN o Bemithat B/ (3.30)
:Aeik(mf(hk/Zm)t) +Befik(x+(hk/2m)t)' (331)

Note that we might also write this in terms of momentum using p = hk.
These are travelling plane wave solutions, the first term travels in the positive = direction

with speed hk/2m = p/2m while the second term denotes a wave travelling in the negative x
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direction with the same speed. By allowing £k to be positive or negative we can combine the

two terms, so that
U(x,t) = Aehlr=(k/2mD (3.32)

and for k£ > 0 the solution travels to the right (towards x = 400), while for £ < 0 then the
solution travels to the left (towards x = —00). The wavespeed for the quantum wave p/2m is
half the speed of a classical particle with momentum p = mwv. The various problems with these
free solutions were addressed when we introduced the free particle, the resolution is to take a
continuous sum (an integral) of such plane wave solutions, each term weighted such that the
total integral gives a Gaussian wave function, which is normalisable and whose peak travels at
the classical particle speed.

At t = 0 we might write this sum as®

o(x) \/_/ dk p(k)et*™ (3.33)

where ¢(k) are the amplitudes of each plane wave solution (at ¢ = 0), and the coefficient \/%
is a convention” chosen so the we might see the sum above as the inverse Fourier transform of

another function \fl(k) With this convention the Fourier transform is written

ok \/% / dx o(x)e” ", (3.34)

One can substitute the expression for ¢(k) in (3.33) into (3.34) to recover (z) using

|
6(3:—1;’):% / dk e*@=") (3.35)

where 6(x — ') is called the Dirac delta function and is an example of a distribution, or
generalised function, which is infinite when its argument is zero but zero otherwise, and its
integral over all z is one i.e.

/OO dré(x) =1 (3.36)

o0

so that

/00 de' 6(x —2) f(2") = f(x) /OO dr' 6(x — 2’) (3.37)

= f(z) (3.38)

6The interested reader is encouraged to read through Appendix A for a review of complex waves and the

Fourier transform which will be relevant in the discussion that follows.
"Conventions differ for the choice of coefficient, the only real constraint being that the product of the

coefficients on the Fourier transform and the inverse Fourier transform is %
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where we have used that 0(z — z’) vanishes everywhere except © = 2’ in the first equality
to allow us to replace the variable f(z') with f(z), and in the second equality we used that
the delta function is normalised to one. The Dirac delta function is the continuous analogue
for integrals of the Kronecker delta used to pick out terms in discrete sums, it allows one to
pick out particular parts of an integral. However the key observation here is that there is no

information lost going from ¢(x) to @(k) or vice versa using the Fourier transform.

The wave-function p(z) is made up of waves of different wavelengths whose amplitudes are
©(k) and the dispersion relation for the Schrodinger equation, w(k) tells us the speed of each
constituent wave (as wavespeed ¢ = kw). In the notation above @(k) enter the description as
amplitudes of plane waves used to make up ¢(x), but when we realise that we can go back
and forth between () in physical space and @(k) in momentum space® and see the symmetry
between the two descriptions we may wonder whether (k) is another wave-function on a par
with ¢(z). First we think about the normalisation of ¢(k)

/Z dk |B(k)|? = /_ : dk (ﬁ /:o_oo de SO(x)em) * (ﬁ /xw_m o "O(xl)eim) (339

— % _Z dk /OO_OO dx *(z)e™*™ /:O_OO dx’ cp(:c')e’““, (3.40)
— % _Z dk /OO_OO dx p*(x) /:O_OO dx’ gp(x’)eik(x_x,) (3.41)
= /OO dx ¢*(x) /Oo dz' p(z")o(x — o) (3.42)
- [ e (3.4

This is known as Plancherel’s theorem?; and if p(x) is normalised (or normalisable) then (k)
is also normalised (or normalisable). This result means that |@(k)|*> has the key property of
being normalisable that we associate with a probability density, and leads us to wonder if p(k)
might be a wave-function. Rather than work with wavenumber we will now make the switch

to momentum.

Rewriting the Fourier transform explicitly in terms of p = kh leads to some asymmetry in

8We might have said wavenumber space, but as p = kh we choose to refer to momentum space, as in quantum
mechanics we will work with the physical quantities energy and momentum and so this is the conventional,

preferred name.
9Tt was named for the 1910 work of Michel Plancherel but, as it is a generalisation of Parseval’s theorem

from 1799, it is often called the Parseval-Plancherel theorem.
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the equations, and rather than live with this, we rescale the $(k) — vh@(k) to give

o)== [ g (3.44)

-1 > —ipa/h
B0 == [ dwploe (3.45)

for the Fourier transforms with

/ T dplE)P = / T drle(@)P. (3.46)

—00 T=—00

In (3.44) we can understand the wavefunction ¢(z) as a sum of momentum eigenstates /"
each of amplitude @(p) and so we can interpret |@(p)|? as a probability density in momentum

momentum p € [pg, p1]).

is the probability of finding the particle described by ¢(x) having

The Fourier transform has given us a dual picture of our state ¢(x), now in momentum
space as @(p). In momentum space we understand e~*/" as the constituent plane waves at
time ¢ = 0, but now it is x which for each plane wave is fixed and p which is the variable.
By considering the action of simple operators on e~?*/" we can find the position operator, in
momentum space, is T = iha%, and we define a momentum operator, in momentum space, as
p satisfying pp(p) = po(p). In momentum space the operators look different to those we have
developed in position space, and consequently the Schrodinger equation will also look a little
different in momentum space, it becomes:

~2
m% - {Qp—m + V(z’ha%)} T(p, 1) (3.47)
where we have put back in the time dependence i.e. from U(z,t) = @(x)e *Ft/" in (3.44) we
have U(p,t) = G(p)e Bt/ je. W(x,t) = - I dpV (p, t)eP=/h,

V2mh
In three dimensions the Fourier transforms that move between position and momentum

space are'?
1 o
U(z) = )] /R 3 d*p U (p)eP/h (3.48)
- 1 .
U(p) = ) /R 3 Bz (x)e P/h (3.49)

0Here we use ¥(zx) rather than op(z) and we understand it is distinguished from W¥(z,t) by the number of
arguments, and explicitly ¥(z) = ¥(z,0) and this motivates the notation.
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and the one-dimensional Dirac delta function 6(x) becomes the Dirac delta function in three-
dimensions §*(x) with the identity

53 ) — d3 i(p-(z—a')/h) .
@ =)= Gy /R pe (350)

one can confirm the relations (3.48) and (3.49).

Returning to the free particle, in our earlier discussion of the free particle we have developed
a Gaussian function peaked around zo(t) and with a width Axz(¢) indicating an uncertainty in
the position of the particle about z¢(t). We commented that by careful choice of coefficients
U(k) we can form such a localised wave-packet for () and now we see that the Fourier
transform tells us how to extract those coefficients ¢(k). Let us develop some instincts for such
a wavepacket and the plane waves it is made out of.

Consider the choice

P(k) = Ae= (Ao (h—ko)® (3.51)

l ~
where A = (%) " so that U is a normalised, Gaussian function that is symmetric about

k = ko where it peaks. Now from (3.33) we find

o(z) = 7 / dk Ae-w i W) ke, (3.52)

The argument of the exponential above can be written as

— (A2 (k — ko) + ik ——(A (k — ko) — i )2— LA (3.53)
i 0 IR = X 0 ZQA:E 4(A:E)2 1R .
motivating the substitution [ = Az(k — ko) — i5x- giving
p(x) = A dl 6_126_4(21)2 etko (3.54)
Az V21 Ji=—so
¢ WA gikor (3.55)

- Ax\/2

and we see that a Gaussian U(k) peaked at ko gives rise to a wavefunction W(z) which has a

definite initial wavenumber ky. Putting back in the time-dependence gives

W(z,t) dk G (k)e!ke—wt) 3.56
(@08) = <= / kG (3.56)

the contributions where Cﬁ(k‘) is stationary and nearby (in our example this is for k ~ k) give
the dominant contributions to the integral above. However since waves which are out of phase

will interfere in order for there to be an overall large contribution to the integral near k = kq
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we must have that the phase kx — wt must also be stationary at & = ky. This idea is often

called the stationary phase principle. When this occurs we find that

x (3.57)

d dw
— (kz — wt —%’k:kotzo

dk >‘k:ko -

which tells us that the peak of such a wavepacket moves with group velocity ‘é—‘,’:| k=ko- Using
w = E/h = hk?/2m we see that %|,_, = hko/m = po/m i.e. the wave-packet has the classical
velocity expected for the initial momentum py. Notice that in order to solve the problem of
normalisability and the particle velocity we necessarily had to adopt a wave-function which leads
to uncertainty in position, and via the inverse Fourier transform we also acquire uncertainty in
the momentum.

The comments in this section are essentially identical to those made in the section on the
free particle, but the observation that W(k) is also Gaussian is new. It is generally true that
Gaussian functions are Fourier transformed into other Gaussian functions. We have also seen
a general process of obtaining V(z,t) from ¢(k): use the inverse Fourier transform on ¢(k) to
find p(x) = ¥(z,0) and then ¥(z,t) = ¥(z,0)e ™"

Following our digression to discuss momentum space and Fourier transforms, let us return

to solving the time-independent Schrodinger equation for simple potentials.

3.4 Bound States and Scattering States

Classically energy FF =T + V where T is the kinetic energy and V' is the potential energy. As
T > 0 then classical dynamics occurs for £ > V. Classically a bound states describes a particle
whose kinetic energy is not sufficient to allow it to escape potential barriers, and is trapped in
some finite region of space, and unable to escape to infinity. A scattering state is one which
can reach infinity.
In quantum mechanics the analysis is more subtle. The time-dependent Schodinger equation
(in one dimension) rearranges to read
2
% = %(V — E)p = agp. (3.58)
Classically a scattering state is one for which £ > V' in a region extending to infinity. In this
region the stationary state exp(y/ax) has a < 0 and so is oscillating as z varies and is not
normalisable. Scattering states will be free states at oo and so not normalisable. On the
other hand bound states will be normalisable states. The picture in quantum mechanics is
complicated because quantum states may tunnel through potential barriers, but we will take a

bound state to be one for which £ < V' at £oo. In cases where V' = 0 at +00, a bound state is
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one with £ < 0 while a scattering states is one with £ > 0. The sign of the eigenvalue E in the
time-independent Schrodinger equation will frequently be sufficient to classify a state as either
bounded or a scattering state, and we will find the bound states have a finite number of discrete
energy eigenvalues, while scattering states have a continuum of energy eigenvalues. At this

stage we have seen that the infinite potential well contains an infinite number of bound states

27I'2f,2

anL;

states, while the free particle has a wave-function which is not normalisable for a continuum
ﬁ2

of energy eigenvalues F = 2—7: Now we will look at potentials which admit both bound states

labelled by their discrete energy eigenvalues E, = (equation (3.18)) and no scattering

and scattering states.

3.5 The Delta-Function Potential Well

Let
V(z) = —ad(x) (3.59)
where o € RT and
=0
sa)=4 " (3.60)
0 x+#0

is the Dirac delta function satisfying ffooo d(z) = 1. The potential well may be visualised as an
infinite (negative) spike at © = 0 weight by « as in figure (3.3). It seems odd to include « at

this stage, but we will see it plays an important role.

€29
(s cddtecing Scolee) X =0

\4

t<O
(BDound S\Tm\CQ)

- L B(x)= V(x)

Figure 3.3: The shape of V(z) for a delta function potential well given by (3.59) (blue line), it
is an infinite negative spike at x = 0 weighted by the real, positive parameter «. States with

E > 0 are scattering states, while states with £/ < 0 are bound states.

The time-independent Schrodinger equation that we must solve is

h? d?¢



3.5. THE DELTA-FUNCTION POTENTIAL WELL 49

We will split our search for solutions into two classes: bound states (for which £ < 0) and
scattering states (for which £ > 0).

3.5.1 Bound states in the delta-function well
For E < 0, in the region x < 0 where V(x) = 0, (3.61) becomes
d*¢  2mE

dz2 ~ B2

¢ =K (3.62)

where
K= ——-— (3.63)

and since £ < 0 then —2mFE > 0, and so k € R*. The stationary states in this region are
p(x) = Ae™ + Be ™™ for z <0 (3.64)

where A and B are constants to be determined. We note that for ¢ — 0 as z — —oo we must

have that B = 0 (as the term e "* diverges as * — —00). Consequently we have
p(x) = Ae™ for x < 0. (3.65)
For the region « > 0 we find (3.61) is solved by
p(x) = Ce™ + De ™ for x > 0. (3.66)
and arguing that ¢ — 0 for x — oo leads us to deduce that C' = 0. Hence, we have,

p(z) = De™ ™ for x > 0. (3.67)

and Kk = @ is unaltered.

In general the properties of the potential V'(x) dictate the properties of ¢ through the time-
independent Schrodinger equation. In general ¢ and ‘;—i will be everywhere continuous except
where the potential is infinite. Let us look at the implications of the potential becoming infinite
at x = 0 for the J-function potential well.

Integrating (3.61) in a region [—e¢, €] about x = 0 we have

— h—Q dx % —a | d(x)p(r) = E/ ®. (3.68)

—€

then taking the limit € — 0 we have

, h? [ de
lim |——— ( ——
0| 2m \dr|,_,

x_)} — ap(0) =0 (3.69)
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We see that j—f is discontinuous at = = 0, it jumps by an amount

A%y = 2 0) (3.70)

at x = 0. If V did not have a delta-function (or worse) we would find that Z—‘; is continuous

everywhere.
We may wonder if we can now argue that ¢ is continuous. Suppose that ¢ was not continuous
and suppose it had a finite discontinuity at = = x¢, i.e. @(x) makes a finite jump (like a step

function) at @ = xy. In such a case we would find that Z—f x d(xg), which would in turn imply,
o d
dz? X 4@z
long as we do not consider any potentials containing the derivative of a d-function then ¢ will

(0(x)) = &'(x), and so, by the Schrodinger equation, we would have V' (z) o ¢'(x). So

be continuous. We will not consider any such potentials here and so we have the general rules
that:

©(x) is continuous everywhere, and,

d_go is continuous apart from at points where V' is infinite. (3.71)
x

Returning to our d-function potential well, we have that ¢ must be continuous at z = 0,
i.e. from (3.65) and (3.67), we have A = C' and

Ae™ <0
ola)= 1" (3.72)
Ae ™ 1 > 0.

Then
do(z) _ KAe"® z <0 (3.73)
dx —kAe ™™ x> 0.
Hence lim,_,o- [dflgf)] = kA and lim,_,o+ [d‘g—f)] = —kA and so we have
A(Z—i) » = —2kA
= — 2;;&@(0)
. 2;;&,4. (3.74)
Hence using (3.63) we find
B (3.75)
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We have found the energy of the single bound state in the J-function potential well, and we see
it depends on «, the coefficient weighting the d-function potential.

Finally we can normalise the bound state wave-function to determine A:

[e'¢) 0 00
| dste@p = [ delaper e [ dojape
- 0

—00 o0

0
:2|A|2/ dx e

= AP /s
4 (3.76)

ie. A=k = \/’? and the single bound state, sketched in figure (3.4) has wave-function and

energy:

VA —mala|/h?
~——e el 3.77
. (3.77)

(3.78)

\4

p(x)

- oL S(x)

Figure 3.4: The single bound state wave-function for the -function potential well.

3.5.2 Scattering states of the delta-function well

To uncover the scattering states we take £ > 0 in the time-independent Schrodinger equation.

In the region x < 0 where V(z) = 0, (3.61) becomes equation:

d*¢  2mE

_ 2

where

(3.80)
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and we emphasise that £ > 0. We again split the equation into two regions about x = 0, and
for z < 0 we find
o(x) = Ae™™ 4+ Be ™ for x < 0 (3.81)

where A and B are two (new) arbitrary, real constants. Notice that the impact of considering
E > 0is to map k — ik, and the wave-function for this energy eigenstate (defined for a single
value of E > 0) is now oscillating, and not normalisable. There is no condition that we can

impose on A or B so that ¢ — 0 as © — —oo. For the region x > 0 we have
o(r) = Ce™ + De™™** for x>0 (3.82)
where C' and D are real constants. Continuity of ¢ at = 0 implies that
A+ B=C+D. (3.83)

Due to the infinite potential well at x = 0 we find the same discontinuity in 3—‘5 at = 0 as when
we solved for the bound state in equation (3.70) which now reads (using ¢ we have determined

for the scattering states so far)

2mao

AGD| =T
- —QZZO‘(A + B). (3.84)

While we directly compute that

de(x) ikAe*® — jkBe~** 1 <0

= , ' (3.85)
dx ikCe*® — ikDe~** g >0,
from where we compute another expression for
dy do(x do(x
Al -t o)
T {z=0 T g0t T z—0-
=ik(C — D — A+ B). (3.86)
Equating (3.84) and (3.86) gives us
2ima
—-D=A-1B A+ B
C + = (A+ B)
= A(1+2ip8) — B(1 — 2ipB) (3.87)

where we have introduced 8 = 735. We also know that A+ B = C + D from (3.83) . Together

with the energy £ > 0 we have five unknowns and only two equations relating them. We also
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know that the states are not normalisable and so we will not get any further way to eliminate
the coefficients A, B, C, D from a normalisation condition. What can we do?

Let us pause to think about the scattering states. Each term in the wave functions we have
developed is associated with a plane wave at time ¢t = 0. If we add in the time dependence to
reconstruct ®(xz,t) = ¢(t)p(x) (recalling that ¢(t) = exp (—iEt/h) = exp (—iwt) we have:

U(z,t) = Ae'*be=wt)  Bemilhetwh)  for 4 < () (3.88)
U(z,t) = Ce'kr=wt) 1 pDeitketet)  for o > (), (3.89)

The part of the wave function with coefficient A is a plane wave travelling to the right (from
x = —oo towards x = 0), while the part with coefficient B is travelling to the left (from z =0
towards * = —o0). Similarly for z > 0 the term with coefficient C' is a right-travelling wave
(from z = 0 towards x = 00), while the part with coefficient D is a left-travelling wave (from

x = oo towards x = 0). To simplify our problem we may choose to study a situation where

Incident wave Transmitted wave
A /\/\/ /\/)\/ c
x\'

|

|

|

|
Reflected wave X % (o]

- ol S(x)

Figure 3.5: Potential scattering solutions for the d-function potential well. In the sketch above
we imagine a scenario in which incident waves are incoming from the left (A), some waves are
reflected at x = 0 (B), and some are transmitted (C). As there are no waves incoming from the
right, we set D = 0. If we had considered instead incident from the right but not the left, we
would have set A = 0 and the roles of reflected and transmitted waves as depicted in the image

above would have been swapped.

there are waves incoming only from x = —oo which then scatter off of the d-function potential,
some waves are reflected (these correspond to the part of the wave-function for x < 0 with
coefficient B) and some are transmitted (the part of wave-function for z > 0 with coefficient

() as sketched in figure (3.5). There are no waves incoming from the right, and we impose
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this by setting the appropriate amplitude to zero (i.e. we set D = 0)*. With D = 0 we have
A+ B =C and so

C = A(1+2i8) — (C — A)(1 — 2iB)

=2A—C(1 —2ip) (3.90)
hence
A
C=1= i
__iB
B = 1—2'BA (3.91)

where we have used B = C'— A to find the second expression above. Notice that the expressions

above, which we refer to collectively as the scattering data, would each have a pole if we allow

f to become imaginary. The pole would occur for 8 = —i = 755 i.e. when k = i’;};‘. For this
imaginary k we see that £ = —"2%,2 which is the energy of the bound state we found in equation

(3.78). This is a general feature: poles in the scattering data indicate the existence of bound
states.
The scattering states are not normalisable and so we cannot deduce absolute probabilities

from the amplitudes A, B and C. Instead we can talk about the relative probabilities'?:

: s _ |B]? B
(Reflection probability) R= TAF T (3.92)
2
1
(Transmission probability) T= % 1 (3.93)

We note that R+T = 1 as we would expect for the probabilities where reflection or transmission
are the only two possible outcomes. At this point we give a health warning: these are not
yet the full definitions of reflection and transmission probabilities (or coefficients as they are
often called), we will soon meet their generalisation - but in cases where there is only a single
wavenumber these expressions above are correct. It is interesting to write the reflection and
transmission probabilities in terms of the energy F for the scattering state (we recall that
B =129 and k = V2mEh):
1

ma?
T — %. (395)

1 This is a choice for the situation we are studying, and allows us to remove one of the four coefficients, but

we might equally well have considered waves incident from the right and set the amplitude A = 0.
12By considering relative probabilities we can effectively eliminate another parameter, the incoming wave

amplitude, A.
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We see that as £ — oo then T'— 1 and R — 0 as we would expect. More interesting, arguably,
is the observation that there is a non-zero probability that a free particle might be reflected
off of a potential well. It is worth emphasising that this is rather unusual classically, where
we might expect a particle to be slowed down by a potential well but not for it to be reflected
(we might have expected a reflection off of a potential barrier, but not off a well). One might
wonder if this is a consequence of using an unphysical d-function potential well, but we will see

that this feature persists in more reasonable potentials.

3.6 The Finite Square Potential Well

Next we consider the particle in a finite potential well, this is similar to the particle in the
infinite potential well but differs in that the walls of the potential well (or box) are no longer

hard walls of infinite potential, but are defined by a finite potential:

Vi, e < L2,
Vi) = 4 0 Rl L2 (3.96)
0, |z| > L/2

where V > 0 is a real constant. The potential is shown in figure 3.6, it has an infinite gradient
at |z| = L/2 which may not be the case for physical potentials, but it serves a an idealised
potential well. A more realistic potential would avoid having an infinite gradient such as one
shown in figure 3.6 by the (orange) dashed line. This potential will admit both bound states

V(x)

-L/2 L/2

Figure 3.6: The shape of V(x) for a simple potential well given by (3.96) (blue, solid), and a
generic V (z) that can be qualitatively modelled by (3.96) (orange, dashed). In the main text
we split the range of x into 3 regions, labeled 1 through 3 in this figure.
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and scattering states. The potential is zero at infinity and so bound states are those with £ < 0

while scattering states are those with £ > 0.

3.6.1 Bound states in a finite square potential well

We aim to solve P
= 5 52 P(0) TV (@)e(a) = Bp(z). (3.97)
for £ < 0, but we will also impose that —Vj < E - we well think about this lower bound on E
later, but for now we recognise that it is a sensible condition for dynamics in classical physics.
There are now three regions in which we must solve (3.97), which we label 1 for x < —L/2,

2 for —L/2 < x < L/2 and 3 for & > L/2. In region 1, where V(x) = 0. We have

R? 02
- %wﬂl’) = Eop(z). (3.98)
As ¥ < 0 we find
p(x) = Ae™ + Be™ "™, forx < —L/2, (3.99)
where
—2mE
k= Tm (3.100)

Now if B # 0, then ¢(z) will grow exponentially as z — —oo, but we require that ¢ — 0 at

+00, and so we must take B = 0, then.

p(x) = Ae™. for v < —L/2, (3.101)
We can make a similar argument in region 3 (where V() is also 0) and determine

p(x) = De™ ", for x > L/2, (3.102)

where D is a real constant.
In region 2, —L/2 < x < L/2, the equation becomes

h* 9?2
- %@S@(ﬁ) — Vop(z) = Ep(z), (3.103)
or equivalently
n* 0?2
— (@) = (B + Vo)p(a). (3.104)

As we have taken —V) < E' < 0 then E + V{, > 0, and so we find

¢(z) = Bsin(kz) + C cos(kx), for — L/2<a2<L/2, (3.105)
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where B and C' are arbitrary, real constants and k = /2m(E + V;)/h. Since region 2 is a finite
interval, there is no normalisability issue arising from the solution.

The potential is nowhere infinite, and so both ¢(z) and ':l—“; are both continuous. For ¢ to
be continuous at x = L/2 and x = —L/2 we find

5 kL kL
Ae™% = —B sin(T) + 0005(7) at v = —L/2 (3.106)
kL k K
Bsin(T) + CCOS(T) = De % at x = L/2. (3.107)

The derivative of the wavefunction is

KAe™ r<—L/2
d
2 = {kBcos(ke) — kCsin(ka) ~L/2 <z < L/2 (3.108)
—KkDe™"" x> L/2.
Imposing continuity on Z—f at t = —L/2 and © = L/2 gives
K kL kL
kAe™ T = kB COS(T) + kC sin(T) at v = —L/2 (3.109)
kL kL 5
kB 008(7) — szin(T) = —kDe™ 7 at x = L/2. (3.110)

Summarising, we now have

Aer® r<—L/2
¢(z) = § Bsin(kz) + Ccos(kr) —L/2<x<L/2 (3.111)
De™"* x> L/2.

with four unknowns, and we also have four equations in (3.106), (3.107), (3.109), and (3.110), so
we are in a good position to now eliminate three of the constants, and we have the expectation
that normalisation will allow us to fix the final constant. However in order for the work not
to become overwhelming we will organise our solutions into even (¢(x) = ¢(—x)) and odd
(p(x) = —p(—x)) solutions. We can see that the solutions will split into these two classes due
to the potential being an even function i.e. V(z) = V(—=z). This has the consequence that if
©(x) solves the time-independent Schrodinger equation, stated in (3.97), then ¢(—z) does too.
Since (3.97) is linear and homogeneous in ¢, we can add and subtract solutions, and form new

solutions,
o+(x) = ¢(x) + ¢(—1) (3.112)

and
o (1) = p(a) — o) (3.113)
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(one of them might be zero, but not both). The first of these is an even solution as ¢, (—z) =
o(—x)+p(x) = py(z), and the second is an odd solution as p_(—x) = p(—x)—p(z) = —p_(z).
These new solutions have the property that the original solution can be recovered from them,

1
pla) = 5 (p+(2) +9-(2)), (3.114)
This means that, without any loss of generality, we can organise the solutions to the time-
independent Schrodinger equation with an even potential V(z) = V(—z) into even and odd

wave-functions.

Even solutions

Suppose that the solution that we are after, ¢(x), is even then we must have A = D and B = 0.
We need only consider one set of the continuity conditions, as the behaviour of the wave-function
at © = —L/2 determines its behaviour at x = L/2, i.e. it is even and so p(—L/2) = ¢(L/2)
while fl—f(x) = —22(_2). The equations (3.106) and (3.109) then simplify to

dz
Aes" = CCOS(%), (3.115)
kAe™ = kC sin(%). (3.116)
Taking the ratio of these two equations, we find
k= ktan -, (3.117)
Recall that k = /—2mE/h and k = \/2m(E + V;)/h, which means
K2 = 2”;;/0 — K2 (3.118)

Using (3.118) in (3.117), we find an equation for & only,

2mVj
72

Solving this equation will allow us to find k (and thus E and x too). We will discuss how

— k? = ktan(%). (3.119)

we solve this equation momentarily, after determining the odd solutions. Let us write out the

wave-function in terms of a single constant, we will use (3.115) to express A in terms of C' and

we find
cos(Ek)eret LD g < — L2,
p(z) = C ¢ cos(kx), lz| < L/2, (3.120)
cos(EE)e=e=L/D) g < —L/2,

where C' will be determined from the normalisation condition for ¢(x).
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Odd solutions

Suppose now that we seek the odd solutions for ¢(x). In this case we have A = —D and C' = 0.
Now equations (3.106) and (3.109) reduce to

Ae "2 = _Bgin(kL), (3.121)
kAe "2 = kB cos(kL). (3.122)

Taking the ratio of these two equations, we find

cos(“E)
%)
2

k= —k = ktan(®Ltm), (3.123)

sin(

Using (3.118) in (3.123), we find an equation for k only,

2
/ ”7;2% k2 = ktan(ALeT), (3.124)

Using (3.121) to express A in terms of B we find

—sin(EL)er@H /2 g < —L/2,

¢(z) = B { sin(kx), x| < L/2, (3.125)

sin(&L)er@=L/2 gz > —L/2,

where B will be determined using the normalisation condition for ¢(x). For both cases, even and
odd solutions, it remains to understand the equations (3.119) and (3.124) in order to determine
k. We can do so using a graphical method. Note that we assumed —Vj < E < 0, which means
O<kand 0 <k < \/m In this interval, the plot of the left-hand side of (3.119) and (3.124)

n

is simply a quarter-circle of radius \/2’;:? , see figure 3.7. The plots of the right-hand sides
of (3.119) and (3.124) are also shown in figure 3.7 and are Vj-independent.

Each intersection gives a value of k for respectively the even-case or odd-case equations (3.119)
or (3.124). As V; is increased, the radius of the quarter-circle grows, and more solutions become
available, but for any V{ there are only finitely many solutions.

Since each value of k determines the respective value of E' through

h2 k>
- 2m

E —V, (3.126)

we see that there are only finitely many energy levels with —V < E' < 0. They are schematically
shown in figure 3.8. The wave-functions ¢(z) corresponding to these energy levels are computed
by (3.120) and (3.125). Their plots are shown in figure 3.9. As is clear from these plots and



CHAPTER 3. SIMPLE QUANTUM-MECHANICAL SYSTEMS

60

Figure 3.7: A graphical solution of (3.119) and (3.124). The left-hand side of these equations
is plotted in solid black (the quarter-circle). The right-hand side of (3.119) is plotted in solid
red, and the right-hand side of (3.124) in dashed blue. The red and blue circles mark the even
and odd solutions, respectively. The number of solutions depends on the parameters of the

problem, and in this case is four.
the explicit formulae (3.120) and (3.125), the wave-functions decay exponentially outside of the
well. These states are bound states and although they mostly correspond to the particle being
trapped in the potential well there is still a non-zero probability to find it outside the well.
Let us now revisit the assumption that —V) < E < 0. First, what happens if £ < —V,?
This case corresponds to pure imaginary k& € ‘R (including k£ = 0). One can check that we did
not have to assume that k is real to arrive at the equations (3.119) or (3.124). Plugging k = is

with s € R into, for example, (3.119), we find
(3.127)

2mV, oL
\/ 2 + 52 = —stanh %7,

This has no solutions for s € R because the left-hand side is strictly positive and the right-

hand-side is negative (or zero). Equation (3.124) can be verified in a similar way.

3.6.2 Scattering States in a finite square potential well

We now seek solutions for E > 0, these solutions are free at infinity and are called the scattering

states. We must solve
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V(x)

-L/2 L/2

Figure 3.8: Values of the bound state energy levels £ shown by horizontal lines in the potential

well. Solid red represents even wave-functions, dashed blue — odd wave-functions.
h* o2
for E > 0. We will assume that there is a single incident wave in region 1 (z < L/2) and no

wave incoming from = = oo in region 3, (in regions 1 and 3 V(z) = 0) and so we have
p(z) = Ae™™™ + Be k" xr < —LJ2 (3.129)
o(x) = Fe*” x> L/2 (3.130)

where A, B and F are real constants and

2mkE
k= . 131
> (3131)
Inside the potential well (i.e. for |z| < L/2) we must solve
n* 92
- %@S@(m) = (E+ Vo)p(x). (3.132)
and we find
o(x) = Csin(k'z) + D cos(k'x) |z| < L/2 (3.133)
where C' and D are real constants and
2m(E + WV
K= m(h + Vo) (3.134)
and we emphasise that E 4+ Vi > 0. Continuity of ¢ at © = £L/2 implies that
Ae L2 1 BetkL/2 — _C'sin(K'L/2) 4+ D cos(k'L/2) (3.135)

C'sin(k'L/2) + D cos(k'L/2) = Fe*t/2, (3.136)
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-L/2 L)2
—-- P X
-------- \\_ - < ~~~‘ ——_____-----'
\/‘
-V

Figure 3.9: Wave-functions of the bound states in a finite potential well. Solid red represents
even wave-functions, dashed blue represents odd wave-functions. The energy level is increasing

from bottom up.

While continuity of 2 at v = +L/2 gives us

ikAe‘”“L/Z — ikBe*t/? = |/C cos(K'L/2) + k' D sin(k'L/2) (3.137)
k'Ccos(k'L/2) — K Dsin(k'L/2) = ikFe*t/?, (3.138)

We can use these four equations to rewrite the scattering data F' (the amplitude of the trans-
mitted wave) and B (the amplitude of the reflected wave) in terms of A (the amplitude of the
incident wave). We do this so that we can compare the amplitudes of the set of waves at +oo,
to find the probabilities of reflection by the well potential and transmission past the entire well.
Afterwards we will look at the reflection and transmission probabilities at one edge of the well,
and refine our thinking about calculating these probabilities.

The computation is a little laborious but we give an outline here. First combine (3.136)
and (3.138) to find

ik
C = Fett/? (sm(k’L/Q) o cos(k'L/Z)) (3.139)
. k
D = FekL/2 (cos(k'L/2) — Zk—/ sin(k:’L/2)) : (3.140)
Combining the above with (3.135) and (3.137) and using the two resulting equations we find
Ae —ikL
F= : 3.141
cos(k"L) k;,j,;f ) in(k'L) ( )

_ P

cos(k'L) —

(k"? — k?)sin(k'L )Ae_Z’CL
i(

k2 k/2
D) Sin(k'L)

(3.142)
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Hence the reflection and transmission probabilities are

(3.143)

R =|BI*/|A]* =

cos?(k'L) + (kZ}:If,IQ)Q sin?(k'L)

1

cos?(KL) + (%557 " sin®(W'L)

T =|F*/|A]* = (3.144)

and we can check that R+7T = 1. We can use (3.131) and (3.134) to rewrite the reflection and

transmission probabilities in terms of E and Vj:
Vi sin2(—v2m(hML)
AE(E + Vp) + Vi sin?(Y——-— 2m(};ﬂvo)L)

4E(E + V)
AE(E + Vo) + V2 sin?(L2 W) 1)

R:

(3.145)

T —

(3.146)

Note that as £ — oo, then T'— 1 and R — 0, but also notice that when 7”2771(;ML = nr for

n € Z, or equivalently when

n?m?h?
2L%*m
then 7= 1 and R = 0. The finite square well is invisible to scattering states with this energy

E+V,= (3.147)

E, and, curiously, these are also the same as the energy levels of the infinite potential well

found in equation (3.18).

Refining our notion of reflection and transmission probabilities

Our computation of reflection and transmission probabilities have worked well so far, but in
the example of the scattering states of the finite potential well we can find an indication that
we must refine our definitions.
Consider the far edge at © = L/2 of the potential well above. At this boundary there are
only three waves which we rewrite as:
Clett' 4 D=k _[/2 <2 < L/2

o(z) = . (3.148)
Fethe x> L/2

hence compared to our previous coefficients C' and D these new amplitudes are

o= %(D —ic) (3.149)
D=L+ (3.150)

2
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We re-write the wave-function inside the potential well in this way to make sense of the notions

of incident, reflected and transmitted waves. We will need
, k
D +iC = Fe'*t/? (1 F E) (cos(K'L/2) +isin(k'L/2)) (3.151)

which we found using (3.139) and (3.140). The incident wave at x = L/2 is C"e’*"* and we may
compute the probability ratios to find:

|F)2 2K\
= 3.152
IC2  \k+ K& (3.152)

|Dl|2 K — L 2
= : 1
ISEAEYS (3.153)

Something has clearly gone wrong: the probabilities no longer add to one! The problem is

in our definition of the reflection and transmission probabilities which have worked well until
now. The difference in this case is that the wavenumbers k£ and £’ (and hence momentum) are
different on either side of = L/2. Let us look a little closer at what is happening using the

probability current in one dimension

g (8\1’ U \D*a\p) (3.154)

om \ dr  Ox

which we derived in (2.55) and which we have rewritten here for a wave-function in one di-
mension with coordinate x. We can find the probability current for each wave either side of
x = L/2. We will give the various waves generic names, ¢;(z) = C'e™®® @r(x) = D'e”** and

or(x) = Fe™ where the labels are for incident, reflected and transmitted respectively. Then

/
Jr = %WP (3.155)
/
Jr = —%C|D’|2 (3.156)
Jp = %|F|2 (3.157)

note that because of the reality of the probability current, the time-dependence has dropped
out.

The continuity equation for probability (derived in (2.54)) in one dimension is

dp 0J

—+—=0. 3.158

ot * ox ( )
The solutions we have found for the wave-function are stationary states: the probability density

p = |¥|? is constant in time for these states, and so we must have % = 0, i.e. J is constant
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as a function of x. Further if the probability current took different constant values on either
side of any point then there would be a build-up or drop of probability density at that point,
as this can’t happen (p is constant) then we must have that the probability current is balanced

on either side of x = L/2 and we can check this is the case:

hk" , _, ,
Jr+ Jr = E(\CP— |D'|?) (3.159)
Bk ([ AKK )
Bk (K |FI2N .,
= Jr. (3.162)

It is this computation that gives us the insight to redefine the reflection and transmission

probabilities in terms of the probability current. We can see that it contains the relation

k
O~ |DP = | FP (3.163)
. Dk |FP?
L= G+ FioP (3.164)

and we see it is the missing factor k/k’ that we need to make our previous reflection and
transmission probabilities sum to one. Consequently, we redefine our definitions of reflection

and transmission probabilities'?

(Reflection probability) R= ||l]7—}:”| (3.165)
(Transmission probability) T = % (3.166)

The expression above apply for any set of incoming, reflected and transmitted wave-functions
and their probability currents.
With these definitions we find that at * = L/2 we have

|D/|2 K — k 2
R= or ~ ixw (3.167)
k| F|? AkK
T=—l=(—-—). 1
k! |C/|2 <(k+k/)2> <3 68)

and R+T =1.

13Tt is common to call these the reflection and transmission coefficients.
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3.7 The Potential Barrier

Having studied the potential well, we will now look at the potential barrier for a finite potential.
We approach this by seemingly repeating the computation for the finite well but now with
Vo — —V4 so that the potential well becomes a potential barrier. We study the potential

Vo, —L/2<x<LJ2,

Vi(z) = , (3.169)
0, x>L/2orx<—L/2

for V4 > 0;, This potential is plotted in figure 3.10.

—-L/2 L/2

Figure 3.10: The shape of V(z) for a simple potential barrier given by (3.169) (blue, solid).
In orange (dashed) we sketch a generic smooth potential barrier, which is a more realistic
potential. Our idealised finite potential well is a useful toy model for investigating the realistic

potentials. We split the range of = into three regions, labelled 1, 2 and 3 in the figure.

A classical particle incoming from the left would need to have F > Vj in order to pass
through it. If the energy is 0 < F < V), then the classical particle would get reflected.
As in the case of the potential well, we solve the Schrédinger equation in the three regions
separately (as labelled in figure 3.10). In regions 1 and 3, where V' = 0, we have
R Op(z)
- — =F > L/2. 3.170
S~ Be(r), el > 1) (3.170)

As before, we will consider an incident wave only from the left, so that, the equation is solved
by

Aetke 4 Beihkrp < —[/2
o) = ¢ / (3171)
Fethe x> L/2
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where

2mE
PR
These scattering states are not normalisable, so we cannot further determine the coefficients.

k= (3.172)

In region 2, we aim to solve

h? 9p(z)

C 2m O

+Vop(z) = Ep(z), || < L/2, (3.173)

which is equivalent to

Op(x) _ _2m(E = Vo)
oz = 3 o(z), |z| < L/2. (3.174)
For a full solution we ought now to consider two cases: (1) 0 < F < V;, and (2) Vy < E, but

we will restrict our enquiry to the first case. The second case can be solved in the usual way'*

to find scattering states in all three regions, but will not reveal any new phenomena to us.

Taking 0 < F <V, we solve the equation above to find

p(r) = Ce™ + De™™,  |z[ < L/2, (3.175)
where
om(Vo— E
K= m(ho ) (3.176)

Imposing that ¢(x) is continuous at x = £L/2 gives us

Ae—L/2 | BoikLI2 _ Cp=rL/2 | DokL/2 (3.177)
CeFl/2 4 De=rL/2 — FeikL/2 (3.178)

Next we compute

ikAe*® — ikBe~™** 1 < —L/2

kCe™ — gDe™ " lz| < L/2 (3.179)
ikFeik x> L/2

de _
dr

and impose the condition that fl—‘i is continuous (this is valid because the potential is nowhere
infinite in this example) to obtain the relations

ikAe™ L2 _ ik Bet /2 = O/ — g Dett/? (3.180)
kCe/? — kDe "2 = ik Fett/?, (3.181)

141.e. Solve the time-independent Schrédinger equation in each of the three regions separately, impose conti-

nuity of ¢ and Z—i, and then restrict our interest to the case of a single incident wave.
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In order to think about scattering and reflection probabilities we should write the amplitudes
B, C, D and F in terms of A, the amplitude of our incident wave. The problem is identical
to that of the finite potential well'>, but now with x = ik’. As before, one uses (3.178) and
(3.181) to eliminate D giving C' in terms of F', and then using (3.178) again to find D in terms
of F:

-~

C=F (“ ; ! ) elik=r)L/2 (3.182)
K

D=F (%”“) elik+mL/2, (3.183)
K

Using (3.177) and (3.180), together with (3.182) and (3.183), we find,

Ae ™2 1 Bekl/? = | (” il Zk) elk=20L/2 1 | (“ — Zk) elik+2r)L/2 (3.184)
2K 2K
ikAe=*E? — ik Bet/? = F (%m) eCk=20L/2 _ p (?) e(tk+2R)L/2 (3.185)
Combining (3.184) and (3.185) gives
A= Fo ((k +ik)?e " + (k + ir)?e™) e (3.186)
Observing that
(k +ik)2e " + (k +ir)%e™ = (k* — k?)2sinh(kL) + 4ikr cosh(kL) (3.187)
we find
F=4 <(k’2 — K?) sinh(nzl'i];i 2ikk COSh(/iL)) e (3.188)

(3.189)

B4 (k? + k?) sinh(kL) il
B (k? — k?)sinh(kL) + 2ikr cosh(kL) co

Noting that in regions 1 and 3 the waves have the same wavenumber, then we have, for the

reflection and transmission probabilities,

B k% + k?)2sinh®(kL

R:| | _ ( —|-2I€)Sll’l (kL) 2 (3.190)
|A|2 (k%2 — k?)sinh®(kL) + 4k2k2 cosh®(k L)
F2 4 2,2

=L hor (3.191)

A2 (k2 — k2)sinh®(kL) + 4k2k2 cosh? (kL)

15 And equally laborious. The computations along the way are included here in case you wish to check your

working, but to follow the ideas one only needs the final expression stating F’ and B in terms of A.
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Then observing that'¢
(k* + K?)?sinh®(k L) + 4k*k? = (k* — k%)% sinh®(k L) + 4k*k? cosh® (kL) (3.192)

we find that R+ T = 1 as expected.

By consdering

2
T = (kz;’f) sinh?(kL) + 1 (3.193)
and recalling that k,r, L are all positive, we see that as L — oo then 77! — oo and so
T — 0 as expected. But we also realise that for finite L the transmission probability is greater
than zero. There is a non-zero probability of the wave-function being transmitted through the
potential barrier, even though F < Vj. This is a purely quantum phenomenon called quantum
tunnelling: the wave-function is able to reach the classically forbidden region (and there is a
non-zero probability for this to occur). Quantum tunnelling has a very large impact on the
world around us, it allows atomic nuclei to overcome the repulsion due to electrostatic forces
and tunnel through the Coulomb barrier which enables nuclear fusion reactions such as those
which power the Sun. It also plays a crucial role in alpha decay in which a nucleus emits
an alpha particle (or helium nucleus), the forces which bind the nucleus together present a
potential barrier and it is quantum tunnelling through this barrier which allows alpha particle
to escape. Quantum tunnelling plays a crucial role in modern electronics, from semiconductors
and transistors, to flash memory storage and even quantum computing, the modern world we
know simply wouldn’t have existed without quantum tunnelling.

For completeness we now write the full time-dependent solution for a given F

Aeix\/2mE/h + Be—iz\/2mE/ﬁ’ T < —L/2
\I/(l‘,t) — e—iEt/h Cex\/2m(Vo—E)/h+ ‘De—ar:\/2m(VO—E)//‘z7 —L/2 <1< L/2 (3194)
Fez‘x\/QmE/h’ > L/2

these expressions are cumbersome, so it is slightly simpler (and commonplace) to rewrite them

in terms of the momentum of the incoming free particle using E = p?/2m:

Aetwp/h  Be=izp/h, r<—L/2
U(z,t) = o~ i(p?/2mh)t Cler(V2mVo—p)/h . De—z(\/QmVo—p)/ﬁ’ —L/2<xz<L/2 (3.195)
Fetap/h x> L/2.

16Uge cosh? a — sinh? v = 1.
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We should emphasise that each of the coefficients is related to A by functions of £ (via our
equations (3.182), (3.183), (3.189), (3.188)), or equivalently the momentum p or the energy F,
and it is normal to see the coefficients with explicit k or p dependence indicated.

We have plotted the wave-functions for a couple of representative energies in figure 3.11.
Since the wave-functions are intrinsically complex, this plot shows the real and imaginary parts
of the wave-functions (3.194) (at t = 0) for energies E = 3V and E = 2V,. We did not go
through the case where E > Vj but the sketch of the wave-functions in figure 3.11 should not

RARARRARARNY

Figure 3.11: Wave-functions in the presence of a barrier of height V{). The dotted red lines are

the energies and examples are shown for F/ = %Vo (which exhibit quantum tunnelling through
the potential barrier) and F = 2V}, the blue and yellow lines are the real and imaginary parts

of the wave-functions (centred on the energy of the state).

The scattering wave-functions that we have worked with are stationary states of the time-
independent Schrodinger equation, or in other words they are energy eigenfunctions of the
Hamiltonian operator for a particular energy E. We have met such states several times so far,
in particular when we considered the free particle. We were at pains to emphasise that the
travelling wave does is not a wave-function of a free particle: it is neither localised nor is it
normalisable. The remedy was to form a Gaussian wavepacket from an integral of the stationary
states, which was both localised and normalisable. Yet here and earlier when we have discussed
transmission and reflection probabilities we have restricted our discussion to the stationary
states. What we ought to do is instead of taking a plane wave as our incident wave-function,
we should instead form a wave-packet corresponding to a free particle from the stationary states.
Once we have done that we should return to thinking about quantum tunnelling of particles.
It is not an obvious statement, but we can complete this computation, i.e. we can use the

stationary states as a basis to form a Gaussian wave-packet. We will study this idea once we
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meet Hilbert spaces, it is the idea of completeness. But for now, recall the wave-function of the
free particle which we argued was expressed as a Gaussian wavepacket. It is formed from an
infinite and continuous sum of stationary states, and so contains a range of energies. These are
sharply peaked about the classical energy of the particle, but they are spread about this energy.
Our transmission and reflection probabilities are functions of the energy, and if we were to repeat
our analysis, with all the complication it entails, of the scattering about the finite potential
barrier for example, we would find that our transmission and reflection probabilities are affected
by the range of energies in the incoming Gaussian wavepacket. However while our results we
have found won’t be the precise results for a Gaussian wavepacket centred about the energy
E to be reflected or transmitted, they will be roughly correct as the Gaussian wavepacket
is dominated by the stationary states of energy E and the energies nearby. Consequently
we should think of the various reflection and transmission probabilities we have worked out
for stationary states, as being only approximately correct for a free particle with a Gaussian

wavepacket as its wavefunction.
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4. A Mathematical Framework for Quantum

Mechanics

In the work so far we have looked at the Schrodinger equation, and we have developed a set

of ideas that mirror concepts in linear algebra: We have emphasised that we can take linear

Linear algebra Quantum mechanics
Vector Wave-function
Matrix Linear Operator

Inner product (to compute |v|?) | Integral (to compute |¥|?)
Eigenvector Eigenfunction

Vector Space Hilbert Space

Table 4.1: Analogous concepts in linear algebra and quantum mechanics.

combinations of solutions to the Schrodinger equation to find new solutions. We have also seen
in several constructions how we can use certain stationary wave-functions as basis states to
construct other solutions, in particular the Gaussian wavepacket of the free particle. We have
been concerned with the normalisation of wave-functions, and we have referred to stationary
states as eigenfunctions of the Hamiltonian operator. Finally from the first discussions of
quantum mechanics we have been making use of linear operators (as differential operators)
which act on wave-functions. There is so much similarity with vector spaces and linear algebra
that we are impelled to develop the analogy into a sturdy formalism, roughly outlined in table
(4.1), and the setting for the objects in quantum mechanics is called a Hilbert space.

In the case of quantum mechanics, the wave-functions will be the elements of the vector
space, and we will be interested in finding a complete set of functions which form a basis for
the space. The space should be equipped with an inner product, so that we can normalise

our wave-functions, and linear operators should act on states in that space to extract physical

73
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information.
In this chapter' we will define such a space, the Hilbert space, and transfer much of our

thinking about quantum mechanics to this setting.

4.1 Hilbert spaces

Definition 4.1.1. A Hilbert space, H, is a vector space equipped with an inner product that
defines a distance function for which the space is a complete metric space.

Comment(s). (On Hilbert Spaces.)

e Hilbert spaces are named® after David Hilbert who along with Erhard Schmidt and Friyes
Riesz, introduced the spaces in functional analysis at the start of the twentieth century,

as an extension of the ideas of Euclidean spaces to functional spaces.
o An inner product must satisfy the properties’:

— (u,v)* = (v,u) (conjugate symmetry),
— (u,aw) = afu,v) (linearity in the second entry), and

— (v,v) >0 and (v,v) =0 iffv =0.
o A norm must satisfy the following properties:

— ||| > 0 and ||| = 0 iff v =0,
= llowl| = |af[[v]], and

=l +of] < [ful] + [l

!This chapter will attempt to an introduction to several topics which are properly met as part of a subject
called functional analysis. Our aim here being to introduce quantum mechanics we will not derive all the
analytical results, nor expect the reader to follow all details and comments. At first pass, the reader may wish
to skip over some of the technical comments here. However, one should aim to understand what a Hilbert space
is, why it is relevant for quantum mechanics, and be familiar with the two main examples used in quantum

mechanics CV and L%(R).
2By John von Neumann, who following the rapid development of quantum mechanics in the 1920s, wrote

several papers formalising the key mathematical ideas. The results in his papers were published in the book

Mathematical Foundations of Quantum Mechanics in 1932.
3We have adopted the conventions whereby the inner product is linear in the second entry, and conjugate

linear in the first, one could have adopted the alternative convention i.e. linearity in the first entry and conjugate

linear in the second. The inner product we have defined is often called a Hermitian inner product.
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e An inner product may be used to define a norm ||v|| = \/(v,v) and a norm may be used

to define a distance function on the space as D(u —v) = |lu — v||. Consequently Hilbert

space s always a normed vector space.

The probabilistic interpretation of quantum mechanics means that a wave-function should
be normalisable. This evidently requires a norm, what we have not seen so far is why we
will need an inner product as well as a norm*. But we can make a couple of motivating
comments here: if we cast our thoughts back to the discussion of expectation values (O) =
[ dx \Il*(x)((;)\lf)(x) we can see the need to have a structure that might compute products
between different states, e.g. OV and W, rather than just a single state as is used in the
norm. We have also had a brief look at the expansion of a state in terms of a (infinite,
continuous) sum of stationary states (e.g. the Gaussian wavepacket of stationary states
used to describe the free particle) - we know that the wave-function encodes all possible
outcomes of a measurement of a system, and if we wished to extract the amplitude squared
of a single stationary state we would use an inner product to project out that part of the
wave-function and its amplitude. So, for now, let us say an inner product space is on
our mathematical wish-list for making physical predictions based on the wave-function of

a system.

A Hilbert space may be finite or infinite-dimensional. Completeness means that every

® in a space converges, with respect to the norm, to an element in the

Cauchy sequence
space. The requirement we aim for in quantum mechanics is that any wave-function can

be expressed® as
N

for an independent set of vectors ;. That is, we can find o; such that Y ;- a; is

convergent”. The completeness of the space means that there is no state of the system

4A space which is complete, and has a norm which is not derived from an inner product, is called a Banach

space. So a Hilbert space is a special example of a Banach space (Hilbert spaces C Banach spaces). How could

you have a normed space, without an inner product? Take the space of continuous functions on an interval

[a,b], and use the supremum norm || f|| = max,e[q,5)(|f(2)]). A norm induced from an inner product satisfies

the parallelogram law: [|u + v[|* + |ju — v||? = 2|[u||? + 2||v||?, and the supremum norm does not satisfy the

parallelogram law.

5A Cauchy sequence in R is a sequence of numbers x1, 2, 3, ...such that for any positive real number €

there exists n,m > N such that |z,, — z,| < e. Hence a convergent series in R converges to a number in R.
6To be able to label the basis of an infinite-dimensional space by a countable label, as we have done here,

we further require that the space is separable. The only infinite-dimensional Hilbert space we will look at is the

L? space of square-integrable functions, and this is a separable space.

"This implies that the sequence of partial sums Q1,Qs, s, ... where Qy = ZZ\; a;; forms a Cauchy
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that cannot be expressed in terms of a sum of independent wave-functions ;. For a finite-
dimensional space, any basis of the space will give the expansion we seek, and consequently
every finite dimensional vector space equipped with an inner product is a Hilbert space. For
infinite-dimensional spaces we will restrict our interest to the space of square-integrable

functions over R.

Example 4.1. The complex vector space CN equipped with the inner product
N
(u,v) = Zu;‘vi =ulv (4.2)
i=1

s a Hilbert space.
Comment(s). (On CV as a Hilbert space.)

o The elements of CN are vectors v € CN which consist of N complex entries v; € C
respectively which satisfy the properties of addition: if u,v € CV then u +v € CV and
the vector w + v has components u; +v; € C and vectors in CN can be multiplied by a
complex scalar o € C to give another vector in CV, aw € CV, where the components of

ov are av; € C.
e The norm derived from the inner product is [v| = \/(v,v) € R.

o As dim(CY) = N (complex-dimensional, or 2N real-dimensional) is finite, and because

C is complete, then CN is always complete.

Definition 4.1.2. L*(R) is the space of square integrable functions f : R — C i.e. those

satisfying
@I = [ dolf@)P <o, (43)
and where addition and scalar multiplication are defined by
(f +9)(z) = f(z) + 9(z) (4.4)
(af)(x) = af(x) (4.5)

for f,g € L*(R) and a € C.

sequence: ||Q, — Q|| < € for any pair n,m > M, for any ¢ € RT and some M € Z*. In this way, we can
see how, up to a certain granularity defined by €, we can treat infinite-dimensional spaces in the same way as

finite-dimensional spaces.
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Comment(s). It is not immediately evident that if f,g € L*(R) then f+ g € L*(R). What

guarantees that f + g is square-integrable? Consider

/ " de)(f + 9)@) = / " e (f(2) + 9(@))* (F(@) + 9(2)

—00 o0

B / T e (F@)F + 9@ + f@) g@) + g(a) F(2)

T=—00

< /OO dz (|f(@)]* + lg(@)]* + |f (@) [lg(@)] + lg(2)*[1 £ (x)])

=—00

_ / T e (@) + lg@)P + 20 @) 9())

<2 [ (F@P+ lg@P)
< 0o (4.6)

where we took the absolute value of the integrand in going from the second to third line, and
introduced the inequality as e.g. f(x) < |f(x)|, and we used |f(x)*| = |f(x)| in moving from
the third to the fourth line. In the final line we made use of the arithmetic-geometric mean
inequality® to deduce that 2|f(x)||g(x)| < |f(2)]* + |g(2)]?.

Example 4.2. The space L*(R) equipped with the inner product

(f,g) = / T de f(e) () (4.7)

=—0Q

is a Hilbert space.

Comment(s). (On L*(R) as a Hilbert space.)

e One property of the inner product is not self-evident: (f,f) > 0 and (f,f) = 0 iff
f(z) = 0. However a function that is zero almost everywhere apart from at isolated points
would also give (f, f) = 0. This highlights a technical issue that we have avoided until
now, the consequence is that when defining the L? space, those functions which are equal
almost everywhere but differ only at a countable number of isolated points (more strictly:
over a set of measure zero) should be considered identical, i.e. instead of a single function
f(x) we are really dealing with an equivalence class of f(x) when we speak of f € L*(R).
This technicality won’t affect us in this module, but if you find it interesting and wish to
think more about the idea, you should consider taking a course in measure theory, where

many of the ideas we have introduced here will be refined.

8For two real, non-negative numbers a and b, consider (a—b)? > 0, then a?+b?—2ab > 0 and so a®+b* > 2ab.
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We can confirm it is finite: using the arithmetic-geometric mean inequality, exactly as we
did before, we have 2|f(x)||g(x)] < |f(2)|? + |g()|?, and so

/:OO dx | f(x)*|lg(z)] < % /:OOO dz (|f(2)]> + |g(z) )

< o0 (4.8)

and so we can see that (f,g) converges as the integral defining it converges absolutely.

=V = [ 1k (49)

and the triangle inequality follows from the Cauchy-Schwarz inequality. This latter in-

The norm is defined as

equality comes from considering

If + agll® = (f + ag, f + ag)
= (f, f) + {f,ag) + (ag, ) + (ag, ag)
= (f, /) +alf,9) +a* (g, f) + e’ (g, 9)

— (f,f>+<g,g>|0z+ <g>f>|2_ |<gaf>’2

(9,9) (9,9)
>0 (4.10)
as ||f + ag||* > 0. The expression is minimised when o = —%, hence we have the
inequality:
{9, /)I”
Lz 4.11
) (9,9) .
or
VAL g, 9) = [, 9) (4.12)

which is the Cauchy-Schwarz inequality. To show the triangle inequality is satisfied by the

norm on L*(R) consider

Lf =+ gll> = IF112 + lglP® + (f, 9) + (g, f)- (4.13)

Now taking the absolute value gives

1f +gll* = [If11* + [lglI* + 2/(f, 9]
<1117+ [lgll* + 2v/{f. f){g, 9)
= [1£1I* + llgll* + 211 £1lllg]]
= (If11+ lg1D* (4.14)

e [|f +gll <A1+ 1lgll as required.
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9

o L*(R) is a complete, separable space®. This has the consequence that it has a countable

basis.

o The L*(R) space is evidently a sensible setting for wave-functions which are normalisable,
but we have already met the stationary states of the free particle, the eigenfunction of
momentum, which are not normalisable. We will return to these states shortly and find

a way to make sense of them.

o We can find a set of orthonormal functions v, (i.e. satisfying (i, i) =1 and (Y, ;) =

d;j) such that any normalisable wave-function can be expressed as
U=>"an) (4.15)
i=1

in exact analogue of our experience in a Euclidean vector space. Moreover (V,v;) = o,

the amplitude of the wave-function v; in V.

4.2 QObservables

The expectation value of an operator is very naturally written in terms of the inner product of

a Hilbert space!®. If the system is described by the normalised wave-function ¥ then
(O) = / da U (2)(O0)(z) = (T, OD). (4.16)
If the outcome of a measurement is to be a real number then we must have that <(§>* = (@>
implying that
(O, 0) = (U, 00) (4.17)

we have defined this property of an operator previously: such an operator is called Hermitian®!.
Real quantities that can be measured are called observables and are represented by Hermitian
operators. We saw previously that the Hamiltonian H and the momentum operator p are both

Hermitian operators.

9For a proof of this statement, see, for example, Real and Complex Analysis by Walter Rudin.
10We will restrict our expressions to one-dimensional quantum systems for notational simplicity, but of course

in R? the integral should be over all of the three-dimensional space, as we wrote it previously.
1Tt is typical to define a Hermitian operator with respect to two different wave-functions, rather than just one,

i.e. Ois a Hermitian operator if (9, @<p> = ((;)gzﬁ, ) for all ¢, ¢ € H. But it can be shown that (U, (;)\I/> = (@\1/, )
implies (¢, @cp) = (@qb, ) by considering for example ¥ = ¢ + ¢ and then ¥ = ¢ + ip.
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4.2.1 Hermitian operators and the adjoint operator

In linear algebra we already have a notion of a Hermitian operator in the form of a self-adjoint
matrix action on a vector space. Consider the example of H = C¥, and a matrix operator
O on the space, whose action is v — Owv by matrix multiplication. The inner product in CV
can also be written in a way that emphasises the matrix multiplication of a row vector and a

column vector as
N
(u,v) = Z wiv; = ulv (4.18)
i=1

where uf = (u*)T = (u?)* is used to denote the complex-conjugate transpose. Now consider

the inner product of 4 and O v:

(u,0v) =u'Ov
= (O'u)fv
= (0" u,v). (4.19)

The operation of taking the complex-conjugate transpose is called the adjoint operator in C¥.
A self-adjoint operator in CV is a Hermitian operator, in this case O' = O. In the finite-
dimensional we also have (u,v)! = (u,v)* = (v,u), where we observe that (u,v)” = (u,v) as it
is a complex number (and not a matrix).

In quantum mechanics the operators we have seen so far have been differential operators.
In a finite dimensional Hilbert space, the differential operators can be written as a matrix
action with respect to a basis of H, i.e. as each linear differential operator acts to map wave-
functions to other wave-functions (in a linear way) we can adopt a basis for the Hilbert space
to write the differential operator as a matrix action on the basis states. In this way we can
think of our differential operators as matrices in a finite-dimensional Hilbert space. For an
infinite-dimensional Hilbert space we cannot expect to write down the matrix representation
of an operator, as it would be a square matrix with an infinite number of rows and columns.
Nevertheless we define the adjoint operation with the same notation (the dagger) that we use
to mean complex-conjugate transpose in finite-dimensional spaces, i.e. we define P to be the

adjoint of an operator O if it satisfies
(@, (0V)) = (P2),¥) (4.20)

with respect to the inner product of the Hilbert space, for ®, ¥ € H, or in the notation we
have adopted: P = OF. We will revisit the adjoint operator when we introduce Dirac’s bra-ket

notation.
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4.2.2 Eigenfunction of Hermitian Operators

The outcome of measuring an observable will have a standard deviation, or uncertainty AQ,
which we define by

AO? = ((O — (0))?). (4.21)

Consider the Hamiltonian operator when the wave-function of the system is a stationary state,
that is O = H and U(x,t) = ¢(t)p(z) satisfying the time-independent Schrodinger equation
H @ = Ep. Then the uncertainty of measuring the energy vanishes as

where we used that (H) = [ dx U*HU = E and that the Hamiltonian operator is a Hermitian
operator. Consequently for a stationary state, an eigenfunction of a Hermitian operator, there
is zero uncertainty in the measurement of the energy for the state.

This observation generalises to any eigenfunction of an Hermitian operator, e.g. let Q be
an Hermitian operator and let the wave-function be an eigenfunction of O, i.e. OU = AP
and repeat the steps above to find that there is no uncertainty in the outcome of measuring
the observable associated to the operator 0. Eigenfunctions of Hermitian operators have no
uncertainty in their measurement.

There are two classes of eigenfunction of Hermitian operators: those with discrete eigenval-
ues, and those with continuous eigenvalues. The set of eignvalues of an operator is called the
spectrum of the operator. From our investigation of bound states and scattering states, we are
aware that bound states have discrete energy eigenvalues and have normalisable wave-functions
while scattering states have continuous eigenvalues and non-normalisable wave-functions. We

will split our discussion into these two classes:

Discrete Eigenvalues

Theorem 4.1. Normalisable eigenfunctions of Hermitian operators have real eigenvalues.

Proof. Let O be an Hermitian operator with OU = AW. Then

(T, OF) = \(U, D) (4.26)



82 CHAPTER 4. A MATHEMATICAL FRAMEWORK FOR QUANTUM MECHANICS

while we also have, by using that O is Hermitian,

~

(T, 00) = (O, 0)
= \N(U, T). (4.27)

Equating the two expressions we have A = \* and so A is a real eigenvalue. O
Theorem 4.2. Figenfunctions of Hermitian operators with distinct eigenvalues are orthogonal.
Proof. Suppose (’5\111 =\¥; and @\Ifg = AWy with A\; # Ao (and O is Hermitian), then

(U1, OFy) = M\ (T, Ty) (4.28)
while we also have, by using that Ois Hermitian,

(U1, 00,) = (0T, Ty)
= A[(Vy, Us)
= )\1(@1, qjg) (429)

as eigenvalues of Hermitian operators are real (and so \j = A;). Taking the difference between
(4.28) and (4.29) we find

(A2 = A )(Wy, ¥2) =0 (4.30)

and since A\; # Ao then we must have (U;, Wy) = 0 and the two eigenfunctions with different

eigenvalues are orthogonal. O

The eigenfunctions span the Hilbert space, although it is not an obvious statement in general
(although in the finite-dimensional setting of CV, we can confirm this claim, as a Hermitian
matrix has N distinct eigenvectors). We will express this idea formally when we state the

spectral theorem.

Continuous Eigenvalues

As we have seen for scattering states, the stationary states are not normalisable and conse-
quently the inner product used to prove the properties of eigenfunctions of Hermitian operators
with discrete eigenvalues cannot work in the same way: the inner product ceases to be defined
when the state is not normalisable. However we have already developed the tools needed to

derive ideas similar to the results for discrete eigenvalues.
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Recall that the stationary states for the free particle'are
op(x) = AP/ (4.31)

where here we allow p to be positive or negative. It is, in fact an eigenfunction of the momentum
operator!?

. L d

ppp(x) = —ihop(w) = pop(a). (4.32)
The spectrum of p is continuous, the eigenvalues p may be any real number, and conversely for
each real number p there is an eigenstate ¢, (). We saw in (3.35) that there is a sense in which
the Dirac delta function plays the role of the Kronecker delta function, and it is this notion

that we can use to give meaning to orthogonality here.

Now we have, using the L?(R), inner product:

(w@) (@) = [ do ety el (433
ZIA\Q/ dz =) (4.34)
= |A]*27hé(p — ') (4.35)

where in the last line we have used (3.35) with a change of variables (and also made use of

p = hk). If we take A = ﬁ then we may say that the continuum of eigenstates of p

(z) = ——
Qopx _\/ﬁ

satisfy a generalised orthonormality condition:

etre/h (4.36)

(o (), pp(2)) = 6(p — P). (4.37)

The eigenfunctions are again complete, since we know through the Fourier transform that we

can write any square integrable function as an integral of the form

o) = /_Oodp0<p>sop< m dpc ) (4.38)

where we have taken C(p) as the continuous coefficient in the expansion, and we can find the

values of C(p) for a given ¢(x) by taking the inner product and making use of our generalised

12See section (3.3) (‘The Free Particle Again’) for the full details.
13We showed previously that p is a Hermitian operator, i.e. p! = p, it is worth reminding ourselves here:

(6, p0) = [p da ¢*(—ih) %2 = [, dw (ih)< w Jg dz (pp)*1h = (po, ). We recall also that & and so also H are
all Hermitian, or self-adJomt operators
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orthogonality:
(o (), () = / " dpCm) (@), () (4.39)
- [ actiso-r) (4.40)
=C(p'). (4.41)

Consequently we can argue that the eigenfunctions with continuous eigenvalues can also be
understood to be orthonormal. We can also now use the inner product defined in terms of the
delta function to argue that the eigenvalues for Hermitian operators are again real even when
there are a continuous set of eigenvalues.

However there is little we can do about the fact the eigenstates are not normalisable, and so
are not in the Hilbert space and they individually do not represent possible physical states. Of
course, we can use the eigenstates to construct normalisable wave-functions (e.g. the Gaussian
wave-packet for the free particle) which are in the Hilbert space.

We may now state the spectral theorem:

Theorem 4.3 (The spectral theorem). Let H be a Hilbert space and let O be a Hermitian

(self-adjoint) linear operator on H.
o The spectrum of O is a subset of R, i.e. all eigenvalues of O are real.
e Any two eigenstates of@ with distinct eigenvalues are orthogonal to each other.
e The eigenstates Of@ may be used to form a complete basis of the Hilbert space H.

We emphasise that in the above theorem we no longer distinguish between continuous or
discrete eigenvalues, but instead we speak of the full spectrum of an operator. An operator
will generally have both a continuous spectrum (for A\ € [Apin, Amax] € R) and a discrete
spectrum (for \; € R and i € N). For the Hamiltonian, the continuous spectrum corresponded
to scattering states and the discrete spectrum to bound states. The statement that all the

eigenfunctions form a basis means that for any state ¥ € H we have

Amax
- / INCO)Ys+ 3 CO, (4.42)

Amin €N

It could happen that for each eigenvalue A there exists more than one eigenstate, i.e. (’51/}1-7 A=

Ay fori € {1,--- ,ny}. In this case we need n, eigenfunctions ¢; ) labelled by ¢ which satisfy
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{(Qixspjn) = 0ij. In practise a second compatible observable!* may be used to distinguish
between multiple eigenvectors of an observable having the same eigenvalue.

Furthermore if the continuous spectrum is not formed of a simple interval in R but from a
union of intervals then we would need to include one integral, in the expansion of ¥ above, for
each interval in the union for the continuous spectrum.

The notation for ¥ and indeed the inner product has become somewhat complicated, being
dependent on H, and the properties of the basis of H, and yet the underlying ideas are all very

similar. We are now in a position to introduce a universal notation for quantum mechanics.

4.3 Dirac’s Bra-Ket Notation

We have introduced two examples of Hilbert spaces (CY and L*(R)), in which the wave-function
of our quantum mechanical system resides. Furthermore we have seen that we can find a
basis for H formed of eigenstates of a Hermitian (or self-adjoint) operator, however this then
introduced different ideas depending upon whether the spectrum was discrete or continuous.
While the details of the Hilbert spaces and their different types of bases are quite different,
the linear algebra and inner product are almost identical and the idea that eigenstates of
self-adjoint operators form a basis for the space is universal. Dirac introduced a notation for
quantum mechanics which extracts the central idea and is simple to work with which is called
the bra-ket notation!® .

A wave-function ¥, or any vector in the Hilbert space, is denoted by a ‘ket’: |¥). Indeed if

we have a countable basis for a Hilbert space'® denoted by 1); for i € N then a wave-function
W) = Z%‘WQ- (4.43)

We exclude the limits on the summation as the Hilbert space may be finite or infinite-dimensional.
For C¥ the statement above is self-evident, but we can make a simple (and partial) argument
for the existence of a countable orthonormal basis exists in L?(R). Consider the Hamiltonian
operator for a quadratic potential in x, it is bounded below and at spatial infinity it is infinite.

It is a Hermitian operator and the eigenstates of the Hamiltonian will correspond to bound

14 A pair of compatible observables A and B commute: [/1, B] = 0. This implies that they share eigenvectors

but not necessarily eigenvalues. We will meet compatible operators in chapter five.
15We will understand the naming as coming from the brackets of the inner product, where a bra and a ket

will come together to form a bracket. Don’t ask about the ‘c’.
161f a Hilbert space is separable, this is the case. In this course we are focussed on two classes of Hilbert

space relevant to quantum mechanics: CV or L? spaces. Evidently the basis of CV is countable, but it is also

the case that L? is a separable space and so has a countable basis.
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states, and so will have a discrete spectrum. There are no scattering states and so no continu-
ous spectrum. Consequently we can lean on the spectral theorem for this Hermitian operator
and say that its eigenstates form an orthonormal basis of L*(R). The quadratic potential cor-
responds to the harmonic oscillator, and its eigenfunctions are the Hermite functions, which we
will study later. For now we leave it as a comment: the Hermite functions form a countable
basis of L*(R).

Given a Hermitian operator on ‘H we can find a set of orthonormal (in the generalised
sense) eigenstates'” which we can use to expand ¥ as in equation (4.42). For a state ), which
is an eigenstate of a Hermitian operator O is customary to write the eigenstate just using the

eigenvalue as the label on the ket:
Uy = |A) (4.44)

so that
Othy = Ay = O[N) = A|\). (4.45)

A ‘bra’ will denote a continuous linear functional on a Hilbert space ¢ : H — C. A

continuous linear functional ¢ on H is a (continuous) function that satisfies

(Y1 + ¥h2) = d(¥1) + d(¥2) (4.46)
P(arh) = ag(v) (4.47)

where av € C and v¥y,9,1% € H. Any continuous linear functional ¢ on H is associated with
a unique vector in H given by ® such that ¢(V) = (®,¥). This can be seen by writing

W = 3", a;1; for an orthonormal basis ¢; then (1;, ¥) = a;. Now we may write
= 6(D_an)
= 60 _{wi, W)vi)
= Zw@-, U)o(¢)
Z B(ai) i,
- <Z S(vi) i, ¥

= (P, V) (4.48)

1"We bear in mind the eigenstates need not be in the Hilbert space, we only need that we can find an expansion
as in (4.42).
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where we used the conjugate linearity of the inner product on H to bring ¢(1);) inside the left-
hand entry of the inner product. The result is that the vector ® = . ¢(1);)*¢); is a vector in
‘H encoding all the information in the linear functional ¢. Furthermore the vector ® associated

to the functional ¢ is unique as suppose there was another such vector ' then we would have
P(¥) = (¢,¥) = (2, V) (4.49)

and so (& — ' U) = 0, but since this implies that & — &’ =0 € H then the vector is unique.
The set of all linear functionals on H is a vector space, which we call the dual space and is

denoted H*. Indeed using the properties of the inner product on H, we observe that

(1 + ¢2) (V) = (P1 + Po, W) = (D1, V) + (P2, V) = 1 (V) + ¢2(¥) (4.50)
(ag)(¥) = (a®@, ¥) = a"¢(V). (4.51)

The second property above means that we say that the functionals are conjugate linear'® on

H.
Returning to Dirac’s bra, we define (¢| to denote the functional ¢ on H, and instead of
writing the inner product, we bring the bra and the ket together to form a single bra(c)ket

notation (¢|1). All in all, the notational changes are:

A state in the Hilbert space 1 € H — |¢) (4.52)
A continuous linear functional on the Hilbert space ¢ € H* — (| (4.53)
The inner product in H (¢, 1) — (¢|¢) (4.54)

If |1;) are an orthonormal basis for H then (1;| are an orthonormal basis for H* and by
analogy with CV we can see that the adjoint operator takes us from |¢;) to (¢;] = (|¢:))T.

Consider

(@l =D (Blebi) (il (4.55)

7

then

(Bly) =D (Sl Wilwy) =D (Sli)di; (4.56)

K3 (2

and the action of ¢ specified over the basis fully defines ¢ on H. If we look in the middle of
the expression we can read that ). |1);)(1);| behaves like the identity operator. Indeed it has

an action on any vector in the Hilbert space as

180r sometimes anti-linear.
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D Uil ®) = 3 1) (Vi 3 asliss) (4.57)
| = Z > aj\w; (Wilvs) (4.58)
— Z o;.|¢i> (4.59)

- |\1i;> (4.60)

and indeed we see it acts on the Hilbert space as an identity operator. Equally on the dual
space, for (®| =", ;(1;|, we have

(@D [wadlwil = 32 Byl D i (wil (4.61)
| = E Zﬁj<¢;|¢i><wi| (4.62)
= <<;>|. (4.64)

We may deduce that >, |1;) (1| is the identity operator, and in CV this expression would

T
IR

represent va ee; , i.e. the N by N identity matrix. This insight leads us to claim that a
matrix operator O may be written as O = 3, .(¢;)O;;(¢;]. Or, by taking inner products from

the left and right, that the matrix elements are (1;|O[y;) = O;;.

4.3.1 Matrix elements in bra-ket notation

Let O : # — H be a linear operator on a Hilbert space H. Then the expectation value of O

for a system in a normalisable state |U) € L?(R) is defined as

(¥|0]P)
(0) = ———. (4.65)
(V|w)
If the state |¥) is normalised, meaning (V|¥) = 1, then this turns into
(0) = (U]|O]D). (4.66)

If we apply this to H = L*(R), then by the definition of the inner product this becomes

(0) = (¥|O]¥) = (¥|(O]¥)) = / " drv (@)(OW)(x). (4.67)

—0o0
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Suppose now that we have an orthonormal basis of H which we will denote as vectors'”
given by {le1), |ea), -} C H. Every vector |¥) € ‘H can then be written as

o)

) =) (el ¥)]er) (4.68)

i=1
which we may confirm by taking the inner product (e;|¥) and using that (e;|e;) = d;;.

We think of (e;|W) as the components of |¥) in the basis {|e1),|es),---}. Now O|¥) is
another vector in H. If we expand O|¥) in the |e;) basis of H we have

o0

O|¥) =D (eilO]D)les). (4.69)

i=1

The components of O|¥) in the same basis are (e;|O|¥). Plugging in the above expression for

U we get
(01D = (e Z lON)e)
~ (e Z<|o ;<ej|w>|ej>|ei>
— e 03 (e e Oles e

i=1 j=1

Z ex|Oles) (e ). (4.70)

We then see that if we arrange the components of the vectors |¥) and O|¥) into column vectors

(albeit typically with an infinite number of entries) as

(e1|0) (c1O)
)= (v |, o) = | (0w |, (.71)

then we can write the identity (4.70) as the following matrix product

<€1\(?\‘I’> <€1|(?’€1> <€1|(?\€2> o\ [ len| V)
(e2]OIW) | = | (e2|Oler) (e2]Olea) --- | | {eal¥) | . (4.72)

9Tn the previous section where we were looking at L?(R) we adopted the notation ¢; for an eigenfunction of
a Hermitian operator, if we were to write this as a vector we would denote it by |p;). In this section we adopt
the more generic basis vector notation |e;).
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Of course, if # is finite-dimensional, these become finite matrices. The numbers (e;|Oley)
are called “matrix elements of O” because they arise in this matrix product and they may
be generalised as described above to infinite-dimensional Hilbert spaces. We can think of the
components of the matrix associated to O in some basis as O;; = (e;|Ole;). If we know the
matrix elements of an operator in some basis, we can use them to compute how it acts on the
components of the vectors in the same basis.

For any operator we may unpack the bra-ket notation and understand its action directly on

the ket |e;) or via its adjoint action on the bra (e;| :
0y = (eilOle;) = {ei, Oe) = (O)les ¢;) (4.73)

and its transpose may be defined as

eOMey))” (4.74)

and so,

(04)" = (ei] O"ley) (4.75)

as we would expect, and this expression which makes direct the link between the adjoint action
on a matrix and the adjoint action on an operator.

In a real finite dimensional space we understand uv” to be a matrix. Indeed if u = > ue,
v =Y, ve; then w;v; is the 7, j’the entry of the matrix uv’.

In the Hilbert space, which has a complex vector space, we can understand that |¢)|¢)" =
|6) (] is a matrix. Indeed (yp| is a linear functional on H and map H to C, and so ¢){y| is a
linear map from H to H. Expanding |¢) = >, ¢ile;) and |¢) = ). p;le;) then the components
of |¢) (| are

(eil@){ples) = €z|z¢k|€k Z elerles)
= Z¢k €ilex) Z@z {edles)
= $ip;. (4.76)

Finally let us return to the idea of an identity operator 7 its components, as a matrix, are
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Iij = 5ij7 that is

0ij = (eile;)
= (ei[Zle;)
= (el O lex)exl)les) (4.77)

and as we observed previously , |ex)(ex| is the identity operator for a complete orthonormal
basis {|e1), |e), ...} for . The statement that Z = 3", |ex)(ex| is the identity operator is often
referred to as the completeness relation for the space, as if the |e;) did not form a complete
basis for H then some part of H would be projected out under the action of the operator 7 (i.e.
suppose that {|e1),|e2),...} U{|f)} formed a complete orthonormal basis for # then a state
W) = 32, Wile;) + W'| f) € H would be mapped by Z to

Iy =) lex) (el <Z Wile:) + ‘If’lf>> =D Wiler) # V). (4.78)

GivenZ = Y, |e;){ei], it is frequently a very useful algebraic move to insert the identity oper-
ator in an expression, especially bearing in mind that the identity in any complete orthonormal
basis for the Hilbert space. Indeed looking back on some of our expressions developed earlier
we can reinterpret some of the development as the insertion of the identity operator. A simple

example of its use is
(9le) = (9IZ]e) = (@ Zrek (exl)le) = Zw\ek (exli) = Zczwk (4.79)

where ¢ = (ex|¢) and ¢, = (ex|p). A more involved example of its use would involve two
different bases for a Hilbert space. Since we have a complete basis for any Hermitian opera-
tor, we understand there are multiple bases. Suppose we have two different complete bases:
{le1), lea), ...} and {|f1),|f2), ...}, then suppose we wished to compute a wave-function ex-
pressed as W = 3. W,|e;) in the |f;) basis, then we can write Z = 3", | fx)(fx| to find

=D Wiles) = 300 3o ides) = 30 D7 Wil fled) i) (4.80)

i.e. the components of |¥) in the |f;) basis are ). W;(fx|e;). This idea will be very useful if,
for example, we know the expansion of a wave-function in, say, the position basis but wish
to measure an energy. When measuring a quantity it will be very useful to expand a wave-
function in a basis of eigenstates of the observable (Hermitian operator), and if we wish to
measure several quantities, then we would like to be able to change the basis of eigenstates

used to express the wave-function.
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5. The Statistical Interpretation of Quantum

Mechanics

The key axiom of quantum theory is that if a state | V) is an eigenstate of an operator O with
eigenvalue A,
O|W) = AJD), (5.1)

then measuring the observable described by O in the state |¥) will always give the result A.
We say that O has the definite value' A in the state |¥).

We would now like to consider the measurement problem in a more general state |®) which
is not an eigenstate of O. Suppose that we measure O in such a |®). This always involves
some interaction between the physical system (e.g. the electron) with the measuring device,
and unlike the case of classical physics, the effect of this measurement on the physical system
cannot be ignored. In general, the measurement will cause the system to transition from |®)
to some new state |¥).

Suppose that the outcome of our measurement is some number A\. We now employ the
following physical intuition: if immediately after performing our measurement of @ we perform
a second measurement of O, we should always get the same result A\. That is, the result \ of
the first measurement may be random, but the second measurement should always give the
same result as the first one.

The first measurement happens in the state |®), which transitions into a state |¥). The
second measurement happens therefore in the state |¥). By the above, we expect that O has
a definite value in the state |¥). This means that we expect |¥) to be an eigenstate of O with
eigenvalue A,

O|W) = \|U). (5.2)

'Recall that an observable is a Hermitian operator, and as we saw in section (4.2.2), the uncertainty in
measuring a system in an eigenstate of a Hermitian operator is zero: the result is certain, there is no variation

over a series of measurements. This is what we mean by a definite value.

93
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This leads us to an important conclusion about quantum theory: the only possible outcomes
of measuring O are the eigenvalues of O; if we measure O in a state |®) and get a result A, the
system will have transitioned to a state |¥) which is an eigenstate of O with the eigenvalue \
in the process of the measurement.

As we have seen previously, the condition that measurements give real numbers is the
condition that the spectrum of an operator O is real, which is implied by @ being an Hermitian
operator. Figenstates of Hermitian operators form a basis for the Hilbert space, and so any
wave-function can be expressed in terms of eigenstates of an observable. Suppose we have an
observable O with a discrete spectrum )\;, then we may denote the eigenstates by |)\;), so that
O|\;) = \i|\i). For a state,

|®) = Zq)z|)‘z> (5.3)

the statistical interpretation of quantum mechanics is that outcome A; of a measurement of @
on |®) will occur with probability |®;|* where ®; = (\;|®) (as (\i|A\;) = d;).

If the spectrum of the observable O is continuous and given by A with eigenfunctions |\)
then

) = /Ad)\ Oy |N) (5.4)

then the probability density is |®,|2 (i.e. the probability of measuring O between A; and A, for
A< A is [37dX]®5[?) and @y = (A|®) (as (A[X) = 5(A — N)).

Once the wave-function has been measured to give an outcome, it then collapses to guarantee
that subsequent measurements are consistent with the initial measurement. You might say that
|®) initially contains information about each possible outcome of a measurement (the case when
we have no information), but after a measurement is known the state of the system is restricted
so as to agree with the observation that has been made.

In the case of discrete eigenvalues, if we measure O on ®) and find the outcome is A; then,
upon measurement, the wave-function collapses to the eigenstate |\;). Subsequent measurement
of the eigenstate always give the definite outcome );. In the case of continuous eigenvalues,
then the wave-function |®) collapses to a narrow range about the measurement - the more
refined the measurement, the narrower the range of eigenfunctions about the measurement.
Subsequent measurements may give slight variations of the initial measurement, but always
within the range of error in the working of the measuring device.

The statistical interpretation is really Born’s probabilistic interpretation of the wave-function
and we can confirm for a measurement of an operator with a discrete spectrum? that normali-

sation of the wave-function guarantees that the probabilities of possible outcomes of a measure

2We will leave the continuous spectra to the examples.
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sum to one:
1= (®[®)
= (NP 51)
i J
=D ) B NlN)
(Y
=> ;P
= % (5.5)
Further the expectation value of an outcome of measuring O is
(0) = (9/0]®)
= Z (| @ Z D\ ])\
= Z Z A0 (A |\
= Z AP,
J
=D Ao, (5.6)
J

5.1 Examples of measurement for continuous spectra

In these two examples we will look at the consistency of our ideas about measurement and
probability for operators which have a continuous spectrum. Our chief concern will be that we

can find a consistent set of eigenfunctions which we can work with.

5.1.1 Measuring position

We will restrict ourselves to one dimension and consider @ = &. We start by looking for the

eigenvalues and the eigenstates. In terms of the wave-functions, the action of  is

(@0)(z) = 20(x). (5.7)
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We would like to solve the eigenvalue equation

(ZW)(z) = AV (z). (5.8)
Plugging in the action of z, we get

zU(x) = AU(x), (5.9)
equivalently

(x — A)¥(z) =0. (5.10)

This implies that U(z) = 0 if x # A, so only W(A) can be non-zero. Setting W(\) to a finite
value would yield a function equivalent to zero element of L?(R). To get a non-trivial result we

need to admit a more general type of wave-function, which is not really in L*(R),
U(z) =d(z —A), (5.11)

where ¢ is the Dirac delta-function. Denoting the corresponding vector by |\), we can compute

+o00o
OV = / da §(z — A)(x — ) = 6(A — X), (5.12)
where we have used the defining property of the delta-function. We therefore see that |\) forms
a delta-normalised basis. Since we could choose A to be any real number, the spectrum of z is
R.

Let us see how a general state |®) is expanded in this basis. We write

+o00o
|D) :/ dX Dy N) (5.13)
and the coefficients @) = ®, () are functions of A. In terms of the wave-functions this becomes
+oo
O(x) = / dAD\(N)d(x — N). (5.14)

We can compute the last integral using the defining property of the delta-function,
+o00

O(z) = /_ AADA(N)S(z — \) = Dy (). (5.15)

oo

Therefore, the original expression in terms of vectors can be written as

) = /_+°° dAD(N)|A). (5.16)

oo
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It is common to rename the integration variable A — x, so that we get

+oo
D) = / dx ®(x)|z). (5.17)
Recall that here |z) is the eigenstate of & with the eigenvalue z.

We see that the coefficients ®(z) of the expansion of |®) into the basis of the eigenstates of
% are given by the wave-function, ®(z). Our measurement postulate tells us then that |®(z)|?
gives the probability density of obtaining the result x when measuring position #, which is

indeed how we interpreted the wave-function initially.

5.1.2 Measuring momentum

The momentum operator in one dimension is p = —ih%, and its “normalised” eigenfunctions

are® given by

1 ipT

Now we can confirm that

1 o o
/ — i(p—p)z/h _ o 1
{Plp) = 5~ /_Oo dre o(p—p). (5.19)

For a wave-function ®(z) expanded in terms of eigenstates of p we have

=—00

o)~ [ ey

1 * ,
= —27rh/ dp ®(p)e*/h (5.20)
\% p=—00

but we also know that its coefficients in the eigenfunction expansion are given by

®(p) = (p|®)
1

v 2mh

/ dx e~ P/ (1) (5.21)

where we have used (p| = (|p))’. What we see in the two expressions in (5.19) and (5.21) are
the inverse Fourier transform and the Fourier transform again, but now in the setting of Hilbert

space and the bra-ket notation.

3In the sense that (p/|p) = 6(p — p'), as derived in equation (4.37).
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5.2 Simultaneous Measurement and Commutativity

Making a measurement of Oona system causes the wave-function of the system to collapse to
an eigenstate of the Hermitian operator O. We may wonder if we can make measurements of
different observables A and B and get definite (i.e. unchanging) outcomes for both measure-
ments. If this is the case then A and B must have their eigenfunctions in common. Suppose this

is the case and that ¥ is a common eigenfunction with AU = a¥, and BY = bW, consequently

A

BAVU = aBY = abV (5.22)
ABU = bAT = bal (5.23)

hence
[A, B]¥ = (AB — BA)¥ = 0. (5.24)

As this must hold for any eigenvalues, a and b, and so consequently any simultaneous eigenfunc-
tion of A and B, then we deduce that if A commutes with B, ie. if [121, B] = 0 then they have
common eigenfunctions and they can be measured in any order, and yield the same consistent
outcomes.

We can also run this argument in the other direction: suppose |a;) are an orthonormal basis
of eigenstates for A with A|a;) = a;|a;) and that B commutes with A, then,

0

(a:|[A, Blay)
— (a:|ABlaj) — (w|BAla;)
= ai{a;| Blay) — a;(a;| Blay)
= (a; — a){a| Blay) (5.25)
where we developed (a;|AB|a;) = a;(a;|Bla;), e.g. by considering (a;|A = (Ala;))t = (a;]a;))t =
a;{a;| as A is Hermitian and so a; € R. Then for a; # a; we must have (a;|B|a;) = 0 and so
(a;|Blaj) = Cd;; = Cla;|a;) and so Bla,) = C|a,) and the eigenvectors of A are also eigenvectors
B (if [A, B] = 0). When we can measure operators one after the other without disturbing the
system we say the operators are compatible. We also say that we can measure the operators
simultaneously, because although we imagined sequential measurements, we are not considering
that the system is evolving in any way, i.e. it is only being affected by our measurements.
Suppose now that A and B are two observables that do not commute. When we measure B
on ¥ the wave-function collapses to an eigenfunction of B , say |b;), consistent with the outcome
of the measurement. If we now measure A on the state |b;) the wave-function |b;) collapses to

an eigenstate of A, say |a;), necessarily distinct from the eigenfunction |b;) as only commuting
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observables have a shared set of eigenfunctions. Now if we measure B again on the system,
now in state |a;) = > -, Bx|bk) we only find the outcome b; with probability |3;|?, i.e. we are
not certain to measure the same outcome as we did previously for B.

For example consider A=3and B = p. We compute

(@90 (x) = (350 (x) = 2(p0) () = —ie 2D (5.26)
(pzV)(z) = (p(z¥))(x) = —ih% = —ihw = —ihxa\g;x) —th¥(x). (5.27)
Therefore
(([2,p)¥)(x) = (2p¥)(x) — (p2V)(x) = th¥(z). (5.28)
Since ¥(x) was arbitrary we get
[2,p] = ih. (5.29)

Thus there doesn’t exist a single state in which both # and p have a definite value. This is
clearly very different from the classical theory in which z and p can be measured simultane-
ously. We might say that classically  and p commute, and this is why we can measure them
simultaneously. That said, the quantum mechanical commutator [z, p] while non-zero, is pro-
portional to A which is a small number. In this sense, the commutator may be thought of as a
small quantum correction to the classical theory.

Since H = p®/2m + V(&) then whether H commutes with p or # depends on the form of
V(&) and it won’t generally be possible to measure either of position or momentum and energy
definitely for a state. There are special cases of course, for example the free particle with
V(z) = 0, then [lff ,p] = 0 and one can determine both energy and momentum simultaneously.

This is perhaps not so surprising as for the free particle E = p?/2m.

5.3 The Generalised Uncertainty Principle

We can further quantify our observations about simultaneous measurement in the generalised
uncertainty principle. Recall the definition of the uncertainty AA of measuring an observable

A on system in a normalised state |W). Recall that the expectation value of Ais
(A) = (U]A|D). (5.30)

Of course, (A) describes not a single measurement of A, but the average of many measurements,
each performed on the same wave-function |¥). Each individual measurement will be different
unless |U) is an eigenstate of A. We can quantify this variation by computing the expectation

value of (A — (A))2, i.e. the expected squared deviation of A from its average value,

A~

(AA)? = (A= (4))?) = (U|(A — (4)?| D). (5.31)
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The uncertainty AA is defined by this equation. There is a very useful way to rewrite this

formula for uncertainty:

)2 (5.32)

and this version of the uncertainty AA is frequently the simplest way to make a calculation of
the the uncertainty for an operator for a system in a given state.
Let us show that (AA)Q > 0, so that the uncertainty is a real quantity. We have

= ([(A =

= (V|(A — (A)(A - (A))|v)
(T(A — (A)(A— (4))|¥)

(A~ (4))v)

> 0. (5.33)

We used that AT = A by the assumption that A is Hermitian and so also (A) = (A).

We will now prove the following theorem

Theorem 5.1. Let /21, B be Hermitian operators, with AA, AB their uncertainties in a state
|W), then

(14, B)]. (5.34)

Proof. Let us define Ag = A — (A) and By = B — (B). We first compute

A A

[Ao, Bo] = [A, B] = [(A), B] = [A, (B)] + [(4), (B)]
= [4, B], (5.35)

A A

where we have used the fact that (A) and (B) are ordinary numbers and thus their commutators
with any operators are zero. Furthermore, Ay and By are Hermitian since (A) and (B) are real
(prove this). Then, we have, from the definition of AA,

(AA)? = (T|(A - (A))*|0)
= (U] A2|W) (5.36)
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and, similarly, (AB)? = (¥|B2|¥), which implies
(AAXAB)? = (W AT ) (W] BFW) = || Ao| ) |2 Bo| ) |*. (5.37)

A

In the last equality we used the same computation that we used when proving (AA)? > 0,
(| AF[ W) = (PIAGA|P) = (Ao] ) Ao|W).
Recall now the Cauchy-Schwartz inequality

[Culo)* < () 1P o), (5.38)
which is the generalisation of the idea that |cosf| < 1. Using this above, we have

(AAAB) = Ao W)|1|Bol0)
> | (Aol9))" Bl w)|
= | el doBolm)| (539

Using the fact that for any complex number z € C we have |z|* > [Im z|*> = 7|z — 2*|?, we have

(AAPAB) 2 [(w ABolw) |
> \<\IJ|AOBO|\1/> (Wl g Byl w))’| (5.40)
Finally, using (¥ A0 Bo|0))* = (WA Bo|W))! = [ W) BLAN(W]" = (2] By, |¥), we find
(AAP(ABP > | [(w|A o) - <\D|BOAO|\11>]2
1 A 2
= |(wilds, Bl )|
:i (W[4, B]|x1/>‘2. (5.41)
Taking the square root we find
AAAB > % (4. B) (5.42)
]

This relation for any pair of operators is called the generalised uncertainty principle. When

WetakeA:iandB:ﬁweget

A# A > 2| 5D] = 5 1B = o (5.43)
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which is called the Heisenberg uncertainty principle. It tells us that the uncertainty in simul-
taneous measurements of  and p is not due to error in our measurements, rather that it is
inherent in quantum mechanics. The better we can determine the position, the worse we know
the momentum and vice-versa. Heisenberg used the example of determining the location of
a particle very precisely by using radiation of short wavelength, the shorter the wavelength
the better the resolution one can determine. However short wavelength radiation is of higher
energy than long wavelength radiation, and the energy transferred to the particle in measur-
ing its position changes its momentum. So one cannot measure both precisely, and moreover
there is no clever experiment that can get around this idea, uncertainty is inherent in quantum

mechanics.

5.3.1 The Energy Time Uncertainty Relation

Let us assume that the observable O is explicitly independent of time, then*

d o~ d, -
Z(0) = —(V|O|V
5(0) = 2 (VO[Y)
d .
= —(U|Ov
5 (vjow)
v, . NN
As ih%—‘f = HV then %—‘f = —%]:I\I/ and
Loy = Liirwow) — Liw|of)
' h )
- %@uﬁf@m - %(xm@ﬁpm

- %<qf|ﬁ@ — OH|D)
= 2 (W|[7,0]w). (5.45)
Using the generalised uncertainty relation with A=H and B = O we have,

AHAO > _[{[H,0))
d

1 . A
= 5| = ih=(O)] (5.46)

4We already did this computation before when we developed Ehrenfest’s theorems in section 2.8, but we
repeat it here as we covered this a long time ago now, and we can develop our confidence in using bra-ket

notation.
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Writing AH = AE and AO = At\%(@)] then we have

AEAt > (5.47)

N | St

This is called the energy time uncertainty relation, but it’s a little different to our generalised
uncertainty relation, because ¢ is not an operator in quantum mechanics, it is just a parameter.
So what is At really representing? We have At = AQ/ |%<(’5>| and so it is the time for the
expectation value of an operator O to change by one standard deviation (or uncertainty),
AO. To make this more concrete, consider a Gaussian wavepacket for a free particle, which
at time ¢t = 0 has |¥]? = |A|?exp(—(z — x9)?/(2A)?). The quantity Az in the Gaussian
wavepacket is the uncertainty in measuring &, the notation was chose on purpose, and then
one standard deviation in x from z( corresponds to |z — xy| = Az and so it corresponds to
the point on the Gaussian wavepacket of height |A|?/y/e (approximately 68% of the Gaussian
wavepacket is within a standard deviation of z). Now consider an experiment measuring
the time it takes a free particle to move past a point in space, the energy time uncertainty

relation indicates that the uncertainty in the measurement of time will be At = It is an

2AE
equality because we are considering a Gaussian wavepacket, for which the uncertainty relation
becomes an equality (see the problem set for the problem minimising uncertainty). But since
AE = A(p?/2m) = p(Ap)/m and for the Gaussian wave packet we saw that® ddt = v, the

classical velocity, hence here At = Ag /|4 ()| = At /v and so, as we claimed

h
ABAt = L Aanp=" (5.48)
mu 2

but we note that we have really applied the position uncertainty relation. The energy time
uncertainty relation is often used in a cavalier way to motivate correct statements, without
a full computation. For example you may come across the energy time uncertainty relation
being cited to justify the idea large amounts of energy can be borrowed for short amounts of
time, e.g. when discussing virtual particle in quantum field theory. In this example one should
do a full quantum field theory calculation to find the result. For the energy time uncertainty
condition one should take care to pin down the meaning precisely and recall it is not saying
that energy is not conserved, rather that there is a spread of energies that can be measured,
and further that it is not time that is borrowed against, rather it is the time period it would
take for a standard deviations worth of change in the expectation value of an operator. This is

not as exciting, but it has the benefit of being correct.

5See Ehrenfest’s theorems in section 2.8.
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5.4 The Time Evolution Operator

Time evolution of a wave-function ¥ (z,t) is governed by Schrédinger’s equation:

oV (z,t)

ih e HY(x,t). (5.49)

We would like to interpret this equation in the Hilbert space language. However, so far, we
have thought of the state vectors of the Hilbert space as being time-independent®. In the
Schrodinger equation the wave-functions are time-dependent”. To construct a time-dependent
wave-function in Hilbert space, we can allow the components of the state vector in Hilbert

space to become time-dependent and write
(W () = Z%‘(m%) (5.50)

for orthonormal basis vectors |¢;) € H where i € N. As time passes, the wave-function sweeps
out a path in Hilbert space.

How does Schrodinger’s equation look in the bra-ket notation on Hilbert space? It becomes
m%yw» = H|U(t)) (5.51)
and we may solve this, formally, to find,
[W(t)) = Ae HI/M, (5.52)
Since at t = 0 we have |¥(0)) = A then
[w(t)) = e W (0)). (5.53)
We understand the exponential of an operator O to be defined by a power series as

. R ) @2 @3
e“0:I+aO+(O‘2') Jr(ozgl) .

(5.54)

where Z denotes the identity operator. For a finite-dimensional Hilbert space, the operator O
would be a matrix, and each term would be defined by the repeated action of the matrix on
itself by matrix-multiplication. Similarly for an operator in infinite-dimensional Hilbert space,

the operator would act repeatedly on itself.

6Such a view, as we will define, is part of the Heisenberg picture of quantum mechanics.
"This is a feature of the so-called Schrédinger picture of quantum mechanics where the state depends on the

time.



5.4. THE TIME EVOLUTION OPERATOR 105

The Hamiltonian operator H has a simple action on its normalised, eigenfunctions ¢,
the stationary states. If we label these states by their eigenvalue E, i.e. ¢, — |n) with
H|n) = E,|n), then, writing a = —it/h, we have

- . oAt ., Al
e MM n) = <I+aH+ ol §H3+~--> n)

2 3
a” o Q7 3
= e Bnt/h|p) (5.55)

- <i+aEn+

which is a well-defined vector in the Hilbert space. One should compare the expression above to
the result we found in section 3.1 where we assumed that we could separating the dependence
on the variables z and ¢ in W(x,t) i.e. by writing V(z,t) = ¢(t)¢(x). This led us to the
time-independent Schrodinger equation which we could solve to find an energy eigenstates of

iEt/h

the system at energy E so that U(xz,t) = e *#"/"p(z) where o(z) is the eigenfunction of H with

eigenvalue F.

—iHt/h

As each basis vector evolves under the action of the operator e then its action on any

vector in the Hilbert space is also well-defined. For example suppose |¥) = > ,|n), where

1, are constants, in the energy eigenstate basis of H, then

e—zf[t/h|\y> _ 6—th/h Z Un|n)
_ Z ¢n€_th/h|n>
= hpe M) (5.56)
To summarise, the time evolution of the wave-function given by Schrédinger’s equation results
in the motion of a vector |[W(0)) to |¥(¢)) in the Hilbert space, given by
(1)) = U(1)|¥(0)) (5.57)
where
Ut) = e t/h (5.58)
is called the time evolution operator. It is a unitary operator as

U = e M = Ht/h — g (—t) = U (t)~ (5.59)

as the Hamiltonian operator is Hermitian. The existence of an inverse means that the ¢/ (t)

may form a group. Indeed

~

U(t)U(t2) = U(ty + t2) (5.60)
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and the identity element is I/ (0), and one can show that the multiplicative action is associative®.
The group is the one-dimensional unitary group U(1) = SO(2). The fact that the time evolution
operator is periodic is, at first, intriguing. Notice that on a single energy eigenstate |n), U(t)
is evaluated as e~*#»*/" which indicates that after a time 7 = 27h/E, the eigenstate returns to

—iEnt/h i3 o phase factor, having

its initial vector in the Hilbert space, indeed on an eigenstate e
no physical meaning. However on a general state, which will be a sum of energy eigenstates,
each eigenstate will evolve under u (t) at a different rate determined by the energy E,, of the
eigenstate. However, if all the energies of a system differ by a multiple of some fundamental
amount of energy”, then the wave-function of the system will return to its original state in a
finite time!©.

The ideas here may be summarised in the statement that a Hermitian Hamiltonian leads

to a unitary time evolution of the wave-function!!. Further as

T(0)]T(0)) (5.61)

then the unitary evolution does not change the normalisation of the wave-function.

|0) = <(1)> , and |1)= (?)

form an orthonormal basis for H and that the Hamiltonian of a system in this basis is the

ﬁ:(“ b).
b a

where a and b are real constants. What are the energies allowed by the system? Identify the

Example 5.1. Suppose that

Hermitian matriz,

unit-length eigenvectors of the Hamiltonian H. If at t = 0 the system is in state |0), what is

its state at some later time t ¢

8If in doubt about any of these claims, try the out by acting on an energy eigenstate |n).

9This will be the case for the quantum harmonic oscillator which we will study in the next chapter.

0For a simple two state case see the following example (example 5.1) where the wave function returens to an
earlier state periodically.

10ne can also argue in the other direction, that a unitary evolution of a wave-function in Hilbert space, leads

to Schrodinger’s equation. See, for example, chapter 16 of Mastering Quantum Mechanics by Barton Zwiebach.
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We first seek to solve the time-independent Schréidinger equation I:[go(:v) = Ey(x), i.e. we
must find the eigenvectors of H. We find these by solving the equation

det(H —Ey)=(a—E)?*=0*=0

so (a — Ey) = £b, i.e. Ex = aFb. These are the two energies of the system. We next
determine the enerqgy eigenvectors for each eigenvalue. First we note that a general state in the
system is given by |W) = «|0) + 5|1) for a, 8 € C. For each energy E, or E_, we seek o and
B such that

For EL = a F b we have

ac+bf = (a Fb)a
ba+af = (aFb)s

and we read off that B = Fa hence the two normalised energy eigenstates are

1 (1 1 1
|E_) = 7 (1) and |Ey) = 7 (_1> :

Now we can express the basis states |0) and |1) in terms of the energy eigenvectors. We do this

because we know that the energy eigenstates evolve according to exp (—iEyt/h)|Ey). We have

1
0) = 7B +12)
1) = —(IE_) — |E,).

Sl

2
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For a system starting with [V(0)) = |0) then we have

(1)) = U(t)|¥(0))

— e—th/h

25182 +15.)
(B_iE’t/h|E_> + e—z‘E+t/h|E+>)

Sl

(e—i(a+b)t/h|E_> + e—i(a—b)t/h|E+>>

N = DN =

(€7 @HIR(0) 4 (1)) + e @R (j0) — [1)))
g (€
€ o—ibt/h _ gibt/h
[ costot/n
—isin(bt/h).

Hence the wave-function oscillates between state |0) and state |1) and at times t = nhn/b it

gy

returns to having probability one of being in state |0).

5.5 The Heisenberg Picture

We have been developing a version of quantum mechanics in which the states |¥(¢)) depend
on time, while the operators such as z, p and H are time-independent. This is called the
Schrodinger picture of quantum mechanics. We will indicate states and operators in the
Schrédinger picture with a subscript S, e.g. |Wg(¢)) will be a time-dependent state and Og will
be a time-independent operator.

We have seen in the time evolution operator u (t) an example of a time-dependent operator,
which we used to act on time-independent states. This invites the complementary approach
to quantum mechanics, in which the states are time-independent but the operators are time-
dependent. This framework, is called the Heisenberg picture, and we will develop it in this
section. The Heisenberg picture will give the same predictions for all experiments as the
Schrodinger picture, but in the Heisenberg picture the states |Wpy) do not depend on time,
while the operators O (t) do (here we are have added a subscript H to indicate the Heisenberg
picture).

For example, in the Heisenberg picture the expectation value of an observable @) u(t) is

(V| O (1) W) (5.62)
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and it depends on time only due to the time-dependence of @H(t) The expectation values in

both pictures should agree,
(Wi On ()| Wa) = (Vs(t)|Os|Ws (1)) (5.63)
Using the time evolution operator U(t), we have [¥g(t)) = U(t)|¥s(0)), which gives
(WO ()] Vn) = (Ws(0)|U() OsU (1) s (0)). (5.64)

We see that the two expressions agree if we identify

Wr) = [Vs(0)), (5.65)
Ou(t) =UD)TOU(1). (5.66)

These formulae define the correspondence between the Heisenberg and Schrodinger pictures.

Consider the eigenstates of O in the Schrodinger picture, we have
Os|As) = AslAs). (5.67)

In the Heisenberg picture, the operators @H(t) depend on time, consequently their eigenfunc-

tions will also depend on time, since they have to satisfy the equation
Ou()[Au(t)) = AMAu(t)). (5.68)

While it is not obvious, the eigenvalues, on the other hand, do not depend on time. Let us try

to translate the equation above to the Schrodinger picture. Using (5.66) we have
On () (1)) = U OsU(1)[An (1)) = AlAa (1)) (5.69)
and from (5.67) we see that we can solve the equation above if
A (1)) = U As) (5.70)

as we then see that

A
— A (®), (5.71)
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where we used U ()1 (t)" = T which is true since U(t) is unitary. So, (5.69) is indeed satisfied
with a time-independent eigenvalue (which is the same as in the Schrodinger picture). This is
natural because the eigenvalues of an operator are a prediction of the theory — they tell us the

possible outcomes of measurements — so they should be the same in both pictures.

The probabilities, in the Heisenberg picture, for the outcome of measuring O are found
by using the orthonormal basis eigenstates |[A\y(t)). Indeed for a system in the state |Vpg),
the probability that A is measured is given by [(Ay(t)|¥y)|? and it depends on time in the
Heisenberg picture because the eigenstates do. It is easy to see that this agrees with the

Schrédinger picture, as

A Wr) = (@) A, [Ts(0)))
= (As[Ud(1)|W5(0))
= (As|Us(t)). (5.72)

5.5.1 Equations of Motion In The Heisenberg Picture

In the Schrodinger picture, the time-evolution of a state is determined by the time-dependent
Schrédinger equation. If in the Heisenberg picture the states are time-independent, what re-

places the time-dependent Schrodinger equation?

Recall that U(t) = e~*#t/" which implies, for a time-independent Hamiltonian H, that 2

= U)o (5.73)

12 A5 discussed in section 5.4
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Let us apply this to the Heisenberg picture operator @H(t) defined in equation (5.66),

0 - O /o
- — T
:0u(t) = = () Osu(t))
= 2z,?(zs) T@ Uty + U)o 2z,?(t)
— \ ot 5 5ot
A\ T A
= (-z)(t)% OsU(t) —z)(t)fésa(t)%
_ %Zfl(t)*(;)gu(t) _ mt)fogzﬁf(t)%
= 5 0n(t) = Oul) 7
= %[f{, Ou(t)). (5.74)
Therefore, we conclude that
O Ot = L1i1, On(t) (5.75)
0t H - h y Y H ) .

which is known as the Heisenberg equation of motion. In the Heisenberg picture, it replaces
the time-dependent Schrédinger equation and gives a differential equation that all Heisenberg
picture operators must satisfy.

In classical mechanics, the equation of motion for a function on phase space, or observable,
O = O(z, p) is given by ;

50 =~{H,0}. (5.76)

Comparing this to the Heisenberg equation of motion, we see the analogy
[ ] ~inf, -} (5.77)

In other words, the commutator becomes a generalisation of the classical Poisson bracket!?. We
remarked on this previously when we first looked at the time evolution of expectation values

in theorem 2.1.

131n fact, in an appropriate sense, |-, -] = ih{-,-}+O(h?). Those interested to appreciate better the motivation
for terms nonlinear in 7, you should read about the Moyal product, for example in ‘Quantum Mechanics in
Phase Space’ by Thomas L. Curtright and Cosmas K. Zachos available here: https://arxiv.org/abs/1104.5269


https://arxiv.org/abs/1104.5269
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6. The Harmonic Oscillator

“The career of a young theoretical physicist consists of treating the harmonic oscil-

lator in ever-increasing levels of abstraction.”

Sidney Coleman

6.1 The Classical Solution

The standard example of a harmonic oscillator is that of a mass, m attached to a spring, of

spring constant k, so that the force on the mass is
F = —kux. (6.1)

This is a one-dimensional system, and Newton’s second law of motion applied to this forces

gives the second-order differential equation:

dx

This equation is solved to give
k k
t)=A —1 Bsi —1
x(t) cos(\/m )+ sm(\/m )
= Acos(wt) + Bsin(wt) (6.3)

where A, B are real constants, and w = \/% . The constants are fixed by if two initial conditions
are known. We see that the solution oscillates with a period 7 = 27 /w = 27, /7.

The force is derived from a potential

V(z) = 5/6.1'2 = —mw-x (6.4)
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so that F' = —%—‘; = —kx, and the classical Hamiltonian is
2
1
H = 2p—m + §mw2m2. (6.5)

1
2

study, as it may be used to approximate a local minimum in any continuous potential. Suppose

The quadratic potential V = 2mw?z? in the harmonic oscillator is a very useful potential to

that U(z) is a potential function, having a local minimum at x = zg, then, so long as U(z)

admits a Taylor expansion in the vicinity of z(, we have

oU (z) 1 , 02U ()
U(x) = Ul(xg) + (x — x9) or |, + §(x — Zo) ot |, +...
1 ,0*U ()
= U(zo) + 5(z — m) o |, (6.6)
where we used the fact that © = xy is a minimum of U(z) and so 8%—;’6)’96:% = 0. The first
term in the expansion is a constant, and so plays no role in the force F = —2(U(z)), and
the leading variable term is a term quadratic in (x — xg), the distance from the minimum of

82U () |
Ox?

For small (x — z), we may approximate U(x) by neglecting the remaining terms of cubic order

U(z). Further, since we are studying the minimum of a potential, then _,, 18 positive.

and higher in (x — ). The quadratic potential then is of great use in investigating dynamics
near the minimum of any potential, which is, perhaps, why the harmonic oscillator is of such
interest.

6.2 The Quantum Solution

The quantum harmonic oscillator is the system with the Hamiltonian operator found by pro-

moting x — 2 and p +— p in the Hamiltonian of the classical harmonic oscillator:

S Y OV P’
Hzﬁmw T —{-meQ . (6.7)

There are two standard approaches to solving the quantum harmonic oscillator problem, a

chiefly algebraic approach and a more analytical approach.

6.2.1 The Algebraic Approach

Given the expression for H above in (6.7), we may be tempted to try to factorise H over the

complex numbers, however we must take care to remember that z and p do not commute, as
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ordinary numbers or functions do. We can develop the factorisation we are thinking of, and

carefully extract the Hamiltonian operator as:

1 2 ( 4 ip A ip 1 2 | A2 p2 an oan
3" (“" m) (“m) = oM | e g (80— P)
. 1
=H+ 52@)[92’,]5]
. 1
=H — §hw (6.8)
where we made use of [Z, p] = ih to find the final expression. Defining the operator V = & + i—i
then, we have,
N 1 1 A
H= ahw + §mw2VTV. (6.9)
Notice that the order VIV matters as:
V)= o - -2+ ]
mw mw
20 .. .
= —[x,p]
mw
2h
= ——. 6.10
p— (6.10)
Suppose we define a = / ”2"‘—;;17, then we would have,
[a,a'] =1 (6.11)

which will be a very useful commutator for our subsequent work. The operator a is called
the annihilation (or lowering) operator, while a' is called the creation (or raising) operator.

Together they are also sometimes called the ladder operators. Explicitly we have,

ot = e (50_ ﬂ). (6.12)

These expression can be inverted to give the position and momentum operators in terms of the

creation and annihilation operators:

oo
5 (a+ al) (6.13)

p= —u/m;’” (a—af) (6.14)

T =
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and since, by definition, ViV = 2L4tG we have

mw

1 A
where we have defined N = a'a which is called the number operator.
The number operator is Hermitian as Nt = (afa)t = N, and differs from the Hamiltonian

operator by a constant and a coefficient. Therefore the eigenvalues of N will determine those
of H, as if N|n) = n|n) then
A 1 ~
H|n) = hw (§+N) |n)
1
= hw(i +n)|n) (6.16)
The eigenstates |n) for N with N|n) = n|n) imply that
(n|Nln) = (nla'a|n)
= |laln)|*
>0 (6.17)

and as (n|N|n) = n(n|n) then we have n(n|n) > 0 and further because (n|n) = |||n)||> > 0 then
we must have that the eigenvalues of the number operator are positive i.e. n > 0. Consequently
the eigenvalues of H which are the energies hw(% + n) satisfy £ > %hx.u The state with the
energy which saturates this bound (which we will soon show exists) is called the ground state,
or sometimes the vacuum state, of the harmonic oscillator and has E = %hw

To find states with energy F > %hw, which will be called excited states, first consider the

commutators:

[
= —_4 (6.18)

=al (6.19)
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Now we can prove the more general identities:

)" (6.21)

For the first case, in equation (6.20), we first assume the statement is true for some k£ > 1 and

consider

= —(k+1)(a)"". (6.22)

The development above shows the inductive step of an induction proof, and the base case (for

A

k = 1) is the statement we showed above, namely, [N,a] = —a. One can prove the second
statement in equation (6.21) in a similar manner.

Now supposing that |n) is an eigenstate of N then we have that,
N(@)*n) = [N, (@)"]|n) + (a)*Nn)
= —k(a)"|n) + (a)*n|n)
= (n—k)(a)¥|n (6.23)

and we see that (@)*|n) is another eigenstate of N with eigenvalue n — k, i.e. (a)*|n) o |n — k).

Therefore

2

The annihilation operator a has lowered the energy of the harmonic oscillator, and each action

H(a)*n) = hw (1 +(n— k)) (@)*[n). (6.24)

of a has lowered the energy by hw. This is why a is also called the lowering operator.

Similarly we also have,

N(@")*|n) = [N, (a")"]jn) + (@")" N|n)
= k(a")"][n) + (a')*n|n)
= (n+k)(@")"]ln) (6.25)

and so (a")*|n) o |n + k) and
H(aH*|n) = hw (% + (n + k)> (a")k|n). (6.26)

The creation operator a' has raised the energy of the harmonic oscillator. Each action of af
has raised the energy by fw, hence it is also called the raising operator. Together a and a' are

called ladder operators, and they act to map energy eigenstates onto each other.
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There seems to be an infinite tower of eigenstates of the Hamiltonian, but we have seen that
the eigenvalue n of the states |n) must satisfy n > 0. So consider acting repeatedly with a on a
state |n) with n > 0 to generate the sequence of eigenvectors (a)¥|n) o< |n — k) with decreasing
eigenvalues. At some point the sequence must terminate (when the eigenvalue n — k > 0 and
n—k—1<0). Let this lowest energy state of energy Fj be denoted |1), then since it has the
lowest energy state we must have a|¢y) = 0, the zero vector in the Hilbert space. l.e. a acts
to annihilate the lowest energy state, and this is why it is called the annihilator. Let’s expand

the equation aly) = 0:

(e =[5 (54 22 vnlo) = /52 (a4 o ) =0 (620

or, equivalently,

d mwe
We can solve this equation to find
Po(x) = Ae~3mww*/h (6.29)

for some constant A € C. We can find A by normalising 1y(x), as

o 2
1 :/ da | A2emmee/h

h
= A2 =2 (6.30)
mw
and therefore,
_ MW\ 1 —lmwa/h
bo(x) (—Wh) e . (6.31)

We emphasise that the solution is unique, there is only a single eigenstate for the ground

state. Having constructed the ground state ¢y(z) we can now compute its energy Fy using

H|tho) = Eolto),
Hlpo) = hw (% + a*d) [0)
= 2 ko) (6.32)

as aliyo) = 0 by construction. Consequently we read off that the ground state energy is Ey =
shw, which is the energy of the eigenstate |n) of N for n = 0, that is |t) = |0). Note that |0)
is not the zero vector of the Hilbert space, it is simply the eigenstate of N with eigenvalue 0,

which as we see in [1)g) is a non-trivial function of x (and not the zero function).
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We have identified the unique ground state of the harmonic oscillator, hence we can now list

all the eigenstates of H by acting with the creation operator to find an infinite set of eigenstates:

In) = A,(a")"|0) with (6.33)
E,=hw(3+n) VYnelZt, (6.34)

where A,, are coefficients determined by normalising the states, and the ground state is

1
o mw\ 1 —lmw:cz/h
0) = (—Wh) e~amw/h, (6.35)

In order to normalise the states, and determine A,, we first focus on the coefficients of
proportionality between states of consecutive energies and see what this implies when the

states |n) are normalised, in particular let us suppose that

In) = Calln — 1)
— Daln + 1) (6.36)

where C' and D are constants. Now we have

(n|n) = (n — 1jaC*Ca'ln — 1)
= |C)*(n — 1]aa’|n — 1)
=|C*(n —1]aa" + (a'a — a'a)|n — 1)
= |C*(n —1|N + [a,al)jn — 1)
=[0Fn—1|(n—1)+1jn—1)
= |CPPn{n — 1jn — 1). (6.37)

Now suppose that each eigenstate |n) is normalised, then (n|n) = 1 = (n — 1|n — 1) and we

find C' = 1/4/n, in other words,

In) = %&”n ). (6.38)

We can deduce D in a similar way:
(n|n) = (n+ 1|a’D*Daln + 1)

= [DP*(n — 1|N|n — 1)
= [DP*(n—1)(n—1n—1) (6.39)
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hence, neglecting phase factors, if |n) and |n — 1) are both normalised states then we have that
D=1/vyn+1, ie.
In) = aln +1). (6.40)

find

= ——(a")"|0) (6.41)

and all the states are normalised.

We have constructed all the normalised states of the quantum harmonic oscillator. There
is a single ground state |0) with energy %hw which is destroyed by the annihilation operator:
a|0) = 0. The action of the creation operator on the ground state creates an infinite tower of
excited states. Each action raises the energy by Aw and generates a set of orthogonal eigenstates
(which we have shown how to normalise). In this way the harmonic oscillator gives a concrete
way to see that L?(R) admits a countable, orthonormal basis: in this example they are the

bound states in the potential of the harmonic oscillator.

6.2.2 The Analytical Approach

Let us begin again, and see how the same ideas appear from a more analytical approach to
solving the Schrodinger equation for the harmonic oscillator; of course we will find all the same
results, but they way the details appear will be interesting. Starting from the time-independent

Schrodinger equation for a stationary state ¢(x) with energy E > 0, we have

1
———— + -nmw 'z p = Ep (6.42)

where we have dropped the notation showing the explicit dependence of ¢ on z. Let us make
a change of variables replacing x with v = /**z, as then
d dud mw d

V@ (6.43)
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and so the time-independent Schrodinger equation becomes, after rearrangement,

% = ulp — %E(p
= (u® — Ny (6.44)
where A = % Then, for large u we have,
% oc u?ep. (6.45)
Approximately then, for large u,
o(u) ~ Ae " /? + Bt /2, (6.46)

as

dp(u) = —ude " f uBet?
du

2
dc‘lﬂgu) — _Ae "2 4 getu?/2 4 W Ae—t3/2 + w2Betv/?
U

= —Ae /2 + Bet™' 2 4 ulp(u)
~ u’p(u) for large u. (6.47)
Further if p(u) — 0 as u — £o0o then we must set B = 0, so that asymptotically we anticipate
that ¢(u) oc Ae™*/2,
How can we determine a more accurate solution? Let us try
o(u) = h(u)e /? (6.48)

—u?/2

where h(u) is a polynomial function of u, so that for large u e dominates in ¢(u). If this

is the case then using

dp(u)  dh(u) —u2/2 —u2/2
T = Tan € — uh(u)e
dh(u)

d? d*h
CZ(;L - dlfzu Y —e = h(w)e - uth(u)en (6.49)
in (6.44) gives the requirement that f(u) must satisfy
d*h(u) dh(u)
Tz T 2u o T (A= 1)h(u) = 0. (6.50)

In order to think about solving this, let us first see what would result if h(u) were not a
polynomial of finite degree, but instead was a power series. We suppose that

[e.9]

h(u) = Zakuk (6.51)

k=0
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giving

o0
= g kagu®1

du2 Zk — 1agut~ (6.52)

8

so that (6.50) becomes

Z k(k —1)apu®? — ZuZ kayu"' + (X —1) Zakuk =0. (6.53)
k=0 k=0

We can bring all the terms together under a single summation, by redefinition of the summation

label in the first term to give
> ((k+2)(k + Dargs — 2kag + (A — Dag) u* = 0. (6.54)
k=0

This equation is solved if the coefficients a; satisfy the recursive relation:

(k+2)(k+ Dagsa = 2k +1— Nay. (6.55)
This relation implies that
. a/k+2 . Qk + 1 - )\
1 —| =lm | ——F+——
— [2 - % _ %]
k—oo "k + 3+ %
2
= —. 6.56
- (6.56)

(6.57)

Il
)
e
N
o
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1
k+2

where we defined k& = 2n in the second line. This series has coefficients cy1o = (
2

——->+ and
)!an

¢, = —— which satisfy
g

Cht2 (k/2)! m! 1
o ((k+2)/2)  (m+1)! m+1 (6.58)

where we have used k& = 2m, and for large k the ratio of the coefficients above is approximately
1/m = 2/k, which was the same as for the coefficients in h(u). That is, if h(u) is a power series
then it is approximated by e for large u, in which case we would have p(u) ~ e emv /2 = v,
Such asymptotic behaviour is ruled out by the requirement that ¢(u) should vanish as u — +o0.
Instead it must be that h(u) is a polynomial function of finite degree. In this case the sequence

of coefficients must eventually become zero, i.e. for some k we must have that

LR )
Tk + 1)(k+2)

ar =0 (6.59)

while a;, # 0. This is the case if A = 2k+1, and then writing ¢ (u) = hg(u)e™*/2, the functions
in hy(u) in the state of energy Ej is a polynomial of degree k. Recalling that A = % then

1 1

E = §hw)\ = hw(k + 5) (6.60)
or if we relabel,
1
E, = hw(n+ 5) (6.61)

as we found previously in the algebraic approach to the quantum harmonic oscillator. Now the

—u?/2

state with energy F, is denoted ¢, (u) = hy(u)e and the function h,(u), a polynomial of

degree n in u has coefficients a; satisfying
2j+1—-2n+1 2(j —n) ,
Ajyo = a4 = ———aj, 0<73<n-2
MGG YT GG +2)” =7
ajr2 =0 Jj>n-—2. (6.62)

In particular the first three lowest energy wave-functions are listed in table 6.1. The wave-
functions are only determined up to ag or a; using the recursion relations for the state with
energy F, in (6.62), and a¢ and a; may be determined by normalising the wavefunctions. Up

to a factor the functions h,(u) are called the Hermite polynomials, and denoted H,(u). The
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n | Energy FE, ’ on(u) ‘ ©n(x)

0 %hw aoe—u2/2 aoe—%mwx2/h

1 %h(,d alue_“2/2 a %xe—%mwﬁ/h

2 3w ag(—2u? + 1)e="/2 ao(1 — %ﬁ)e_%m‘”?/ﬁ

3l G| e e /B (o — )

4 %hw ao(%u4 — 4u? + 1)6_“2/2 ag(1 — 4%x2 + % (%>2x4)6—%mwx2/h

T P L e e e

Table 6.1: The ground state ¢y and the first few excited states for the quantum harmonic

—u?/2

oscillator. The functions are ¢, (u) = h,(u)e and the coefficients in h,(u) are related to

ap or a; by the recursion relation in equation (6.62).

lowest order Hermite polynomials! are:

2u° — 160u® + 120u (6.63)

and we recognise the functions h,(u) upto a factor as the Hermite polynomials. There are an
infinite set of Hermite polynomial functions, and each one corresponds to an energy eigenstate
of the quantum harmonic oscillator. As such we know that they form an orthonormal basis?
of the Hilbert space H = L*(R), which, by construction is countable, implying that L*(R) is a
separable space.

IThis is the physicist’s definition of the Hermite polynomials. Mathematicians often use an alternative,
related, definition: Hflnath(u) = 27"/2H, (u/V2) = (—1)"e*’ /207 (e=**/2) be careful in your reading beyond
this course to check which definition is being used.

2Such a set of orthogonal polynomial functions is of great interest mathematically, and the interested reader
may consult https://en.wikipedia.org/wiki/Orthogonal_polynomials where you will see the Hermite poly-
nomials are a class of orthogonal polynomials. The Legendre polynomials are another class of orthogonal

polynomials which are of great use in mathematics and mathematical physics.


https://en.wikipedia.org/wiki/Orthogonal_polynomials

7. Further Ideas

The topics in the chapter are meant to be an interesting addendum to this first course in
quantum mechanics. It is supposed that the interested reader has many natural questions and
some objections by now to the ideas of quantum mechanics, and the material here is aimed at
solidifying some of these next ideas. Within this chapter you will also find some more explicit
discussions of spin and spin states, which properly fits within the set of ideas discussed in the

course. All the other ideas, however, should be considered as food for thought.

7.1 Tensor Products

One natural question at the end of a first course in quantum mechanics, typically focussed
on problems about a single particle or a single quantum system, is ‘what do we do if we
have more than one particle or quantum system?’ This line of thought opens up a number of
interesting ideas. Some which we will not focus on here include the density matrix, and the
idea of measuring correspondence between two states. These interesting ideas all rely on an
underlying structure called the tensor product.

Suppose we have two Hilbert spaces H 4 and H g, where the states of two particles/quantum
systems reside. Let Hg denote the Hilbert space of the full system compromised of just the two
particles. We would like to develop some notation for a state in Hg given the states W4 € H

and ¥p € Hp. The following three notations are commonplace’
(W)U = [T )| Up) = |VA) @ |Up) = |Va, Up) € Hs. (7.1)

The notation ® denotes the tensor product, and Hilbert space Hg is called the tensor product
of H4 and Hp and is denoted Hg = Ha ® Hp. The tensor product space inherits properties

!Given time we could probably come up with more ways to write the same thing! The aim is not to
bamboozle, just to make sure the reader is wary that most notation will require some interpretation from the

reader. The essence is that we are trying to keep track of a pair of states, and each of these notations is sensible.

125
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from H 4 and Hp, and is itself a Hilbert space. We may add elements as

([W1)a+[P2)a) ® @) = [U1)a @ |P)p + [Va)a ® D)5
)4 ® (|P1)5 + |P2)B) = [¥)a @ |P1)p + |¥) 4 @ [Pa) 5

and scale states as
(@|P)4) ® ) = a(|V)a) ® [®)5) = [V)4 @ (a|®) ) (7.2)

for « € C. Note that this implies that 0 ® |®)p = 0 = |¥) 4. Let us suppose that |a;) form a
basis on H 4 and |b;) are a basis for #p. The inner product on Hg is

(las) @ 1b)), |ar) @ [bi) = (as|ax){bj|bi). (7.3)
Operators @A (%9 @B act on states as
(04 ® Op)(Ja:;) @ |b;)) = Oala;) @ Oplb;) (7.4)

and matrix components for the operator are

(a:| @ (b;|04 @ Oplar) @ |by) = (O ap)ijpu- (7.5)
We have defined the basis states
|la:) ® |bj) (7.6)
and a general state is
Vap =) Cilas) @ 1b;) (7.7)

i.j
where, as usual, the probability of |a;) ® |b;) being the measured state is |Cj;|?.

Counting the basis states we deduce dim Hg = dim ‘H 4 x dim H g, and we realise that we can
create more states in Hg than are found from taking a product of a state in H 4 with a state in
‘Hp. For simplicity let us suppose that dimH 4 = 2 = dim Hp, and consider the superposition
of two states:

O[(|CL1> & ‘b1>) + 6(|a2> ® |b2>) € Hs (78)

where o, f € C and are both non-zero, then, we cannot factorise this state into a product of
states of the form V)4 ® |®)p, where |W)4 € Hy and |®)p € Hp. We can see this by first
supposing that |U) 4 and |®)p are generic states with

(W) a = ai]ar) + asfas)
|®)5 = Bi]b1) + Ba|b2) (7.9)
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then we can compute the form a general product state and write it in the basis of Hg

[W)a @ |P)p = (aufar) + azlaz)) @ (Bi]b1) + B2[b2))
= aifi|ar) @ [b1) + ai1fzlar) @ [ba) + asfilaz) @ [b1) + asfalaz) @ |ba)
= Cy1]a1) ® |by) + Cr2a1) @ |be) + Carlas) ® |by) + Caslas) & |b2). (7.10)

Hence we can say that a general state ¥ = >, - Cjjla;) ® [b;) in Hg factorises if Cj; = a; ;.
This set of coefficients may be organised in a matrix:

O — Cll C'12 (7'11)
021 C(22

and if ¥ is a product state then det(C) = a1 810982 — asfian Sy = 0. We do not show it here,
but it is the case that if det C' = 0 then W is a product state. With this test in mind we can
see that the state in (7.8) does not factorise into a product of states.

A product state such as

W)@ |¥)p = Zailai) ®Zﬂj’bj> (7.12)

where |a;) and |b;) are the eigenstates of @4 and Op respectively, allows an independent
measurement on each part of the state. If we measure O A, the state tells us that with probability
;|2 we will obtain the measurement a;. When we make the measurement of Q42 and find
the outcome a; then the product wave-function collapses to [a;) ® >_; B;[bj). A subsequent
measurement of Op gives the result b; with probability |3;]?, and the wave-function collapses
to |a;) ® |bj), a single basis state in Hg. Each set of outcomes (a;,b;) (for any i, j) is possible
in this state, and the probability of measuring the specific outcome (a;,b;) (for fixed 4, j) is
P(a;,b;) = P(a;)P(b;). The measurement of O4 and Op are independent in the product state.

For an entangled state, such as,

a(\a1> ® |b1>) + 5(\(12) ® ]bg}) (7.13)

the situation is different. A measurement of a; for [4) 4 collapses the entangled wave-function to
|a1) ®|by), and now there is only one outcome possible is O is measured, the outcome must be
by. Alternatively if we had found the outcome ay from measuring ) 4 then the wave-function
collapses to |as) ® |by), and it is now only possible to measure by for Oz. A measurement of one

operator in ‘H 4 in the entangled state, affects the measurement in Hpz. The two wavefunctions

20r, more properly of O4®1Ip on Hg, where Ip is the identity operator on Hp, however we will keep
writing the less proper ‘measurement of O’ or similar where it is decipherable as it is less cumbersome.
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are not independent in an entangled state. Entangled states were first introduced by Einstein,
Podolsky and Rosen® to exhibit what they interpreted to be the incompleteness of quantum

mechanics.

7.2 Spin States

In order to exhibit in detail the ideas of the Einstein, Podolsky and Rosen (or EPR) thought
experiment, we will look at one of the simplest examples of a tensor product, that encoding

the spin states of two spin % particles. The spin operators (as seen in the problem set) are

. nfo1 . k{0 —i . 1 0
S — _ , S — — , S = 714
1= 3 (1 o) 279 (Z o) s (0 —1) (7.14)

and these are related to the Pauli matrices o; (of SU(2)) as S; = 20;, and the labelling 1,2,3

corresponding to the directions associated to the coordinates x,y, z. The eigenvectors of S; are

[N~

denoted x; and x;, and have eigenvalues +h/2. It is customary to drop the A and speak of

spin plus or minus one-half particles. The explicit eigenvectors are

1 (1 o1 (1)

X1 7 <1> and  x; = 7 (_1> 7 (7.15)
1 (1 o1 (1)

Xg 7 <Z> and  x, = 7 (—z) ;and (7.16)

X3 = (é) and X3 = <(1)> . (7.17)

Each spin operator is Hermitian, and any of the pairs of eigenstates form a basis for the two-

dimensional Hilbert state of the spin states. The pairs x; and yx; are orthonormal, which we
can confirm using the inner product of C? = H. The simplicity of the eigenstates of S5 mean
that they are normally taken as a basis for the Hilbert space. The outcome of measuring 5'3,
i.e. the spin in the z-direction is always one of the eigenvalues of 33, so it is either //2 or —h/2,

and it is standard practise to call these outcomes spin-up and spin-down respectively, and also

|+) = <é> and |—) = <(1)> . (7.18)

3¢Can Quantum-Mechanical Description of Physical Reality Be Considered Complete?’ by A. Einstein, B.

Podolsky and N. Rosen, Phys. Rev. 47, 777 (1935).
4Examples of spin half particles include electrons, protons, neutrons and quarks are spin 1/2 particles.

to write
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Suppose that we have ¥ = & = |+) and we measure S; for ¥. We would first need to
expand® ¥ in terms of the eigenstates of 31, to find

o () o

and we see that in the spin up state that there is a probability of one-half of measuring the
spin in the z-direction to be either /2 or —h/2, both outcomes are equally likely. Similarly,
if we were to measure S, on the state ¥ = |[+) we would expand ¥ in the basis x4 and x, to

find
1

v- @ =5 (65 +3) (7.20)

so that again there is a fifty-fifty outcome of measure the spin in the y-direction to be h/2 or
—h/2.

7.2.1 Tensor Products of Spin States

Consider two copies of the spin-state Hilbert space H4 = C? and Hp = C2. In the setting of

Ha ® Hp we have the basis spin up and spin down basis states for each particle:

[Hal+H) s, [Fal=)s [2al)s, [=)al=)s (7.21)

Each of these basis states is a product state, but, of course, linear sums of them give entangled
states. We can, in fact, create a set of basis states which are each entangled. To do this,

commence with a normalised entangled state

o as = %(|+>A|+>B ; \—>A|—>B). (7.22)

From this we can create three more, independent, entangled states given by
|®:)ap = (Za © 01)|Po) a5 (7.23)

where we recall that the Pauli matrices are

0 1 0 —i 1 0
5 = R - Gy = 7.24

5(140), (i Ixg ) = 5(1-4),
X3 xd + (xx Ixadxg

®We can, of course, make use of the inner products of spin eigenvectors (x; |x3 )

1

X Ixd) = 75 XTIxs) = % to expand the states discussed here. E.g. x§ = (x
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which satisfy 67 = T forie {1,2, 3}, so that, for example,
|®1)aB = (iA ® 01)|Po) B

@@ o) (haba + 1-hal)
S5@a o) (1alt)a ) + S5 (Eaw o) (1)) )

%\

V2

.
_ %(ﬁumawg) " %(m-mn—m)
5 (F#halba + hals ) (7.25)

In a similar way we can construct the remaining entangled basis states, altogether we have

Do) 4 = 7(\+>A|+>B +1=)al-)B) (7.26)
[®1)ap = 7(|+>A|—>B+|—> Al+)5) (7.27)
[@2) a5 = %(\+>A\—>B+ =) al+)5) (7.28)
By) 1z = %(|+>A|+>B — | -)4l-)8) (7.29)

and these are called the Bell states. One can check that the states are orthogonal, normalised®

and entangled and so form a set of entangled basis states for the four-dimensional Hilbert space
Hap = Ha®@ Hp.

7.3 Quantum Teleportation

Let us try to use the collapse of a wave-function upon measurement to “teleport” a state |¥)q
from Alice (A) to Bob (B). A qubit is a two state quantum system, we will take the example

of a spin % particle (e.g. an electron) as such a qubit. Our aim will be to pass the qubit:
W) = al+)o + Bl-)q (7.30)

for some «, 8 € C describing the spin state of the particle, from A to B. To do this we will

first create” a separate, entangled pair of spin-% particles. One of the entangled pair will be

6Since o are unitary operators, they must act to preserve the norm of |®q), which was normalised.
"For example, in the decay of a neutral 7 meson, or pion, into an electron and positron, it happens that the

spin of the particle’s involved is conserved. The pion is spin zero, and the spins of the electron and positron
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in Alice’s possession and the other will be with Bob. The idea is that Alice and Bob will be
able to interact with the entangled state, and perhaps we can make use of the collapse of its
wave-function to transfer the information in the qubit’s wave-function. Let us suppose we can

arrange for the entangled pair of particles to be in the Bell state

Do) 4 = %(|+>A|+>B =) al-)5)- (7.31)

The total state, including the qubit is in the Hilbert space Ha ® Hp ® Hg, and is

Bo)az ® ) = %<\+>A|+>B n |—>A|—>B) 8 (ar+>Q ; m—m)
1
- ﬁ(ar+>A\+>Q\+>B B a Yl s
Tl =Y al bl s +5|—>A|—>Q|—>B). (7.32)

We can write this state in terms of the entangled Bell basis states, but now for the AQ system
- we will see why this will be useful in a moment. A little bit of linear algebra on the Bell states
n (7.29), give us,

20)an @ 100 = 5| 55 (190010 + [0ahao ) 1)z + %(@ haa ~ l0hag ) [+

+7<|<I> Yag + i|®2) AQ> (|@0>AQ—\‘D3> >| >B}

5+
:%\¢O>AQ<ay+>B+5I—>> ( p+al) )
o)

+§|@2>AQ(—2/3!+ 5 +ial-) AQ(al+>B—5! )b )

1 1
= §\¢0>AQ!‘I’>B + 5|@1>AQ01\‘I’>B + §\¢2>AQ0’2\‘I’>B + §\<D3>AQ03!‘I’>B

+)
L
2/

=53 190400l ¥) (733)

1
where we have defined |V)p = a|+)p + f|—)p in the penultimate line, and oy = <O g), and

01, 09, 03 are the Pauli matrices in the last line.

must be opposite. Spin is not always a conserved quantity in particle decays, but angular momentum is always
conserved, and angular momentum is contributed to by both spin (intrinsic angular momentum) and orbital
angular momentum.
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If A can now measure |V)4q in the entangled basis and suppose the outcome is that the
wave-function must be in state |®;) 4o for some i € {0,1,2,3}, then the collapse of the wave-
function means that the part of the wavefunction remaining in Hp is 0;|V) 5. Finally if Bob is
informed of the outcome of Alice’s measurement, they can deduce the form of the wave-function

and if they then act on with the unitary operator o;, then they find the state
o} W)p = |¥)p = al+)s + B|-) 5. (7.34)

In other words, the qubit whose information is encoded in o and 8 has been teleported to Bob.
Bob can then interrogate the state to deduce o and . Notice that Alice does not at any point
measure the qubit or deduce o or 5. If Alice had interrogated W)q then the wave-function
would have collapsed. In principle A and B can be any distance apart, and the wave-function
collapse would seem to offer the opportunity to communicate information at a speed greater
than that of light. However for B to decode the qubit, they needed to know the outcome of A’s
measurement, of the entangled state, and A then had to communicate that information to B
(at best at the speed of light). You might now reasonably point out, that A could instead have
interrogated |U)q directly and sent the results of their information to B, the process would
have been just as quick. However, in the transfer of information, especially secret messages,
sending a message is open to interception at any point along its journey. The teleportation of
information, allows A to send a neutral message (the result of measuring |U) 4¢ in the entangled
basis) whose interception will not reveal anything about the information in the qubit to anyone
who does not have access to B’s entangled particle. So it is a more secure method to share
information.

This discussion hopefully highlights the difference between the instantaneous collapse of
the wave-function, and the ability to extract meaningful information from the collapse without
a key. This means that wave-function collapse cannot be used to send instantaneous signal,
such a possibility would lead to causality paradoxes. For example suppose A and B share their
entangled pair of particles whose spins are opposite, but otherwise unknown. If A wishes to
communicate information to B, via the entangled particles, then A must also tell B what the
outcome of their measurement is. For example suppose A wishes to securely pass a message
to B, first A has to measure the spin of their particle, if it is up they know B will find their
particle is spin down and vice versa. Then, informed of the outcome B will find when they
measure the spin of their particle, A can send a key to B: if you find spin up do Y, if find
spin down do X. Now A will know how B should act, but until B receives the key from A the
result of the measurement is meaningless for them. Note that A can’t agree the key in advance
with B, because until they do the measurement they do not know what outcome B will find.

So despite the instantaneous wave-function collapse, it does not offer a way to send messages
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superluminally.
Quantum teleportation was successfully demonstrated in 1997 by two research groups led by
Sandu Popescu and Anton Zeillinger, and in 2017 Jian-Wei Pan’s team successfully teleported

a photon’s quantum state over a distance of 1400km from Tibet to a satellite.

7.4 The No-Cloning Theorem

Given a wave-function |¥) suppose that it was possible to instantly clone it as many times as
we would like. We could then proceed to make a series of different measurements on each copy
of |¥), and each time the state would collapse to an eigenstate of whatever observable we are
measuring. With sufficient measurement we may aim to discover significant detail of the original
wave-function prior to its collapse. This is already a worrying scenario, as we would be able to
obtain a situation in which we could measure simultaneously two non-commuting variables to
sufficient accuracy (with enough sampling of enough copies of |¥)) to violate the uncertainty
principle. Indeed it is also reasonable, should cloning be possible, to use accurate knowledge of a
state, to be able to agree on a key between Alice and Bob so that they may effect instantaneous
communication. In this scenario, Alice and Bob would build up a reasonably likely picture
of their cloned, entangled state, it would not be perfect, all that would be needed is that to
a certain confidence level Bob can deduce if a measurement has caused the wave-function to
collapse. In such a scheme the wave-function’s collapse would signal to Bob that Alice has made
a measurement - in order to be able to do this Bob has to be able to deduce a change in the
wave-function, and with sufficient copies of the wave-function he would be able to make enough
measurements to be reasonably confident that a collapse of the wave-function has occurred.
The collapse of the wave-function over a period would be used in the same way that morse
code to communicate a message faster than the speed of light. Such a scenario would admit
violations of causality. Let us imagine the extreme scenario in which it is possible to send
instant messages between two distant locations. Suppose A sends a birthday card to B, and
B instantly replies with a thank-you for the card message to A, and each communication is
instantaneous. To someone, Charlie, who is moving towards B at any speed, they see B receive
the card and send their thank-you before A sent the birthday card.

There is a simple proof that no universal cloning operation exists, this result is the so-called

no-cloning theorem.® Suppose U is a unitary map on % ® H that can act as

U: |0, @ |P) — |0, @ |T) (7.35)

8Qriginally proved in the following two papers both published in 1982: ‘A Single Quantum Cannot be Cloned’
by W. Wootters and W. Zurek; and ’"Communication by EPR devices’ by D. Dieks.
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for normalised states |¥) and |®). The operator I is acting to make a clone of |¥;) on the

by-stander state |®) up to a phase ¢, Now we ask if & can also clone another state |¥,). For

the sake of argument, let’s suppose it can and we also have:
U:|T,) ®|D) — e2T,) @ |0s). (7.36)
Since unitary operators preserve the inner product, we have,

([01) @ [®), [Vs) @ |P)) = (V1] Wy)
= (M U)) @ |[W1), €[ Wy) @ |Wy))
= (U |Wy) %€ (7.37)

where we have used that (®|®) = 1. Consequently, either (U;|Wy) = 0 or (U |W,) = ¢~?(02=01),
If the second possibility holds then the Cauchy-Schwarz inequality implies

(01 To) [ < [[[00) P[] T2)[|* = 1 (7.38)

because (V|¥;) = 1 = (V5|Wy), and since the saturation of the inequality implies that the
two vectors involved are proportional, then we have |Wy) = ¢=2=0) W), In this case, |¥;)
and |U,) differ only by a phase and so are physically identical. As a result we have that U can
only clone states, representing different physical systems, which are orthogonal. For a finite-
dimensional Hilbert space, U can only clone dimH states: there does not exist a universal
cloning operator which can clone every state. Even prior to the argument above one realises
that there are technical problems: one cannot probe the state to be cloned without collapsing
the wave-function. There may seem to be some wiggle room in an infinite-dimensional Hilbert
space, however, since most states are not mutually orthogonal the same issues arise. We may
wonder if we cannot allow some errors up to a set of measure zero in the wave-function, but since
the inner product is not sensitive to such a difference, there is no scope for such a loophole.
However, if we concede partial defeat, we can still aim for approximate cloning”, in which

imperfect copies of a state are made.

7.5 The EPR Thought Experiment and Bell’s Inequality

Einstein, Podolsky and Rosen (EPR) argued in 1935 that quantum mechanics must be in-

complete. In making their argument they introduced the idea of an entangled state!®, and in

9See for example the pioneering work ‘Quantum copying: Beyond the no-cloning theorem’ by V. BuZek and

M. Hillery, published in 1996.
10Although it was Schrédinger who coined the term ‘entanglement’, and called it the characteristic trait of

quantum mechanics.
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their original thought experiment they considered a pair of particles entangled in position and
momentum. Sometime later David Bohm proposed a version of the EPR thought experiment
using two spin—% particles. In Bohm’s variant the entangled state is the singlet state!!:

1

V2

so that if A measures spin //2 then it is known that B will subsequently measure —#/2 as the

P2 = —=(I+)al=)5 — [=)al+)5) (7.39)

spin of their particle in the entangled pair, and vice-versa. The results are correlated.

The Copenhagen interpretation of quantum mechanics says that the state instantaneously
collapses as a result of a measurement, and go further in saying that the physical quantities do
not exist prior to the measurement. The probabilistic essence of quantum mechanics is not to
be regarded, say the proponents of the Copenhagen interpretation, as evidence of our ignorance
of the system, it is simply inherent, and this is how the world is. The word reality is frequently

brought to these interpretations, and Einstein, Podolsky and Rosen wrote that

“...if, without in any way disturbing a system, we can predict with certainty the
value of a physical quantity, then there exists an element of physical reality corre-

sponding to this physical quantity ”

whereby the word reality is used to mean that there exists some unequivocal description of a
state which can be used to infer measurements prior to experiment. The opposing view, which
in this context may be described as saying there is no such underlying reality, is the orthodox
quantum view, that the wave-function is the fundamental description of a system and it only
informs us of the probabilities of an outcome!'?. Part of the willingness to accept the orthodox
view is that one can understand that in making a measurement one is interfering with the
physical system, as in Heisenberg’s example of measuring the location of a particle where to
be determine the location photons of higher energies are used, and this higher energy effects
the momentum of the particle whose position is being measured. But EPR had prepared a
quantum state in which a measurement at one. location, A, affects the system at some other
location B. Indeed if B is located sufficiently far away, experiments can be done which prove
the quantum correlation of results which could not be communicated from A to B by any
mechanism at the speed of light. This affecting of distant experiments without a means to

send information, at light speed or slower, to correlate outcomes between the points is called

S0 called, because in the representation theory of SU(2) the three entangled states |®¢), |®1) and |®3) are
mapped to each other under a simple action of the algebra, and so are called the triplet, while |®2) remains in

a set of its own under the same action, and so is called the singlet.
12For example, Heisenberg, a proponent of this view, wrote of an electron’s motion that ‘the path comes into

existence only when we observe it’.
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non-locality. EPR did not think that quantum mechanics was incorrect, after all, it had proven
so successful already by the time of their paper, just that it was incomplete, and that there
was. a possibility that with further structure such issues as non-localism and a lack of reality
could be resolved. To put it another way, they wonder whether a local reality might somehow
be possible, and perhaps better than the alternative.

The extra structure imagined by EPR is simply called some hidden variable of the system
(some feature of reality that we do not yet know about) and its existence allows for an underlying
local reality in physics. If the full theory existed and were known, one could abandon working
with probabilities - we would understand that the statistics were simply governing our ignorance
of the hidden variable in the theory. Armed with such a variable we would be able to take a
measurement of state with definite properties prior to measurement, and we would find definite
outcomes.

In 1964, John S. Bell, working with only the minimal set of assumptions about a hidden
variable theory, came up with an inequality that must hold in such a theory, but which is
violated by quantum mechanics. The inequality presented a way to differentiate between a
hidden variable theory with local reality and a theory such as quantum mechanics that we have
presented in these lectures. The inequalities were put to experimental test and found that they
were violated, meaning that no hidden variable theory was possible as a completion of quantum
mechanics. Either the assumptions of a reality or of locality in physics have to be discarded.
In 2022 the lead scientists in the various experiments testing Bell’s inequality, Alain Aspect,
John Clauser, and Anton Zeilinger, were awarded the Nobel prize for physics for “establishing
the violation of Bell’s inequalities.”

To describe Bell’s inequalities we should develop a little our thoughts about measurements
of the spin of a spin—% particle. We have thought about the outcome of measuring spin along the
x, y and z axes, but Bell proposed the use of a measurement of spin along arbitrary axes: Alice
would measure spin along the axis parallel to @ and Bob would measure spin along the axis
parallel to b. In earlier versions of the thought experiment Alice and Bob would measure spins
along the z-axis, and due to the entangled state (given in equation (7.39)) then if Alice measured
spin up, Bob would measure spin down and vice-versa: the measurements are correlated. If
Alice and Bob take measurements along different axes, while they will still measure either +h/2
or —h/2, their results will no longer be correlated. For example is A measures h/2 along the
z-axis, then the state (7.39) collapses:

0

|Po)ap = |—)B = <1

)B = %(X? +X2)B (7.40)

and if B then measures the spin of their particle along the y-axis (using the S, operator) then



7.5. THE EPR THOUGHT EXPERIMENT AND BELL’S INEQUALITY 137

he has a probability of a half of finding the outcome is +h/2 and a half of finding —h/2. A
hidden variable theory should not disagree with quantum mechanics but it should reproduce its
predictions. In the quantum mechanical picture the spins in the entangled state are correlated
when a and b are parallel, but then the correlation weakens as the angle between the two
measurements increases from zero to 7/2 (as we will see below). A hidden variable theory has
to reproduce these results: in this setting any correlation between spins in the two particles
must be fixed before they separate and travel to A and B, there is no room for the outcomes
measured by B to change due to the measurements made by A.

Bell’s proposal was to calculate the expectation value of the product of the outcomes for
measurements along directions @ and b for a hidden variable theory. The expectation value for

measurement of spin along these directions will be denoted
E(a,b). (7.41)

The quantum mechanical expectation value is calculated using the entangled state |®,). For
example if a = b = e, then as |®,) is entangled the distinct outcomes are always of the opposite
sign (we will take minus one to denote spin down, and plus one to denote spin up). Consequently
E(e.,e,) = —1, and so also E(e,, —e,) = 1. In general, E(a,b) = —a - b, and it depends only
on the angle between @ and b. To see this, let us take a = e,, and so S’f = Sg‘ while if b is at
angle 0 to the z-axis,

SP = (cos0)SE + (sin)SP. (7.42)
Then,

Sat ® 57| @) ap = —=595((cos 0) 55 + (sin0)SP) (|+)al—)5 — [=)al+)5)

Sl -

%(cos@l—i—),qgﬂ—ﬁ +sin0]+)4SP|-) 5

+ cos 9[—)A§f|+)3 + Sine‘—>A§1B|+>B>
h2
— ( —cosO|+)a|l—)p +sinb|+)a|+)s

=1

T cosB]=)al+) +sine|—>A|—>B)

2

= %(cosﬂ —|+)al-)B + ‘_>A’+>B>
+sin6(|+)al+) 5 + |_>A|_>B))
hQ

= m( —cos 0| Do) ap + sin9|CI>0>AB) (7.43)



138 CHAPTER 7. FURTHER IDEAS

where we used Sy[+) = l—) and Si|-) = 2|4). Consequently we can compute the expectation
value of the two measurements for the entangled state |®3) 45. For simplicity we have adopted
to measure spin in this discussion as either +1 or —1, this means we should scale our spin
operators by 2/h (so that our spin operators become the Pauli spin matrices) and so, recalling

that the entangled Bell states are orthonormal, we find

4 . .
E(a,b) = ﬁ<¢)2|ABS:;4 ® Sy’ |®2)

——a-b (7.44)

as claimed above.
Now we turn to how we would consider the same computation for a completion of quantum
theory using a hidden variable A. In this case we define the outcomes measured by Alice and

Bob, along directions a and b to be functions dependent on A:
Ala,\) € {+1,—-1} and B, \) € {+1,—1}. (7.45)

Then our assertion that the two measurements are independent means that the probability that

Alice measures A and Bob measures B can be factorised as
P(A,B,a,b,\) = P(A,a,\)P(B,b, \). (7.46)

Now since A determines the specific outcome, then for example P(1,—1,a,b) will either equal
1 if A informs us that this will be the outcome or zero if not. Now \ is determined according
to a probability distribution p(\) set at the point where the pair of particles became entangled

and gives, under the integral, the probabilities of outcomes A and B. Hence the expectation

value is
E(a,b) = /d)\p()\)A(a,)\)B(b, A) (7.47)
and [dAp(\) = 1 as p is a probability density. Now we know that if Alice and Bob makes
measurements along the same direction then A(a,\) = —B(a, \), hence we can write
E(a,b) = —/d/\p()\)A(a, AN)A(b,N). (7.48)

Now for any third direction ¢, we have
E(a,b) — E(a,c) = —/d/\ﬂ()\) (A(a, \)A(b, A) — A(a, M) A(c, )

_ / dAp(X\) (1 — Ale, NA(b, \)) A(b, \)A(a, \) (7.49)



7.5. THE EPR THOUGHT EXPERIMENT AND BELL’S INEQUALITY 139

where we have used that since A(a,\) € {—1,+1} then (A(a,\))? = 1. Furthermore we know
that —1 < A(a, \)A(b,\) < 1 and also (1 — A(e, A\)A(b, X)) > 0, giving,

E(a,b) — E(a,c)| < / dAp(N) (1 — Ale, \)A(b, )
—1+ E(c,b). (7.50)

This is Bell’s famous inequality:

|E(a,b) — E(a,c)| <1+ E(e,b). (7.51)

We can see that it is not consistent with the expectation value from quantum mechanics
E(a,b) = —a - b which we found above for the entangled state |®3) 45, by a simple choice for
the three vectors. Suppose that

0 1 ] 1
a=\|0|, b=10],and c=—1]0], 7.52
7 (7.52)
1 0 1
then F(a,b) = —a-b=0, E(a,c) = _\/Lﬁ = FE(e,b), and Bell’s inequality is clearly violated. In
(7.51) the left-hand side becomes % ~ 0.707 while the right-hand side is 1 — % ~ 0.293, and

the inequality is violated.
The experimental verification that Bell’s inequality is violated means, in the words of John
S. Bell that

“if a hidden variable theory is local it will not agree with quantum mechanics,

and if it agrees with quantum mechanics it will not be local.”

Einstein didn’t live long enough to have to confront this vivid choice, to have to accept either
what he termed ‘spooky action at a distance’ or to give up reality, or, perhaps worse, to have to
surrender both. There are other interpretations of quantum mechanics besides the Copenhagen
interpretation, for example the de Broglie-Bohm pilot wave theories (which are non-local), but
the orthodox picture of quantum mechanics has proven incredibly successful and durable, and
its ideas are at the heart of the modern computer-based world. Perhaps one day there will be
a resolution to the parts of quantum mechanics that we may find unsettling, but until then
perhaps it is worth taking the quote of N. David Mermin about quantum mechanics to heart

“Shut up and calculate!”

For there is much to learn, revere and to marvel at in carrying out the computations of quantum

mechanics.
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A. Waves and Fourier Transforms

A.1 Travelling Waves and Wave Equations

A wave equation is any equation that admits waves as solutions! In one dimension the most

famous wave equation is:
Pu 0%

—_— = —
ot? 0x?
where u = u(x,t) is a time-dependent function that encodes the amplitude of a wave at x and

(A1)

at time ¢, and c is a constant. It is a linear, homogeneous equation, and so any two solutions

may be added to give a third solution. Any function of (z — ct) or (x + ct) solves (A.1), i.e. let
u(z,t) = f(x —ct) + g(x + ct) (A.2)

where f and g are at least twice-differentiable functions, then we may check that

0*u
5 = A(f"(x —ct) + g"(x + ct)) (A.3)
02% =A(f"(x —ct) + ¢"(x + ct)) (A4)

and so the wave equation is solved for a very general set of functions.

Suppose that f(x — ct) is a smooth function, and consider its profile at t = 0. The initial
profile f(z,0) is maintained under the evolution encoded in the wave equation, i.e. it does
not change shape - it is called a travelling wave (the same holds for g(x + ct)). In time ¢ the
travelling wave f(x,0) is translated by ct. Fixing a spot at * = o on the wave profile f(xg,0)
we see that at a later time ¢ = ¢; the point we aer watching on f is now at x where x —ct; = xq,
i.e. x = x9+ ct; and we can deduce that the wave profile has moved at constant speed c¢ in the
positive z-direction. That is, f(x — ct) is a travelling wave, of fixed profile moving at speed ¢
in the positive z-direction. If had made the same investigation for the wave profile g(x + ct) we
would deduce that g(x + ct) is a travelling wave moving in the negative z-direction at speed c.

We say that f(z — ct) and g(x + ct) are right and left-moving travelling waves.
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Let us focus on waves moving to the right: u(z,t) = f(x — ct). The function, so long as it
is twice differentiable, may take any form, when we choose the function to sine or cosine then

the travelling waves are called harmonic waves. Let us write

u(z,t) = f(x —ct) (A.5)
= Acos(k(z — ct)) (A.6)
= Acos(kx — wt) (A.7)

where we have introduced parameters A to control the amplitude and k, the wavenumber to
allow us to specify the wavelength (as we will understand momentarily). We have also defined
ck = w and w is called the angular frequency of the wave. Why do k£ and w inform us about the
wavelength and angular frequency of the harmonic wave? For fixed ¢, the wave is stationary,

and we may measure its wavelength, e.g. when t = 0 we read off that the wavelength is

_27T

A= (A.8)

The period, 7, of the wave (the time taken for one wavelength to travel past a fixed point) is

determined from the wavespeed ¢ to be

A
21

— Al
o (A.10)
27

== (A.11)

where we used w = kc and from the last expression we discern why w is called the angular
frequency. It is also called angular frequency, to distinguish it from the frequency v which is

the number of wavelengths passing a fixed point in one second, i.e.

1
V= ;w (A.12)
== (A.13)
We can also see that
v = % (A.14)
= § (A.15)

The expressions and formulae we have derived above will be used frequently throughout the

course.
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What we have described in (A.7) is a wave in one dimension of fixed wavelength & (and
so fixed angular frequency w = ck as c is a constant determined by the wave equation). The
relation w(k) = ck is called the dispersion relation and is determined from the wave equation
by substituting a travelling wave solution u(z,t) = f(kz — wt). For the wave equation (A.1),
the dispersion relation w = ck means that all waves of any wavelength or amplitude travel at
the same speed ¢ = 7. Other wave equations have more complicated dispersion relations, for

example the Schrodinger equation

2 92
SOV Ko

— = —— v Al
ot 2m Oz? +V(z) (4.16)
for U = f(kx — wt) becomes
. / h2k2 1
—thwf = ———f"+Vf (A.17)
2m
this has solutions for f(kz — wt) = exp(i(kx — wt)) (so that f" = if, f” = —f) which are
complex travelling waves if
Ik 1% A.18
hw = o T (A.18)
and in this case the dispersion relation gives wavespeeds
w hk V
=—=—+4 — Al
“TF% o Wk (A.19)

which depends on wavelength as k = 27” Solutions to the Schrodinger equation in one dimension
are complex waves whose wavespeed depends on the wavelength. Consequently a wave which
is constructed of a sum of wave solutions of different wavelengths will not normally keep the
same shape, as the constituent waves of different wavelengths travel at different speeds, and
the wave disperses over time.

The wave equation and the Schrodinger equation are both linear and homogenous differential
equations, so we may add solutions to find new solutions. Different complex waves may be
characterised by their wavelength vis k and their amplitude A, and a general wave solution in

one dimension is

U(x,t) = /koo A(k) exp(i(kx — wt)) (A.20)

(since k is a continuous variable, we have an integral) where A(k) is the amplitude of the wave
of wavenumber k. Note that integrating over k is equivalent to integrating over wavelengths.
The meaning of negative values of k is that is encodes a wave travelling to the left, while the
positive values of k describe waves travelling to the right.

In three dimensions the general wave solution is

U(z,t) = /koo A(k) exp(i(k -z — wt)) (A.21)

=—00
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where the wavenumber has become a vector of three wavenumbers £, k, and k.. The direction
of propagation of the wave is now determined by the direction of k, and wavespeed is given by

w
C= 77
IK|

A.2 The Fourier Transform

The general complex wave in one dimension in (A.20) is made up of waves with harmonic real

and imaginary parts:
exp(i(kz — wt)) = cos(kx — wt) + isin(kx — wt). (A.22)

The complex waves at t = 0 are e** and these functions can be used to form a basis of periodic
functions. To understand the meaning of basis, we define an inner product on functions periodic

and determined from their values on [—7, 7] by

1 [" .
()o@ =5 [ #@rgloyds (A.2)
We now observe that for k # 0,
1 T ikr 1 " 1 d ikx
e dx "™ = o | dx T dx<e ) (A.24)
11,17
— | etk A2
o ™) 42)
=0 (A.26)
while if £ = 0 we have
L [ dr =1 (A.27)
o) r = .
consequently
1 [ -
% o dx e’kx = 51970 (A28)
where

1 ifn=m
0 otherwise.

Hence we may deduce that
<€ik:c’ eik’z) = O/ (A.30)
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where k, k" € Z. This idea is the basis of the Fourier series. Given a series

flz) = i Age™ (A.31)
k=—00
we can extract the coefficients A, as
(f(x)aeik/x> = i Apdp iy = Apr. (A.32)
k=—o00
that is,
Ay = % /_ : do f(z) et (A.33)

How do we develop these methods so that they are viable when a function f(z) is not necessarily
periodic and k in any real number rather than just an integer?
First we note that we could change the periodic interval of [—m, 7] to [—L, L] noting that

imx/L

while e is periodic with wavelength 27, e is periodic with wavelength 2L and may be

defined from the interval [—L, L] and consequently! we have

<ei('%”z)’ ez’(’%”z)) — % /I; dr e—i('%’rz)ei(k,T’rx) = o (A.34)
Then we have
U(z) = i AT (A.35)
k=—o00
1 L kT
Ap =57 g dx U (x)e T (A.36)

and W(z) is a periodic function which can be defined by its values in the interval [—L, L] with
wavelength 2L. Our aim is to attempt to extend L — oo.

We will use the notation ay, = km/L and since k € Z, we can also define the change in « for
subsequent integers k as Aay, = 7/L. This gives us
. AOzk L

A
g 2 J_p1

dx U (x)e " (A.37)

and, so,

U(z) = _f: (AQ—‘:“ /_ " dx'ql(x')e—w’ew) (A.38)

L

= LS AaiB(o) (A.39)

!One can also see this by making a substitution x = ym/L in (A.30).
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where
L

\Al}(ak):/ dz’ U (z)etor@=a"), (A.40)
L

Taking the limit L — oo, turns «; into a continuous variable dependent on continuous &, i.e.
ar — a, > Aoy — [ da to give

U(z) = % / j_ da (o) (A41)
U(a) = /OO da’ U(z')e @) (A.42)

ie.,

() 1/ da/ dz’ U (z")e @) (A.43)

"o oo A
_ L dov €' /OO dx’ W (z")e o (A.44)
:/ doW(). (A.45)
Notice that the first line above implies that
L da @) = §(x — 2') (A.46)
27 | ' '

This is a continuous version of (A.30), and the object on the right hand side above is called the

Dirac delta function. It is an example of a distribution or generalised function and it satisfies

/00 deé(x) =1 (A.47)
with

5(z) = ZO zig (A.48)

As a consequence,

/_00 ded(x —2') f(x) = f(2) /_00 drd(x — ') (A.49)

[e.¢] o0

= f(a'). (A.50)

We are interested in general complex wave solutions, which can be expressed in the form of
the continuous sum (integral) over k of complex waves weighted by W(k) at t = 0). For this
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case we have, and for convention, we have

U(z) = \/% /_ kB ()it (A51)

(k) = \/% / " g W (z)e (A52)

where U (k) is the Fourier transform of ¥(z) and the first expression is called the inverse Fourier
transform of W(k). We can check the conventions are sensible and that the two transforms are
indeed inverse to each other explicitly by substituing the Fourier transform into the inverse

Fourier transform and using the Dirac delta function:

U(z) = \/% /_ k()i (A.53)

= \/%_w /_ Z dk (\/%7 / dx’\I!(x’)e””/) eike (A.54)

:/da:/\lf(x/) (%/ dk’eik(m_z/)> (A.55)

/ da’ W ()5 (z — o) (A.56)
U (

x). (A.57)

As the transform is invertible, no information is lost, and in transforming a wave-function
from a function of space to a function of wavenumber (or equivalently momentum) no informa-
tion about the system contained in the wave-function is lost. The Fourier transform gives an

alternative setting called momentum space in which to think about quantum physics.
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INTRODUCTORY QUANTUM THEORY
PROBLEMS I

In this problem set you will think about the ideas in the old quantum theory, that motivated
the thought that light could be thought of both as a wave and as a particle. Planck suggested
the quantised transfer of energy to avoid the ultraviolet catastrophe in blackbody radiation,
while it was Compton’s effect which persuaded physicists to accept Einstein’s 1905 proposal of
the quantum of light, the photon.

(1) (Planck’s law) Consider a some physical object at a temperature 7. Given a small piece
of its surface of area dS, the total energy dFE radiated over time dt into wavelengths
between A and A + d\, and into a unit solid angle dS) (see figure B.1) is characterised by

the quantity

dE
B(AT) = dS dt d)\ dQ (B.1)

which is known as radiance. The spectral energy density u, discussed in the lectures is
related to B by u = %B.

Figure B.1: A cartoon of electromagnetic radiation emitted from a surface element dS into a
solid angle df).

(a) What are the units in which the radiance B is measured, expressed in terms of
kg,m,s? Recall that it is defined as

dE
B = dS dt d\dQ)’

where dF is energy, dS is area, dt is time, and d\ is length, while df2 is dimensionless.
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(b) The laws of statistical physics and electromagnetism are governed by equations which
contain only two fundamental constants: the Boltzmann constant kg and the speed

of light c¢. The units of kg are such that kT has units of energy (kg-m?/s?) where T'

is temperature measured in degrees Kelvin K. Show that the only possible formula

for B(A\,T) in terms of T', ¢, kg, A that is consistent with the dimensional analysis is
ckgT
AL

where A is a dimensionless constant. The classical theory predicts A = 2.

BO\T) = A (B.2)

Show that the total power radiated over all wavelengths

/OOO d\B(\,T)

is infinite if (B.2) is true. This clearly does not make sense, and this issue is known as
the ultraviolet catastrophe since the divergence comes from very short (ultraviolet)

wavelengths.
(c) In the lectures we considered u(v,T'), a function of v. Use v = { to show that
c
ﬁ.
[Hint: recall that u is a density and consider [w(A)dA and [ u(v,T)dv.] Hence use
u=*B and (B.2) to argue that:

u(A\,T) =u(v,T)

where NN is some number.

(d) Show that Planck’s law in terms of the radiance

B\ T) =

reduces to the Rayleigh-Jeans law
B\T)=——
for A large such that hyc < kpT.

(2) (Compton scattering) Consider a scattering process where initially we have an electron at
rest and an incoming photon with wavelength A\, and in the end we have electron moving
with momentum p and a photon with wavelength X" traveling at angle 6 to the direction

of the original photon, see figure 1.4.
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A

P N
?

Figure B.2: Kinematics of Compton effect. The incoming radiation is coming from the left,

with the wavelength A\, and the radiation scattered at angle # has the wavelength \'.

(a) Using conservation of energy and momentum, compute A in terms of § and \. For
this, recall that the energy of the photon is £ = hv (v = ¢/)) and use the fact that
the energy F of a relativistic particle with mass m is related to its momentum p by
the relation

E? = m*c* + p*c”.
You can treat photons as massless relativistic particles (m = 0).

(b) Show that it is impossible (i.e. inconsistent with energy and momentum conservation )
for the electron to simply absorb the initial positive-energy photon and not emit a

final photon.
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INTRODUCTORY QUANTUM THEORY
PROBLEMS II

In this problem set you will compute explicitly the time evolution of the free particle wave-
function which was used in the lectures, and you will consider whether certain wave-functions

are normalisable.

(3) (The free particle) Recall the free Schrodinger equation

oV R _,

zha = —%V . (B.3)
As we discussed in the lecture, this is a time evolution equation: it tells us how ¥(z,t)
evolves in ¢ given some initial V(z,ty) at t = to (for example, ¢y = 0). Show that if at
t = 0 the wave-function ¥ takes the form

then at other times (B.3) implies that the wave-function is

U(z,0) =

B 1 ox (@ ==z —pt/m)°

2mAx?

+z’p-z/h—z’Et/h).

(B.5)
You can assume that it is known that the solution of (B.3) is unique. You can try to

solve this problem in your own way, or you can follow the steps below.

(a) Show that (B.5) is also equal to

1 2
U(z,t) = — exp <—4( y —|—z’p-:c0/h—Ax2p2/h2) ,

(2m)¥4(Ax)3/2 (1 4 ;i) Az? +iht/2m)

(B.6)

2ibs’p, By changing variables from x to y and factoring out

n
constants (terms independent of £ and t), show that W solves the Schrodinger equa-

tion (B.3) if and only if the function

where y = ¢ — xy —

1 y?
Py, t)=———exp (— , ) B.7)
(Az2 4 )2 4(Ax? 4 iht/2m) (

solves it.
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(b) Consider a general function of the form

F(z,t) = A(t) exp (—B(t).'z:Q) (B.8)
and plug it into the Schrodinger equation

F 2
m%—t = ;—mvw . (B.9)

Show that equation (B.9) is satisfied if and only if the functions A(t) and B(t) satisfy

B 2Ry o,
8‘;) 3;hA( 1)B(t) = 0. (B.10)

Choose A(t) and B(t) so that F' = ® with ® defined in part a and verify that they
indeed satisfy these equations.

(4) (Normalisable wave-functions)

(a) Are the wave-functions V;(z,0) given below normalisable in one dimension? L.e. are

the integrals

/_ " | (2)? (B.11)

finite? (Recall that if the above integral is finite, it is possible to rescale ¥; to make it
normalised, i.e. make this integral 1.) The aim in this question is not to compute the
integrals, instead it is to think carefully about whether |¢|? is integrable in principle

and give supporting, analytical arguments.

(i) Wi(z) = Wlxz

) 0ata) =

(iii) W3(z) = Ix\’ and
a(w) =

(iv) W

Above, a is some real, positive constant.

X

X

(b) Are the wave-functions ¥;(z,0) given below normalisable in three dimensions? ILe.

are the integrals
/ x|V, (z)]? (B.12)
R3
finite?

(1) Ws(2) = gz
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(i) Wole) =
(i) Wq(z) = ﬁ, and

—z2

(il) Wg(x) = e|T|
Above, a is some real, positive constant. Note that you do not need to compute
these integrals, just determine whether they are finite or not.

[Hint: recall that in spherical polar coordinates (r,, ) then z? = r? and

00 T 27
/ d3x:/ / / r?sinfdrdfde .|
R3 r=0J9=0 J =0
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INTRODUCTORY QUANTUM THEORY
PROBLEMS III

In this problem set you will compute position and momentum expectation values for the free

particle wave-function in one dimension and work with commutators for operators.

(5) (Expectation values) In this problem we will work with the one-dimensional wave-function®:

V() = (27)1/41Ax)1/2 eXp (_% + z'px/h) : (B.13)

Note that this wave-function is normalised.

Note: You will not need to compute non-trivial integrals in this problem.

(a) Show that the expectation value? of Z is zy,

First argue that the following integral vanishes,

/_+0° dx (x — 20)|¥(x)|* = 0. (B.15)

o0

[Hint: Show that |¥(z)|? is even (symmetric) around z = zy. Then combine the
normalisation for W(x) with (B.15) and the definition of the expectation value to

arrive at the result.]

(b) Show that the expectation value of p is p,

(p) =p. (B.16)

To do this, first show that

(P)(x) = 5 urs (e — a0)¥(a) + pU(a) (B.17)

IThis is the wave-packet for a localised particle in one dimension, rather than the three dimensional version

we have looked at in the lectures.
2Recall that for an operator O, its expectation value in a normalised state ¥(x) is given by (in one dimension)
by (O) = fj;o dz(¥(z))*(OW)(z) and that the position operator Z acts as £¥(z) = z¥(z) while the momentum

operator p acts as p¥(x) = —iha\gf)
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(6) (Commutators)

(a)

Prove that the following operator equations hold:

V(z),z] = 0. (B.19)
where where V() denotes the potential operator appearing in the Hamiltonian

operator H = % + V(#), [A,B] = AB — BA is the commutator of A and B.
[Hint: Allow the operators to act on a generic wave-function ¥(x).]

Use the definition of a commutator stated in part (a) to check it satisfies the following

properties:
[aA+ BB,C) = alA,C) + B[B, (], (B.20)
[A, BB +~C] = BlA, B + 4[4, (], (B.21)
[A, B] = —[B, 4], (B.22)

where «, 3,7 € C and /1, B , C are any linear operators. Use some of these properties

and the results of part (a) to show that
- ih
H 2| = ——p. B.23
A8 =" (B.23)

This is the equation that we used in the lectures.
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INTRODUCTORY QUANTUM THEORY
PROBLEMS IV

In this problem set we will think some more about solutions to the Schrodinger equation for
a particle in an infinite potential well, we will look at the correspondence principle to see the
connection with the classical problem, uncertainty and the standard deviation, and consider

what happens as Vj grows.

(7) (The correspondence principle for the particle in the box in one dimension). Consider
a particle of mass m moving in one dimension, with coordinate x and confined to the
region where 0 < x < L. The particle moves freely in the region 0 < z < L and bounces
elastically off the walls at *+ = 0 and x = L when it hits them. We impose that its
wave-function W(x,t) vanishes for + < 0 and = > L.

(a) State the normalisation condition for W(z,t), given that it is confined to the box.
(b) What is the probability of finding the particle in the interval [a,b] within the box
(ile. 0<a<b< L)?

The n’th energy eigenstate for the particle in the box is given by the wave-function

2 .
W, (w,t) = |/ 7 sin (?) e~ iEnt/h (B.24)
where E, = h*n?r?/(2mL?).

(c) Show that the wave-function ¥, (z,t) is normalised.

(d) Suppose that the particle is in the n’th energy eigenstate, W, (z,t), what is the
probability of finding the particle in the interval [a, b] within the box?

(e) Show that the probability found in part (d) tends to the classical result (namely

P[ilb‘f”c“l = (b—a)/L as, classically, the particle is equally likely to be found in any

part of the box at any time) as n — oc.
(8) (Uncertainty and the particle in an infinite potential well, or box)

(a) Define the uncertainty AO? of an operator O as the expected squared deviation of

O from the expected value (O), i.e.

AO? = (O — (O))?). (B.25)
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Show that in any state W(z) the following identity holds,
AO? = (0% — (0)2. (B.26)

Hint: show that for any two linear operators A and B and a, 8 € C the following
holds
(aA + BB) = a(A) + B(B). (B.27)

A

Then use this and the fact that (O) is just a number.

(b) Recall that in the class we found the wave-functions for the energy eigenstates of a

particle in a box to be given by

2
U, (z) = \/;sin naL. (B.28)

Use (B.26) and the definition of the expectation value to compute the uncertainty
Ap? of the momentum operator p in the state ¥,,. You should find that the uncer-
tainty is non-zero, i.e. the state ¥,, does not have a definite value of p. How else can

you check that ¥, does not have a definite value of p?

Hint: to compute the integrals, use the identities

in 2
sinacosa = sz a (B.29)
1-— 2
sin® o = # (B.30)

(9) (The Particle in a three-dimensional box?)

Consider a wave-function V(z) = W(xy,xq,x3), with the time-independent Schrédinger

equation
h2 ) ]‘,—L2 82 62 82
— — V() = ——— 1 = FEV B.31
2mV (.’B) om (817% + 81’3 + 8513%) (%1,1’2,1}3) (1‘1,$2,$3) ( 3 )

and the boundary conditions

\11(0,1'2, JJ3) = \I/(L,l‘g, 1'3) = O, (B32)
\I/(xl,O,xg) = ‘I’(.ﬁUl,L,I'Q) = O, (B33>
U(zy,29,0) = V(xy, 29, L) = 0. (B.34)

This represents a particle that is confined to a L x L x L box.

3This is the three-dimensional version of the particle in the infinite potential well studied in section 3.2 of

the lecture notes.
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(a) We will use separation of variables,

U(x1,x9,23) = Wy (21)Wa(z)W3(x3), (B.35)

4

where Wy, Uy, U3 are new unknown functions.®* Show that the time-independent

Schrodinger equation implies

U(zy) Wi (xs) \Ifg(x;»,)_ 2mE

=— . B.36
\Ifl(xl) \112(372> \Ilg(.'L'y,) h2 ( )
Argue that this is only possible if for i = 1,2,3
Ui (i)
i B.37
(2 (B.37)
is a constant. Denote the constant by —k?,
Ui (@) 2
i — B.38
(b) The equation we have developed is solved by
U,(z;) = A;sink;x + B; cos kx (B.39)
for i = 1,2,3. Show that the boundary conditions (B.32-B.34) imply B; =0
™n;
;= B.4
k=2, (B.40)

where ny,n9, ng are (possibly distinct) positive integers.
(c) Using (B.36), (B.38), and (B.40), show that the allowed values of the energy are

T2 h?

4The subscripts denote the three different coordinate directions. Do not confuse this notation with ¥, (z)

that we used in one-dimension to denote the energy eigenfunctions.
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INTRODUCTORY QUANTUM THEORY
PROBLEMS V

In this problem set we will think some more about stationary states and solutions to the
Schrédinger equation, beginning with the particle in the finite potential well, we will introduce

degrenerate states and consider the particle on a circle.

(10) (Particle in a potential well)

Figure B.3: A graphical solution of (3.119) and (3.124). The left-hand side of these equations
is plotted in solid black (the quarter-circle). The right-hand side of (3.119) is plotted in solid
red, and the right-hand side of (3.124) in dashed blue. The red and blue circles mark the even
and odd solutions, respectively. The number of solutions depends on the parameters of the

problem, and in this case is four.

The energy levels with even eigenfunctions® are found from the solutions & € (0, 4/ %)

to the equation®

kL

2mVo _ 12 _ ktan (7> . (B.42)

h?

5See the section in the lecture notes on the particle in a finite potential well, in particular the equation here
is (3.119).

6Given a solution k, the energy is £ = h;’fj - T.
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The energy levels with odd eigenfunctions” are instead determined by the solutions k €

(0, /20 to
2mV; kL +m
\/ m”—mszn( 5 >. (B.43)

h
As discussed in the lectures, the solutions can be visualised using figure B.3, and that as

Vo is increased, new solutions (and thus energy levels) appear.

(a) Suppose we start at V5 = 0 and start increasing it. Find the values of V4 at which
new energy levels with even eigenfunctions appear.

(b) Suppose we start at V5 = 0 and start increasing it. Find the values of Vj at which

new energy levels with odd eigenfunctions appear.

(Degenerate states) If two or more linearly independent solutions to the time-independent

Schrodinger equation have the same energy E, these states are called degenerate states.

(a) Explain why the stationary states ®(z,t) = ¢(t)p(x) for the free particle (V = 0)
are degenerate states for each £ > 0.

(b) For a general potential in one dimension that admits bound state solutions, prove
that there are no degenerate bound states. [Method: Prove this by contradiction,
i.e. assume there exist two linearly independent bound states ¢; and ¢y with the
same energy E and then use the Schrédinger equation to show that @2% — @1%
is constant in space and from data at x = +oo that it is equal to zero. Finally
show that your results imply that ¢, must be a multiple of ¢; and so not linearly

independent. |

(The free particle on a circle) Consider a particle of mass m restricted to move on a circle
with circumference L > 0. Let x denote the coordinate on the circle with x € R subject
to the identification # + L ~ x. Let the circle be given by the coordinates = € [0, L]
with x = 0 and = = L identified, and hence ¢(z + L) = p(z). Find the stationary states
and explain why they are degenerate. Due to the constraint that the particle moves on a
circle, these are bound states (they do not reach infinity), and yet they are degenerate -

why does the theorem in the previous question fail to be valid in this case?

"As derived in equation (3.124) in the lecture notes.
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INTRODUCTORY QUANTUM THEORY
PROBLEMS VI

In this problem set we will think some more about stationary states and solutions to the

Schrodinger equation, in two cases: the step-function potential, and a reflectionless potential.

(13) (The step-function potential) The step-function potential is given by

0 z<0
Vi) = ! (B.44)
Voo >0

where Vj is a positive, real constant. Solve the time-independent Schrodinger equation for
the step-function potential for a wave incident from the left (i.e. travelling from x = —oco
towards « = 0) for the cases:

(i) Vo < E and

(i) 0< E <V

In both cases compute the transmission and reflection probabilities. Use

_ [zl

(Reflection probability) R ]
i

(B.45)
(Transmission probability) T=-—. (B.46)

where J;, Jp and Jr are the incident, reflected and transmitted probability currents, for

the appropriate wave-function and the probability current in one dimension is

ih OV O
J:%<ax\p—\1}%) (B.47)

(14) (A reflectionless potential) Consider the potential

Viz) = —hnj sech?(az) (B.48)

where a is a positive, real constant.

(a) Sketch the potential.
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Check that the potential has a bound state given by
wo(x) = Asech(ax) (B.49)

where A is a real constant. Find its energy, normalise ¢o(z) and sketch its graph.

Comment: ¢ is the ground state.

Show that the function

(B.50)

ou(w) = A (zk: — atanh(ax)) ke

ik+a

where k = v/2mFE /h, solves the time-independent Schrodinger equation for any pos-

itive energy E. Since tanh(a) — —1 as @ — —oo then we have the approximation:

or(x) ~ e asxr — —oo (B.51)

This represents an incident wave from the left with no reflected wave. What is the
form of ¢y (z) as  — 0o? What are the reflection and transmission probabilities for

this potential?
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INTRODUCTORY QUANTUM THEORY
PROBLEMS VII

In this problem set we will think about the space L*(R) as a Hilbert space

(15) (The triangle inequality for L?(R)) Recall that the Hilbert space L*(R) is the set of
equivalence classes® of square-integrable functions f : R — C. The inner product on this
space is defined as

+oo
(f.9) = / d f*(x)g(x) (B.52)

o

where * means complex conjugation. The norm on the space is defined from the inner

product as || f]| = +/(f, f)-

(a) Use the arithmetic-mean geometric-mean inequality (i.e. that a®+b? > 2ab) to prove
that (f,g) is finite for f,g € L*(R).

(b) Prove the Cauchy-Schwarz inequality in this setting: || f|||lgll = |{f, 9)|-
(c) Prove that the triangle inequality: [|f + g|| < || f]| + |lg|| is satisfied.

(16) (The Hilbert space L*(R))

(a) Let

(0, <0,
1, 0<z <1,

flx) =3 (B.53)
1, 1<x<2,
0, 2<=x
0, x<%,

gle) =41, L<a<3 (B.54)
0, ng

Compute || f|[, llgll, {f, 9), (g, f). Check the Cauchy-Schwarz inequality |(f,g)| <
1£1gll-

8Two functions fi, f2 are considered equivalent if fi(x) = fo(z) for almost all x. Almost all means that the
set N of x for which fi(z) # fo(x) has measure 0. Measure of N is, intuitively, the total length of all intervals
in N. For example, any countable N has measure 0.
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(b) Prove that L?(R) is infinite-dimensional. For this, show how to construct arbitrarily
large linearly-independent subsets {fi,--- , fn} C L*(R). Hint: Try using functions
fr(z) = g(x — k), where g(z) is as in (B.54).

(Finite-dimensional Hilbert spaces)

Let H be a Hilbert space of dimension n, where n € N and n > 0. Suppose that

le1), [ea), -+~ len) (B.55)
is an orthonormal set (e;|e;) = d;;.

Show that {|e1), |e2), - |en)} is a linearly-independent set. [Hint: Recall the definition

of a linearly-independent set of vectors and take some inner products.|

Any linearly-independent subset of dim # elements is a basis (hence by part (a) |e;) form
an orthonormal basis of H). Using this, prove that for H = C?

ex) = (f) L) = (_i) (B.56)
V2 V2

How would you represent {e;| and (es| by row vectors in (C?)*?

is a basis.

Recall that we used |a)(b| to represent the operator that sends |v) to (b|v)|a). Focus on

‘H = C", and suppose that
la) = e (b] = (b1, ba, -+ ,bp). (B.57)

Explain why the operator |a)(b| as defined above can be represented by the matrix product

aq Glbl albg cee albn
a ashy  asby -+ ash,

’ (bla b27 e 7bn> = 2. ' 2. ’ . 2. . (B58>
an anbi apby -+ apb,

[Hint: Check that it acts as required on column vectors. Use associativity of matrix
multiplication.
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(e) In the C? example of equation (B.56) check that, as discussed during the lecture,

lex){ex] + [ea){eal = (é i’) . (B.59)

(18) (Change of basis in a Hilbert space)

Suppose we have two distinct orthonormal bases in a Hilbert space H,

{la1), lag), -}, and {101), [b2), -} (B.60)

In particular, (a;la;) = 0;; and (b;|b;) = d;;. Let |v) be in H. By assumption, it can be

expanded in either basis,
v) = Z aglag), v) = Zﬁk|bk>- (B.61)
k=1 k=1

Express the coefficients (5 in terms of «ay.
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INTRODUCTORY QUANTUM THEORY
PROBLEMS VIII

In this problem set we will practise working with the Dirac delta-function, the Fourier trans-

form, adjoint operators, and do some computations on a finite dimensional Hilbert space.

(19) (The Dirac delta-function and the Fourier transform)
Recall the following integral
+o0 ) ,
/ dx e F=F) = or5(k — k), (B.62)
as well as the defining property of the delta-function

+o0
/ dr8(x — y) () = 1(y). (B.63)

o0

(a) Show that the integral

+o00o
/ dw z"e'* (B.64)

o0

where n is a positive integer is given by

2mi "6 (k), (B.65)
where
5@ (k) = 2= 50k) (B.66)
kn

is the n-th derivative of §(k). [Hint: Differentiate (B.62) n times with respect to k.]

(b) Show that

—+00 n
| s s = (L (B.67)

[Hint: Differentiate (B.63) n times with respect to y.|
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(c¢) Consider a function F(x) and recall the Fourier transform formulas used during the

lecture (reviewed and derived in appendix A of the lecture notes),

1 [t e
F(r) = — dk e”** F(k B.68
@)= = [ e (569
F(k) = L / s e P () (B.69)
V2 ' '
Use the results of parts (a) and (b) to verify them for
F(z) =2a", (B.70)
F(k) = v2mi "™ (k). (B.71)

(20) (More on the Dirac delta-function)

Recall that the defining property of the Dirac delta function is

[ deste s = ) (B.72)

[e.9]

Use this definition and the change of variables (i.e. pretending that this is an ordinary

integral) to prove the following properties of the Dirac delta-function,

d(z) = 0(—x), (B.73)
d(ax) = —o(x). (B.74)

where a € R, a # 0.

(21) (More on the adjoint operators)
An operator P is adjoint to O, i.e. P = O if and only if

A

(Pluy, |v)) = (|u), Olv)) (B.75)

for all vectors |u), |v) in the Hilbert space. Using this definition and the properties of the

Hermitian inner product (, ), prove the following identities

(O + O, = a*OF + 5* O, (B.76)
(Oht =0, (B.77)
(0,0,) = 0101 (B.78)
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(22) (Measurement in a finite-dimensional Hilbert space)

Let H be a two-dimensional Hilbert space, and let |0),]|1) € H form an orthonormal

basis,”
(m|n) = dpmn. (B.79)
Consider an operator O, which acts on this basis as follows,

O[0) = |0) +4[1), (B.80)
O[1) = —i|0) + |1). (B.81)

(a) Write the two-by-two matrix O that represents the action of @ in the basis |0), [1).

This matrix is defined as follows: let |v) be any vector in H. Write

[v) = v0[0) +v11), (B.82)
Olv) = vg|0) +vf 1), (B.83)

(Zé) -0 (ZO) . (B.84)

then O is such a matrix that

Is O Hermitian?

(b) Check explicitly that

where as usual m labels the rows and n labels the columns (starting from 0). Prove
that this had to be the case by starting from the definition of O in part (a) and
using identities such as v, = (k|v).

(c¢) Find the eigenvalues and the eigenvectors of the matrix O. Denote the normalised
eigenvectors of O by |A;) and |\;), where A;, Ay are the eigenvalues of O.1° Use the

eigenvectors of O to express the normalised eigenvectors of O in terms of the vectors
|0) and |1). Check that (A\|\2) = 0.

(d) Let |W) =|0) + |1). First, normalise |V') = C'|¥) with C' chosen so that

(| 0) = 1. (B.86)

9Note that |0) is just a name for a vector, it is not the zero-vector of H, |0) # 0.
10Recall that normalised means (\;|\;) = 1.
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Express |¥') as a linear combination of |A;) and |\y),
|‘IJ/> = Cl‘)\1> + CQ‘)\2>. (B87)

What are the possible outcomes of measuring O in the state |W")? What are their
probabilities? Why was it important to normalise |¥)?

(23) (Consecutive Measurements) An operator A representing an observable has two nor-
malised eigenstates 1 and 1)y, with eigenvalues a; and as respectively. Operator B,
representing another observable, has two normalised eigenstates ¢, and ¢, with respec-

tive eigenvalues b; and by. The eigenstates are related by

P = %(3% + 4¢2)

U= £ (46r — 361).

(a) A measurement of A is made and the result is ;. What is the state of the system

immediately after this measurement?

(b) If B is now measured, what are the possible results and what are the probabilities

of obtaining each result?

(¢) Immediately A is measured again. What is the probability of getting a; again? If
we knew the outcome of the measurement of B in part (b) how would your answer

to the first part of part (c) change?
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INTRODUCTORY QUANTUM THEORY
PROBLEMS IX

In this problem set we will look at when the uncertainty relation is saturated for two operators,

and think about what this means for £ and p. In the second question we will introduce an

observable called spin, and show that the Hilbert space for spin is C2, before do some compu-

tations on a finite dimensional Hilbert space.

(24) (Saturation in the Heisenberg uncertainty principle)

turns into an equality,

Let A and B be Hermitian operators on a Hilbert space ‘H. In this problem you will
identify the conditions on the state |¥) under which the Heisenberg uncertainty principle

in this state,

([A, B))], (B.88)

AAAB = Z |([A, B))|. (B.89)

That is, you will identify the states which have the “smallest possible” amount of uncer-

tainty.

(a) Let Ay = A— (A) and By = B — (B). By following the proof of (B.88) from lectures

(or from the notes), show that we get (B.89) in a state |¥) only if one (or both) of

the following two statements is true:
(i) The equation
Ao| W) = —iaBy| W) (B.90)
holds for some o € R.
(i) |W) is an eigenstate of A or B (possibly both).
Assuming (i) holds, express « in terms of AA and AB.

You can use the fact that the Cauchy-Schwartz inequality is saturated for non-zero

lu) and |v), i.e.

o | = [ [ 1

if and only if |u) = c|v) for some ¢ € C.

) #0,|v) #0 (B.91)



(b)

(c)
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Set A = # and B = p. Assuming that (#) = (p) = 0 in the state |¥), express the
condition (B.90) in terms of the wave function W(x).

Solve this equation to find the wave function ¥(x).

Why does this imply that a > 07

Repeat part (b) for the case Az = x5 and Ap = po in the same state |¥). Derive

the expression for the wave function W(z) that corresponds to the state |¥).

(25) (Electron spin and Larmor precession) Consider the following operators on H = C?,

. nfo1 . k{0 —i . 1 0
Sy == , Sy == . Sy =o . B.92

These operators are used to describe the three components of the electron’s spin. N.B.

these are the Pauli matrices of SU(2) up to a factor of 2 i.e. S; = Lo,

()

(b)

Are the S; Hermitian? Show that the spectrum of each of the S is {g, —% )

Show that the vector
(S1)
(8) = [ (%)
(Ss)
built out of the expectation values (S;) in any normalised state |¥) always has length

h
5

[Hint: Choose |¥) = g € C? to be an arbitrary normalised state. Write (S;)

in terms of the components of |¥) and their complex conjugates. Expand out the

length-squared of vector (S) and simplify the answer]
Suppose that the Hamiltonian is given by

H=—~BSs, (B.93)

where v, B € R are some constants. This describes the interaction of the electron’s
spin with a constant magnetic field B (and B = |B]) along the third coordinate axis,
7 is called the gyromagnetic ratio (it is the ratio of a particle’s magnetic moment to

its angular momentum). Compute the evolution operator
Ut) = e N (B.94)

Verify explicitly the properties U(t) = U(—t) and U(t,)U(ty) = Uty + ).



176 APPENDIX B. TUTORIAL EXERCISES

(d) In this part, consider a general Hilbert space H. Let O be a linear operator, and
(O)(t) = (¥(1)|O¥(t) (B.95)

be the expectation value of @ in a time-dependent state | (t)) = U(t)|¥(0)). Show
that

(O)(1) = UMD OU)), (B.96)

where the right-hand side is the expectation value in the state |¥(0)).

(e) Returning to the case H = C? and H given by (B.93), via an explicit calculation, ex-
press U ()T Sy U(t) in terms of the S;. Do the same for U(t) Sy U(t) and U(t)T SsU(t).

A

(f) Interpreting (S;)(t) as the three components of a vector (S), use the above results
to show that this vector rotates (“precesses”) around the 3rd axis at a constant rate.
Find the frequency of this rotation.
(26) (Uncertainty and the spin operators)

Consider again the spin operators on H = C?, given by,

.m0 1 . k{0 —i . h{1 o
S, == L Sy = L Sy == . B.97
L 2(1 0) 2 2<¢ o) 3 2(0 —1) (B.97)

An electron is in the state
1 (3
X=5\4)

(a) What are the expectation values for the operators 5’1, Sy and S3?

(b) What are the uncertainties AS;, AS; and AS5?
[Hint: Recall that ((A — (A))?) = (A2) — (A)2]
(c) Show that the generalised uncertainty relations between any two pairs of the spin

operators is satisfied.
[Hint: The generalised uncertainty relation for A and B is AAAB > 2I( [A, B)|]
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INTRODUCTORY QUANTUM THEORY
PROBLEMS X

In this problem set we will work with the harmonic oscillator; we will revisit both the alge-
braic approach and the analytical approach, before looking at the harmonic oscillator in the

Heisenberg picture. We recall here the definition of the annihilation operator

R mw [ . n ip
a=4/— |+ —
2h mw

which will be needed throughout this problem set.

(27) (The harmonic oscillator I)

(a) Express p and Z in terms of @ and a'.

(b) Compute the expectation values of & and p in the state |0) € H defined by the

condition
al0y =0, (0[0) = 1. (B.98)

[Hint: use the fact that (0|a" = (a|0))T.]

(¢) Using the commutator [G,a'] = 1 compute the uncertainties AZ and Ap in the same
state |0). By comparing to the problem (24) on wave-functions which saturate the
lower bound in the uncertainty relation for  and p, derive the expression for the

wave function W(x) that corresponds to the state |0).
(28) (The harmonic oscillator IT)

Consider a state |0) which satisfies a |0) = 0.

Express this as a differential equation for the wave function W(x) corresponding to the
state |0). Solve this equation to find W(x). Compare your answer here with the results
of problem (27).

(29) (The harmonic oscillator III)
The state |0) is the unique (up to a phase) normalised state which satisfies a |0) = 0 and
we found its wave function to be

mw

Po(z) = ( — )i ¢~ ames/h, (B.99)
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The states |n) for n > 0 are defined by

Iny = \/%(&T)"\()). (B.100)

(a) Let U, (x) be the wave function describing the state |n). Show that

1 mw % 2
W, (o) = —— (2F) 0,)" e~ 12, B.101
@) = == (2) wroure (B.101)
where u = /" .
(b) Using the above, show that
wa(0) = (), ([T ) st (B.102)
T nlan \ h " h .
where
Hy(u) = (=1)"e" ore™ (B.103)

are some functions.

[Hint: First show that e=*/29,e*"/? is an operator that acts on any function of u in
the same way as the operator u + 0,. Hence deduce that e‘”z/Q(au — u)e“2/2 = Oy.
Use this to expand (u + 0,)".]

(¢) The functions H,(u) are called the Hermite polynomials. Compute Hy(u), Hi(u),
Hj(u), and Hj(u) explicitly. Prove that H,(u) is a polynomial for all n.

(30) (The harmonic oscillator IV: the Heisenberg picture)

Recall the Hamiltonian of the Harmonic oscillator
H = hw(ata + ). (B.104)
In Heisenberg picture we can write this as
H = hw(at(t)alt) +1). (B.105)

We don’t write H (t) because the Hamiltonian is time-independent even in the Heisenberg

picture (energy is a conserved quantity). The Heisenberg equation of motion is

0 -
EO(t)

l

h[FI, O(t)]. (B.106)
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(a) Using [a(t),af(t)] = 1, show that the Heisenberg equation of motion for a(t) is

0 . -
&a(t) = —iwa(t). (B.107)

[Hint: First check the commutator identity [A, BC| = [A, B]C' 4+ B[C, A] holds and
then apply it in the problem.]

(b) Show that a(t) = e~™“'a(0) solves the Heisenberg equation of motion for a(t).



