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“From a long view of the history of mankind - seen from, say, ten thousand years
from now - there can be little doubt that the most significant event of the 19"
century will be judged as Maxwell’s discovery of the laws of electrodynamics. The
American Civil War will pale into provincial insignificance in comparison with this

important scientific event of the same decade.”

Richard Feynman, The Feynman Lectures on Physics Volume II, 1964
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1. Introduction

1.1 Historic introduction

The theory of electromagnetism was discovered by James Clerk Maxwell at King’s College
London in 1865. Prior to Maxwell’s work, the electric force, the magnetic force and all kinds of
electromagnetic radiation (light and radio waves for example) were understood to be distinct
aspects of the natural world. Maxwell unified electrostatics, the forces due to a static array of
electric charges, and magnetostatics, the forces due to a static magnetic field. His unification
was brilliant and he did it by understanding that the motion of electric charges interacted with
magnetic fields - by introducing dynamics and relative motion into the study of electrostatics
and magnetostatics, Maxwell could show that electricity and magnetism are two facets of a
single underlying idea: electromagnetism. As a result of his unification, Maxwell discovered
that light and radio waves are forms of electromagnetic radiation. Much of the modern world
is underpinned by the revolution in thought and engineering that Maxwell’s electromagnetism
brought about.

Another consequence of Maxwell’s work was the discovery that the speed of light is a
constant. This idea had to wait half a century before Einstein outlined all the consequences this
entailed. In 1905, Albert Einstein published a paper outlining his theory of special relativity.
By assuming both that the speed of light is a constant, and the principle of equivalence, Einstein
showed that Newtonian laws of motion required corrections. Special Relativity also entailed a
number of spectacular predictions, that time runs slower in a frame of reference at motion with
respect to your own frame, and similarly that lengths contract in a similar situation. All the
predictions of special relativity have been experimentally verified. One consequence of special
relativity is the idea that the natural world that humans experience is more simply understood
if it is a four-dimensional space-time, rather than a three-dimensional Euclidean space whose
dynamics are parameterised by time. The idea of a Minkowski space-time replacing the three

dimensions of Euclid and Newton leads to a larger class of symmetries on the underlying space,
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8 CHAPTER 1. INTRODUCTION

instead of geometry being defined by the Euclidean group of translations R3, reflections and
rotations contained in the group O(3), it is replaced by the Poincaré group of four-dimensional
translations R and four-dimensional reflections and rotations of the group O(1,3). Three-
dimensional vector quantities such as position and momentum are replaced by the position
four-vector and the momentum four-vector. These simple ideas lead to the celebrated equation
E = mc?, relating energy F to mass m by the large scale factor of the speed of light squared ¢?,
which, crudely, means that a small amount of mass is equivalent to a large amount of energy.

This idea ushered in the nuclear age, in which we now live.

1.2 Maths and Physics

We are studying electromagnetism and special relativity as part of an undergraduate degree in
mathematics. You will be forgiven for thinking that the subject sounds much more naturally
like a part of a degree in physics. If you have read the brief historic summary above, you will
have read about experimental verification of ideas which is of course part of physics. However
many of the ideas that guide the discoveries we will study were first made on paper, on the
basis of sound mathematical ideas and with only a small input from experimental observation.
Such a method of thinking, of using thought experiments rather than actual experiments to
guide ideas is central in modern theoretical physics and mathematical physics.

Our aim in this course will be to follow the mathematical ideas that emerge essentially from
Coulomb’s law of the electrostatic force, the Biot-Savart law for the magnetostatic force and
the Lorentz force law and to derive all that follows. Our laboratory will be our minds, together
with paper and pen, and we will follow a logical path of mathematical development to see how
the more complicated ideas emerge. Many of the consequences of our results will be physically
verifiable, however there will be consequences which will shift our mathematical thinking. Chief
among these will be the necessity of having to develop a four-dimensional geometry - and the
tools needed to work efficiently in four dimensions.

The natural result for a mathematician after having studied this subject is to investigate
differential geometry, and see how the geometry of Euclid is generalised. However, without the
physical motivation that comes from the unification of electricity and magnetism, the develop-
ment of higher dimensional geometry in the twentieth century would probably have taken place
at a much slower place. The more applied mathematician may well wish to follow this course by
studying a course in General Relativity. A second motivation for the mathematician to study
this subject is due to the many mathematical tools that are used throughout, this subject is
the place to master your knowledge of vector calculus, to begin to think about four-dimensional

geometry and to practise applying your knowledge of abstract groups to applied problems. The
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subject therefore builds bridges between mathematics and physics, the interplay between these
two subjects being the source of many ideas ever since the days of Newton which mark the

beginning of the modern era of the scientific method.

1.3 Course Organisation

This year the course will be delivered by live in-person lectures of which there will be three hours
per week. Each week in addition to the lectures you should read the corresponding sections in
the lecture notes, this weekly reading is an integral part of the course. On the KEATS page
for the course you will find a rough outline of the material to be covered each week and in
addition a quiz. After you have absorbed the weekly material you should use the quiz to test
your knowledge. The quiz is only to help you revise, and you may try each weekly quiz as many
times as you wish. No solutions to the qui questions will be posted but if you do not understand
the answer to any question please come and discuss in office hours, or use the course discussion
board to ask your question. From week two of the teaching semester, there will be an in-person
tutorial where problem sets (found at the back of these lecture notes will be discussed) - while
particular problems are encouraged, there is no regular marking for the homework you do -
instead you should use the tutorials to discuss problems you have encountered. Full solutions
to weekly problem sets will be posted on KEATS at the end of the week when the material is
covered in the tutorial.

Finally, the lecture notes and the tutorial problems were freshly written. If you find any
typos or mistakes please let me know. The lecture notes will reflect exactly what we study in

the lectures (and maybe even a little bit more than we study).

1.3.1 Reading List

No extra texts are needed to follow this course. However there are some brilliant books on

electromagnetism available, which are difficult to improve upon. Here are those I really enjoy:
1. Introduction to Electrodynamics by David J. Griffiths;

2. The Feynman Lectures on Physics Volume II by Richard Feynman available for reading

online at https://www.feynmanlectures.caltech.edu/II_toc.html;
3. Lectures on Electromagnetism by Ashok Das;
4. Special Relativity for the Enthusiastic Beginner by David Morin; and

5. Special Relativity by A. P. French.


https://www.feynmanlectures.caltech.edu/II_toc.html
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Only the lecture notes are required to study this course.



2. A Review of Vector Calculus

In which we review the main tools and identities of vector calculus, the language in which elec-
tromagnetism will be written. In particular we will review gradient, divergence and curl; line,
surface and volume integrals; the fundamental theorem of calculus applied to these kinds of

integrals; differential expressions in different coordinate systems; and the Dirac delta function.

This will be covered during week 1 of lectures.

2.1 Vector Derivatives.

ox

The operator V called ‘del’ or ‘nabla’ is a vector of partial derivatives. In R3, V = % and
d
9z

is used in three different ways, called the gradient, the divergence and the curl. Each one is a

form of derivative on either a scalar function or a vector function.!

2.1.1 The Gradient.

Definition 2.1.1. (The gradient) The gradient of a scalar function f is the vector
Vi=|%

Comment(s). 1. A scalar function is one whose value at any point in R?® is a number, e.g.

air temperature, fluid density, wind speed, altitude etc. See appendix B for a discussion

We will work in R? but each of the following definitions may be generalised to RY in a straightforward way,
although in the case of the curl the interpretation will be different in dimensions other than three.

11



12 CHAPTER 2. A REVIEW OF VECTOR CALCULUS

of scalars and vectors where they are defined by how they transform under a change of

coordinates.

2. At a point p € R3 the direction of V f is determined by the size of its components: it will
point in the direction dominated by its largest components, hence it points in the direction

that the directional gradient is steepest at p. We can make this argument in another way,

dx
letdl = |dy | then
dz
Vf-dl = gdzv + gdy + a—fdz =df (the total derivative of f)
ox oy 0z

= [V fldl| cos(6)

where 6 is the angle between Vf and dl. Let’s suppose that |dl| is held fized and look
around the point p to what happens to Vf -dl as 0 varies. We see that the mazimum
positive change in f occurs when 0 = 0, that is df is mazimum when dl points in the
direction of V f.

Example 2.1. This is a two-dimensional example, whose benefit is that we can visualise it
d

readily. Consequently V = gx . Let A(z,y) = —2* — y?> + C, where C € R be an altitude

dy
function for a hill. The hill has a peak at (0,0) of height C. The gradient of A at (x,y) is

-2

VA= 2x . This is a vector function: for each point of R?> we have a vector. Apart from
—4Y

at the origin, VA points radially inwards towards the origin (the peak of the hill), i.e. in the

0
direction of steepest ascent at each point. At the origin VA =

2.1.2 The Divergence.

Definition 2.1.2. (The Divergence) The divergence of a vector function v is a scalar function

given by
Oz Uz o
v ov, 0Ov
Vov=|2]. — LA A
% Uy or Oy 0Oz
9z Uz
Comment(s). 1. The divergence is a measure of how quickly the vectors in a vector function

change (either in direction of magnitude), in the neighbourhood of a point. Consider the

divergence of v in each of the following cases
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1
oV = 0 which may be sketched by drawing a sample of representative vectors in

the v at regular intervals:

1
where at each point in R? there is a copy of the vector . The vectors all have

the same length and do not spread out (or diverge). V -v = 0.

()

XXX X MMM AAAAAAA

YRXXX NN A A AAAAAT

XXX XNX NN A AAA A AN

NYNXNN N A A A A AT
L

[T
VI AR RN SN
FFEFFFF T T OO0
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IS SR RERRE RN

This is a vector field which does diverge everywhere and V -v = 2.

.v:(wgl)..
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- - - o
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- - - e
- - - e
-— - - -
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This is a vector field in which the vectors remain parallel, but whose lengths differ
horizontally in the plane and V -v = 1.

SOV A 7 7 A A
\\\\\ A AAA
WA A dAAAA
\\\\\ AAA

\\\\\

¥
¥
¥

rrrrr

\\\\\

;;;;;

\\\\\

AA A v > = > NN
AA X 7= =N
AN ¥ ¥ a AN
A A 7 A AOA

P N

lllll A SN AN
e OROROR R

A QN & B Y's
AR s

It is not so clear from the sketch to say whether or not this field is diverging: the
direction of the arrows appear to get closer together, as we follow the flow of the
vectors, but the length of the vectors is increasing. In fact it is divergenceless, the
two changes cancelling out: V -v = 0.

2. A nice analogy to help think about the divergence of a vector field is that of fluid velocity,
which is a vector field encoding how fast and in which direction a fluid is flowing at each
point. In two dimensions, one might be thinking about the velocity vectors at each point on
the surface of a pond or river. Now imagine sprinkling confetti onto a small neighbourhood
of a point on the surface. If, over time, the confetti spreads out (the area of the patch
of confetti grows) then the divergence of the fluid velocity at that point is positive; if it
remains unchanged in shape (although it may move) then the divergence is zero; while if

the area of the confetti decreases then the divergence is negative. The need to consider

x
a small neighbourhood of a point is important: consider v = ( > with V -v = 2, if
Yy

0
this represented a fluid velocity then the point at the origin has v(0,0) = o) Confetti

dropped at the origin would stay put (suggesting zero divergence). A small neighbourhood
of the origin, a disc of radius € of area we* grows in time dt to a circle of radius® € + edt
so the area of the disc has increased by 2e*mwdt + O(dt?), i.e. it has grown by a factor

€
2The point <0> on the circumference of the disc has speed e radially outward and so in time dt moves to

dt
(6 +O€ ) This is similar for all points on the circumference.
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Example 2.2. Sketch v = r%r where r = (z
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of 2dt =V -wdt. We can make this comment, this relation between the divergence and

the infinitesimal scale factor clear by considering an infinitesimal square centred around
v

a point p and allowed to flow as dictated by a vector field v = m) FEven though in
Uy

this picture the two dimensions are flowing under v because we consider an infinitesimal
square we may choose a frame of reference in which the edges of the square are aligned

3. For a sufficiently small square of area dzdy, the horizontal

with the coordinate azes
change in v,, call it dv,, is approximately constant over the right-hand edge of the square,
and similarly the approximate difference in the velocity over the height of the square is

dvy:

25V

s 3 + %biwﬂ 33 —)% Ve

W
®x

W
%X <+ %&%Vx.

and the sketch above shows the approximate growth of the square in a small time 6t. In

0t the original area dxdy is changed to

(6 + 0tdv,) (8y + Stdv,) = dzdy + (6zdv, + dydv, )t + O(5t%)
vy, Oy

_ vy e 2
- 5x5y(1 Lt 5 )5t> + O(682)

Now in the infinitesimal limits where 6 — d, then the new area becomes

dxdy(l + (% + %)dt) +O(dt?) = dady(1 + dtV - v) + O(dt2).

Therefore V - v is proportional to the leading term in the change of an infinitesimal area

flowing under v.

) and compute its divergence. What happens at
Y

the origin?

3For a finite square the velocity of points along the edges under v are no longer approximately constant.
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The sketch of v s

,,,,,,,,,,,,,,,
,,,,,,,,,,,,,,
,,,,,,,,,,,,,,,

\\\\\

...............
,,,,,,,,,,,,,,,

and

ox dy
1 0 & or 1 y Or
r2 r3ox 12 r3 Oy

where we have used* g—; = < and g—; = 4. The field is divergence-less, but from the sketch it
appears that all points are diverging away from the origin. There is a mismatch between our
computation and our interpretation of the sketch (which suggests that the field is diverging at
the origin). What has happened is that our computation is not valid at the origin as the field is
not well-defined at this point (it involves a division by zero). The message is, as always: beware
of division by zero - even at an isolated point. If we were to think about v as a fluid velocity

then we would see the origin as a point source of fluid flowing into the plane.

2.1.3 The Curl.

Definition 2.1.3. (The curl The curl of a vector function v is a vector function given by

2 Vg 5 (v2) = 5(v,)
V xv = a% X v | = %(vx)—a%(vz)
% Uy a%(vy) - a%(vcc)

Comment(s). 1. The curl measures how much a vector field circulates about a point. We
will make this statement precise in the second comment below, but first let us gain some
intuition for what this means. Once again the fluid analogy is useful to obtain a geometric

understanding of the curl. Consider a flowing body of water with a smooth velocity vector

4To quickly calculate these partial derivatives act with either 2 or 6% on 2 = 22 + 2.
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field v, where, in the following sketch, we have joined up representative vectors in v to

indicate the flow-lines or streamlines (where a point flows under v):

\- A {Re nsected sué&u.\s

w e G\ oo ]

Imagine now that a circular pipe (of infinitesimal radius about p) could be instantaneously
inserted into the fluid around p. If the fluid, which is suddenly contained in the pipe, has

some circulation around the pipe then the curl of v at p is non-zero. Consider a simple

case where fluid velocity field is v = k Y where k € R |, then sketching v gives
—x

AN v \\\\\
***** MOy \
///// RSN

,,,,,
\\\\\

xxxxx

- -

. -— -

AAA A 77> maOUAR

/////l)*$\\\\
\\\\\\\<~+ka/
AN\ N S & S s

and V xv = 0 |. The curl gives us a non-zero whose negative component suggests a
—2k

clockwise rotation in the plane perpendicular to V X v, while a positive component would

encode an anti-clockwise rotation under v. Each interpretation is consistent with using a

right-hand rule for V x v to determine the direction of circulation in the plane: to use

a right-hand rule, imagine closing the fingers of your right hand with the thumb on the

same hand pointing in the direction of V x v, then the circulation is in the same direction

as your fingers curl when the fist of your right-hand is closed.
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2. We will make the previous comment precise. However, instead of a circular pipe, we will

consider the flow around an infinitesimal square circuit. We will imagine a square of
side h with corner at the origin, before taking the limit where h — 0. If dl represents
the direction along one of the edges, then the flow of the smooth field v in the direction
of dl iswv -dl. Let us denote the square by C' and its boundary by OC, then the integral
we have arqued is related to V x v is the line integral fac” -dl. However this integral is
proportional to the area of the square h?, and if we set h — 0 then it vanishes, so instead
we are motivated to consider not the circulation but the circulation around the boundary
of C' per unit area as h — 0, i.e. limy_.g [h% faC'v . dl]. The contour for this integral is
the anti-clockwise path around the square C' and we label each leg of the journey as shown
on the sketch here:

(o.w) < (CRA
wiw C
A
( °,0) N L\‘ |°)

Now we may split the line integral around the square into four (ordinary) integrals:

}115%[%7{ vodl| =1 [hi(/v dl + /v-dl—i—/lv-dl-l—/lv-dl)}
i [hi(/ (z 0dx+/0hvy(h,y)dy

+/h Ux(x,h)d:v—l—/hoﬂywvy)dy)]

/Oh (vx(x,O + h})b — vw(x,O))dx

N % /Oh (%(0 + h, y})L —1,(0, y)>dy]

h h
—tim [~ [ (Ge)ae 5 [ (G2)a

where, in writing the last line above, we have assumed that v, and v, admit a Tay-
lor expansion, so that for example v,(x,0 + h) = v,(x,0) + h%‘;’o) + O(h?), hence

[ )

[
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vz (2,0+h)—vz (2,0) _ Hu,
w0 va(e0) _ e 4

. (h) and the error term eventually’ vanishes as

h—0

lim [% /Oh(’)(h)dx} — lim [%O(hz)dx} ~0.

Now, for any function f(t) whose primitive is F(t) i.e. %Et) = f(t) then

i[5 [ 0] = [+ (700 - 0)]
dF
= At li—o

= f(0).

Returning to our circulation per unit area integral, we see we have

1 1 [ /ouv, 1 (" /00
i {ﬁf’gc”'d’] = lim | - E/O (%y)d“ﬁfo (%)dy}
_ 9v,(0,0) N 81@(0,0).
oy ox
This is the z-component of V X v evaluated at the origin, the point that remained on
our small square as we took the infinitesimal limit. In general, the component of V X v

normal to a plane is equal to the circulation density per unit area of a vector field around
an infinitesimal circuit at p in the plane.

Yy
T

Example 2.3. Let’s consider again the vector field v =

NN\ A A~y r A AA
NAN~r g AAA
RN N 4 x

AN
\
)
\
¥
4
¥
¥
¥

NN w - - ow oy
A 7 > = - w N
A A 7 > = = a N
A A A 7> = w NN

K oa e~ W%

XN~ wf Y

VP Tl S N W §
K # aaa e RO R
VPP eSS AN

AN N s
AN ¥ 7 mWN
PO L o S SNCNG

5We have suppressed an important detail in the notation here, namely that although the error term is
proportional to A it is also a function of x. Our worry is whether the x dependence in 82;

5,5 might give a
term proportional to % However since we have assumed v, to be a smooth function, then we know its second
derivative is continuous. So any small change in its argument x can only induce a small change in its value. As
the square is small (at least not infinite) then the changes in values of v, and its derivatives are finite, and v, is
bounded on the square. But % diverges at h = 0 on the domain we are integrating, hence v, and its derivatives
cannot be proportional to % or any function that grows as fast as h — 0.
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0
Direct computation gives V. xv = | 0|. This is a case where the sketch of the vector field
0

may be misleading: from the sketch one might suspect that V X v is in some places non-zero
and in the plus or minus z-direction. However the computation shows that this intuition is
incorrect. What has gone wrong? Recall that the curl is indicative of the circulation in the
plane perpendicular to V x v: it must be the case that there is no circulation at any point in
the vector fieldv. For example, consider the circulation about (0,vy), the vector field is virtually
horizontal (in the x-direction). For a small square about (0,y) there is only a contribution to
the circulation from the edges of the square parallel to the x-axis. For the edge above (0,y) v is
larger than along the edge below (y,0), i.e. v,(0,y+0) > v,(0,y —0) (fory >0 and § <y). So
the finite square would have a clockwise circulation around it, but it is the infinitesimal square

we are interested in, at which point 6 — 0 and we no longer expect any circulation.

2
Example 2.4. Let’s consider the vector field v = <y )
x
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Direct computation gives V x v = 0 . Fory = % the curl is zero, while for y < % V xv
1—2y
points in the positive z-direction, so the circulation is in the anti-clockwise sense. For y > %

the circulation is in the clockwise direction.

The message from these examples is only that intuition about the curl and circulation from

sketches of vector fields is difficult, while direct computation of the curl is straightforward.

2.1.4 Product Rules.

As V is constructed from partial derivatives, it inherits the product rules of the derivative.



2.1. VECTOR DERIVATIVES. 21

Gradient Product Rules.

There are two ways to form scalars from products of scalars and vectors, these are fg and u - v

where f and g are scalar functions and u and v are vector functions. Then,

V(fg)=(Vf)g+f(Vg)  and (2.1)
Vu-v)=ux (Vxv)+vx(Vxu)+ (u-Viv+ (v-Vu, (2.2)

The way we have written the expression in equation (2.2) is cumbersome but it has the benefit
that it is written in terms of standard V and vector products. It is hard to derive this identity,
and one helpful method is to work with index notation rather than vector notation - so that
the equations become simpler to manipulate. When working with components it is very helpful
to invoke a convention called the Einstein summation convention which implies that in any
expression where an index label is repeated it is implicit that the index is summed over, i.e.
u;v* is a short-hand notation for Zf’zl u;v' - we are spared having to write the sigma notation
for the sum, and the sum is always over the full range of indices. This notation can be confusing
when it is first encountered, and we will use it frequently in this course, so at this point you
should read appendix A where all our conventions for index notation will be set up in addition
to giving a definition of the Einstein summation convention. Once you have read appendix A,
you will be ready to practise using the index notation to prove the results above in the following
examples. From hereon in, unless otherwise stated, the Einstein summation convention will be

assumed.

Example 2.5. Use index notation to prove that V(fg) = (Vf)g+ f(Vg).

As (V)" = 0" then we have

(Vg =0 (fg) =0 fg+ f(09) = (Vf)g+ f(Vg).

Example 2.6. Use index notation to prove that

Viu-v)=ux (Vxv)+vx(Vxu)+ (u-Vv+ (v-V)u.

We will check that the right-hand side equals the left-hand side. In components the left-hand
side s

(Vi) = 0 (up?) = (@) +uy (007
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which is a much simpler expression, but has the misfortune that it cannot be simply written
using standard vector products. We will evaluate each of the terms on the right-hand side of
(2.2) one-by-one. As (u x (V X )" = "™, (€;;070%) then using (A.3) we have

(u x (V x0)" = tp (¥ 0F)espe™™

(") (267

(900 (m07" — 670

(™) — g (00" (2.3)

S

Um

:um

|
g

The n’th component of the second term on the right-hand side of (2.2) is the similar to the first

term, but with v and w interchanged. Therefore
(v x (V xu)" =0,(0"u™) — v, (0"u"). (2.4)
The n’th component of the third term in (2.2) is
((u- V)" = u,dmo" (2.5)
The n’th component of the final term in (2.2) is
(v-Vu)" = v, 0mu". (2.6)
Adding together equations (2.3)-(2.6) we obtain

U, (0" V™) — U, (O™ V") + U (0" U™) — V(O™ U™) + U O V™ + v O U
= U, (0"V™) + vy (0" u™)
( um)v + Uy, (0" 0™)

as required.

Divergence Product Rules.

There are two ways to form a vector from products of scalars and vectors: fv and u x v where
f is a scalar function and u and v are vector functions. Hence there are two divergence product

rules:

V. (fv)=fV-v+v -Vf (2.7)
V. uxv)=v-(Vxu)—u-(Vxv) (2.8)
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Curl Product Rules.

There are also two curl product rules:

V x(fv)=Vfxv+ f(V xuv) (2.9)
Vxuxv)=@w -Vu—(u-Viv+uV-v)—v(V- u) (2.10)

Proofs of equations (2.7)-(2.10) will be done as tutorial exercises.

2.1.5 Second Derivatives.

There are three first derivatives that we may construct using V with scalar (f) and vector (v)
functions: Vf (a vector), V - v (a scalar) and V x v (a (pseudo)vector). Consequently there

are five second derivatives which we may consider:
1. V.Vf,
2. Vx VI,
3. V(V .v),
4. V- (V xv), and
5. V x (V xv).

These do not all give something new.

% %(f) 2 2 2 .
LV.Vf=|4& D) | =5+ 55+ 55 =00F =V
5:/ \a:(f)

V2f is called the Laplacian of f. The Laplacian of a scalar function is another scalar function.
2. V x Vf =0 as ka<ajakf) = el]k(akajf) = eikj(ﬁjc‘?kf) = —Gijk(ajakf).

3. V(V -v) = 9(9;07) is not an uninteresting quantity, but it does not show up often in
equations in electromagnetism. It is the gradient of the divergence of a vector field, and

so is a vector pointing in the direction of fastest increase in the divergences of a vector
field.

4. V- (V xv) =0 as 9'(e;;x070F) = €,;30'070F = —¢;;,0'070*.
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5. V x (V x v) may be developed in components as follows:

eijkaj(eklmalvm) = eif’“ek,majalum
= (6167, — 8¢ 67)0;0'v™
= 0;63,0;0"™ — &t 670,00
= 8j8ivj — 6j6jvi
= 0'007 — ;07

where we have made use of ¢¥* ey, = €7 e = 0i6), — 6167 as derived and defined in
appendix A. This does not have a simple expression in the vector notation. However if
we were to interpret 9;07v" as the Laplacian of a vector as V2 = 9;07 - then we could
write the above as the i’th component of V(V - v) — V?v. It may be a little awkward
to talk about the Laplacian of a vector quantity, however it is unambiguous. This final
second derivative quantity is often used to define precisely what we mean when speak of

the Laplacian of a vector:

Vv =V(V-v) -V x (V xv). (2.11)
1)1 V2U1

For a vector function v = | v? |, then Vv = | V202 |, it is a vector whose components
v3 V23

are the Laplacian acting on the components of v.

2.2 Vector Integrals.

2.2.1 The Line Integral.

A line integral is an integral of a field, scalar or vector, along a path. The term path integral
is often used instead of line integral, while the term contour integral is usually reserved for line
integrals in the complex plane.

To appreciate the line integral of a vector field, we will first consider the line integral of a
scalar field. Consider the simplest case of working in one dimension whose coordinate is z, a
real variable, i.e. x € R. A scalar field in this setting is f(x) and it remains for us to specify
a path P (entirely within the xz-dimension) over which the integral will be computed. In one
dimension any path P from z = a to x = b is imply the interval [a, b], in higher dimensions there

will no longer be a unique choice of path. Hence the integral of f(z) over the path P = [a, D]
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is the standard integral of a function of one (real) variable:

RS /f

where |, p denotes that the integral is a path integral over the path P, and dl is an infinitesimal
element along P. Here dl = dz as P = [a, b].

In two dimensions, a scalar function f(z,y) is a function of two real variables denoted here

by x and y, so that r = > € R? and fP r)dl is the integral of f(r) along a path P from a
Y

to b in R?. Now f: f(x,y)dl is not well-defined (there are an infinite number of paths from a
to b) unless some variables can be eliminated, and specifying a path P does this for us: along
the path z and y are no longer independent variables. An important point to notice here is
tht the path P lies in the zy-plane, while f(z,y) may be used to define the height of a surface
above the xy-plane: you might think of f(z,y) as an altitude. An attempt to sketch this idea

is shown below
N

-

\

where the solid line P is the path from a to b in the zy-plane (and not on the surface defined by
f(z,y), the dashed line shows the vertical projection of points on P onto the surface z = f(x,y),
and the shaded area bounded above by the dahed line and below by P is the area found by
computing the path integral [, f p f(r)dl from a to b. The path integral in two-dimensions is an
integral of a function of one Varlable, giving an area, and the integral is carried out along the
path P which plays the role of the xz-axis in the integral of functions of one variable ; f(x).
We can see specifically the form of the line integral by parameterising P by ¢ € [0, 1] such that
P(0) =a and P(1) = b, as then we have

/fmﬂ:/ "ﬁ

For higher dimensions the line integral of the scalar functions remains [, f p f(r)dl where now
r € R” for n € Z*, the role of the path P is to eliminate (n — 1) Varlables, so that the line
integral is reduced to an integral of a function of one variable along the slice defined by P,

which plays the role of the domain of the integral of one variable.
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The line integral of a vector field is an integral of the form:

/'v-dl
P

where v is a vector field and dl is an infinitesimal displacement along a path P from a to
b. If a vector field were everywhere tangential to the path P defining the line integral, then
v(r) - dl = v(r)dl, where v(r) = |v(r)| and dl = |dl|, and the line integral of the vector field
would reduce to a line integral of the scalar field v(r). Reversing this argument, one can see
that the line integral of a vector field is the line integral of the (scalar) component of v in the
direction of the path, dl.

2 1
Example 2.7. Calculate the line integral of v = (ZB ) along two different paths from a = (1>
yx

2
tob = <2> given by:

2
(a) Path 1, Py: Travelling from a to b via ¢ = <1> along two straight lines.

(b) Path 2, Py: Along the straight line connecting a to b

We may sketch the vector field and the paths (although this is not necessary for the computation,
it gives us a sense of what we are computing):

-3

The path Py is longer than P, however the vector field is aligned with Py, so it is difficult to

quess which path integral will be the larger. Let’s compute:

(a) Path Py consists of two straight lines, one horizontal from a to ¢, and the other vertical

from ¢ to b. We split the integral along these two paths:



2.2. VECTOR INTEGRALS. 27

d
(i) Froma toc, dl = Ox , fromx =1 tox =2, withy =1 all along the path, so that

'v|y:1 cdl = v1|y:1dx = 2%dz.

0
(ii) Frome tob, dl = | fromy =1 toy =2, with x = 2 all along the path, so that
Y

v| ,-dl= vz‘yzldy = 2udy.

2 2
/ v'dlz/ xzd:c—l—/ 2ydy
P 1 1

- (51 1)
i

Altogether we have

(b) Path Py lies on the line y = x and we use this relation defining the path to eliminate

variables until we have just an integral against one variable left, and it does not matter

d
whether we eliminate x or y. Along P, we have dl = dx> hence
Y

Lo () (5)
= /P 2 (2%dx + zydy)

2
:/ (l'2d27 +x2d:v)
1

2
= / 20%dx
1

14
-

In the third line above we have used x =y along the path to eliminate y.

In general the line integral will depend upon the path which defines the integral, although
there are vector fields for which the line integral is path-independent as we will see momentarily.
When a line integral is over a closed path i.e. a loop that begins and ends at the same point

a special notation is used for the line integral:

j{v-dl
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the circle on the integral notation indicates that the line integral is taken over a path which is a
loop traversed in an anticlockwise sense. For the example above we could form an anticlockwise

closed path (or loop) by first travelling P; from a to b and then travelling P, from b to a i.e.

j{'v-dl:/ v-dl—/ v-dl:E—E:g.
P, Py 3 3 3

The minus sign in front of the integral along P, occurs because in the closed loop we traverse
the path in an anticlockwise fashion, hence path P, is travelled from b to a, hence the minus
sign (as P, is defined as a path in the other direction: from a to b).

Those vector fields for which §v - dl = 0 always are rather interesting. Suppose we have

such a vector field then we may split the integral around the closed path into two parts

b a
j{'v-dl:/'v-dl—i—/v'dlzo.
a b

b a
/v-dl:—/v-dl
a b

regardless of the path taken in each line integral between a and b:

So

A

v

The only constant information is the beginning and end points, and we note that when we

interchange a and b then f:'v - dl changes sign. We may hypothesise a simple example of this:

/ v-dl = f(b) - /(a).

Now if v = V f then

b B b %(f) . dx B b B B .
/av-dl_/a (Z%(f)) (@) _/a df = £(b) — f(a). (2.12)

Hence if v = Vf then its line integrals are path-independent, and its integrals around a
closed path are zero. Such vector fields which are the gradients of a scalar field will be an

important class of fields in electromagnetism.
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2.2.2 The Surface Integral.

A surface integral is an integral of the form:

/v-da
S

where v is a vector function, da is an infinitesimal vector whose length is equal to the area of
an infinitesimal patch on the surface S and whose direction is perpendicular to the patch of

area. The integral is over the whole surface S:

A

13

4

As there are two directions normal to a plane, we have a choice to make. For closed surfaces,
ones which entirely bound a volume (e.g. a sphere, an ellipsoid or even an irregular shape
forming a balloon around a volume) the two choices of direction for da correspond to either
pointing outwards or inwards from the surface to the interior. When S is a closed surface we

write the surface integral of a vector field v over a surface S as

j{vda

which is the same notation that was used for a line integral about a closed path, except that
here we have a surface integral over a closed surface S. The mathematical custom then is to

choose the direction of da so that it points outwards, e.g. for a surface integral over a sphere:

S

¥

However, for surfaces which are not closed there is no such custom and the choice of direction

of da is arbitrary.
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The surface integral sums terms of the form v - da = |v||da| cos @ which is a product of the
size of the component of a vector field perpendicular to a surface element with the area of these
elements. This is an unusual quantity to think about geometrically. However when v represents
some quantity per unit area, then |, 4 - da gives the total of that quantity perpendicular to S.
A simple example occurs in fluid dynamics when v is taken to be the mass flow of a fluid (or
the mass per unit area per unit time), then f v - da is the total mass per unit time crossing
the closed surface S: it tells you whether fluid is entering or leaving S. In physics, due to
the motion involved, this is called the flux of v through S. Regardless of whether motion is

involved, and for whatever vector field v we will also call §v - da the flux of v through S.

The value of a surface integral will normally depend on the shape of S, but in some inter-

esting cases it does not (these is the surface integral equivalent of the path-independent line

integral).
Ty
Example 2.8. Calculate the surface integral of v = | y(22 — 2) | over the surface of the cube
y+1
0 2
of side 2 with vertices at | 0 | and | 2
0 2

The surface of the cube is closed, so we are computing $v-da. On each side of the cube da
points in a different direction, so we will compute the fluz through each side and add them to
obtain the total flur. We will label the sides of the cube as follows:

_ab
/ £
C (wod®)
(e T4 wae =2
b
(G S

L A (v e%mw

Then the surface integrals on each side are
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0
(1) For side 1, z =0 and da = 0 50 V.= - da = —v*| ._odzdy = —(y + 1)dzdy and
—dxdy
2 2
/ 'v~da:/ / —(y + 1)dzdy = -8.
S o Jo
0
(2) For side 2, z =2 and da = 0 50 V| ,—¢ - da = v3|,—odxdy = (y + 1)dzdy and
dxdy
2 2
/ v-da:/ / (y + 1)dzdy = 8.
So 0 0
—dydz
(3) For side 3, x =0 and da = 0 50 V|p—g - da = —v'|,—odydz = 0 and
0
/ v-da = 0.
S3
dydz
(4) For side 4, v =2 and da = 0 50 V|y=g - da = v'|,—odydz = 2ydydz and
0
2 2
/ v-da:/ / 2ydydz = 8.
S4 0 0
0
(5) For side 5,y =0 and da = | —dxdz | sov|,— - da = —v?|,—odzdz =0 and
0
/ v-da = 0.
S5
0

6) For side 6, y =2 and da = | dedz | so v|,—s - da = v?|,—odxdz = 2(2* — 2)dxdz and
y y

0
2 2
/v-da:/ / 2(z2—2)d:cdz:—E.
Se 0 0 3
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. o 16 __ 8 . -
The total flux out of the cube is §v-da=—-8+8+0+8+0— 3 = 3. As the fluz is positive,

the quantity represented by v is leaving the cube on net.

Consider the computation of the flux through a closed surface S of arbitrary shape (as
oppose to the regular cube’s surface considered in the example above). Due to the many
different directions that the vector da, which is normal to the surface S, will point at different
positions on the surface, the general computation of a surface integral looks very challenging.
However every surface integral ma be broken down into surface integrals of smaller shapes, and
in particular infinitesimal cubes, whose integral will give the surface integral for the shape S.
Here we will argue how it is possible to relate the flux through an outer surface, to the flux of
many, smaller interior surfaces. A closed surface S bounds a volume V', and we may imagine
dividing the volume into two pieces, V; and V5, with two boundaries, sharing a common interior

boundary:

We have divided V' by taking a slice and creating a new surface Sis. The flux of a vector field

v through the boundary of V; which we will denote as Sy, is

/v-da:/v-da+/ v - da,
Sy, S1 S12

while the flux through the boundary of V5 which we will denotes by Sy, is

/v-da:/v-da+/ v - das.
Svy So S12

Now da, = —da, so it is clear that if add the fluxes through the two interior surfaces Sy, and

/ v-da+/ v-da:/v-da+/v-da:/v-da
Sv, Sv, S Ss S

Sy, we obtain
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where S = 57 4+ 95 is the surface of the total volume. In other words the flux of v through the
outer surface S can be considered as the sum of the fluxes through all its interior surfaces. It
will be natural then to subdivide surfaces of irregular shapes into infinitesimal interior cubes
and then integrate the fluxes through all the infinitesimal cubes that make up the irregular

volume to find the flux through the larger surface.

2.2.3 The Volume Integral.

A volume integral is an integral of the form

/Vfdv

where f is a scalar function and dv is an infinitesimal volume element in the total volume V.
In Cartesian coordinates dv = dxdydz. If f = 1 the fv dv just measures the volume, while
if f is a density (a measure of some quantity () per unit volume) then fv fdv gives the total

amount of ) contained in V. One can extend the volume integral to a vector field v as
fv vidxdydz

/'vdv = | J, v’dxdydz
v [, v’daxdydz

Example 2.9. Calculate the volume integral of f = xyz over the prism:

ZA

T \me /_\ )

\52 -2 +%

2 z
2
w e x=o Q\u\b. / 2
% x
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/V Fdv = / :;493( / :z( /y :2_2 ydy)dz)dx
- [ ([ A5 e
(

z=2
/ 4z — 42% + z3dz> dx

2.2.4 The Fundamental Theorems of Vector Calculus

The fundamental theorem of calculus states that

b
/ F@)dz = F(b) — F(a)

where 4€ = f(z). The fundamental theorem tells us that the value of an integral, an infinite
sum of infinitesimal areas under the curve y = f(z) from x = a to z = b, is determined only
by values of its primitive F'(x) at the end points of the domain: the integral is independent of
the interior of the domain.

There are three similar theorems for the integrals of a gradient, a divergence and a curl.

Each one relates an integral to the values determined on a boundary of the integral’s domain.

The Fundamental Theorem of Calculus for Gradients

We have already shown in equation (2.12) that

/P (Vf)-dl = f(b) - f(a) (2.13)

where P is a path from @ to b in R3. This is a generalisation of the fundamental theorem of
calculus where the integral is no longer limited to being carried out along the x-axis, instead

the line integral is carried out along a one-dimensional path P from a to b.

The Fundamental Theorem of Calculus for Divergences (Green’s Theorem)

/V(V cu)dv = %qu -da (2.14)
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where u is a vector field, and S is the (closed) boundary of a volume V. This fundamental
theorem has many names, it is also known as Gauss’s theorem, Green’s theorem and also the
divergence theorem. It tells us that if we sum all the infinitesimal divergences of a field over
a volume, the result is the flux through the outer surface. This result is of no surprise to
anyone who has flooded a bathroom: suppose that u is the flow of an incompressible fluid, then
the theorem is telling us that the amount of water (the flux of u) coming out of the external
boundary S is equal to the sum of all the sources and sinks of water throughout the volume V'

contained by S.

Proof. Consider the small cuboid with one corner located at (x,y, z) and sides of length dx, dy
and dz:

4
7
/7
7
&——— —_—
2 /
5::/
1
|
(KISII) Sx l

We will compute the flux of u through the surface of this cube. To do this we label the faces

of the cube as:

(\-. o?\
/— €L

¢ m(, (Vo)

i . o
(e s20)3 b g saa

Va

(Geond) sg— /
L& (‘oo\écmw

First we will compute the flux of w in the z-direction (i.e. through faces 3 and 4). On face 3,
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—0ydz
da = 0 . Since the cube is small, we may approximate the vector field u to be constant

0
over face 3. Then the flux out of face 3 is

_ul (‘Z7 Y, z)5y627

while the flux out of side 4 is
ol
ikl S 1 LE (m’y’z)éxéyéz.
ox
The sum of the fluxes in the z-direction is then approximately
o' (z,y, 2)
ox
Similarly the total flux in the y-direction is approximated by

u'(z + 82,9y, 2)0ydz ~ u' (z,y, 2)0ydz +

0xdydz.

ou*(z,y, 2)

dy
while the total flux in the z-direction is approximately
o (z,y, 2)

0z

0xdydz

0xdydz.

Hence,

total flux = j{u -da

1 2 3
- (81} (z,y,2) n ov*(z,y, 2) + 0v° (@, y, Z))ég;éyéz

Ox oy 0z
= (V -u)dxdydz

In the infinitesimal limit 6 — d, and dxdydz — dv, the infinitesimal volume, and the approxi-

mation becomes an equality:

u-da= (V- -u)dv
for the infinitesimal cuboid bounded by s. As we saw earlier, in section 2.2.2, the total flux

through a surface is equal to the sum of the fluxes through any complete® set of sub-surfaces in
its interior. So we may integrate up the infinitesimal flux through the surface of the infinitesimal
cuboid to find the flux through a finite surface S:

]iu-da:/v(v-u)dv.
U

6A set of surfaces bounding a set of sub-volumes, which together constitute the whole of the volume whose

boundary is the original surface.
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Note that the form of this expression is similar to the form of the fundamental theorem of
calculus: the integral over the volume V' is determined by data at its boundary S, but a surface

has many points and this data is collected into an integral at the surface.

The Fundamental Theorem of Calculus for Curl (Stokes’ Theorem)

The fundamental theorem of calculus for the surface integral of the curl of a vector function v

/S(va)-da:}i'v-dl (2.15)

where P is a closed path around the boundary of the surface S. This fundamental theorem is

over an open surface S is

known as Stokes’ theorem?”. Given the interpretation of the V x v as the infinitesimal circulation
density of v and because we defined circulation as the component of a vector field v tangential
to a closed path, or loop - perhaps this result is not surprising. Let us connect the dots. We
may break a surface up into infinitesimal squares and compute the circulation of a vector field
v around each of these smaller squares. As the circulation is measured in an anticlockwise

direction, the circulation along all shared boundaries in the lattice of squares will cancel out:

P — <

&

| ol| [t - T

S
7

X=-9Bx X X4+ x—8x 5 x —> X¥S%x

The cancelling out of the circulation at all interior boundaries leaves only the unbalanced

circulation at the exterior boundary S:

O

Just as with the flux, the circulation (or curl) sums over the infinitesimal elements in a surface

WIOTOK

VOO0

/IO
(O|O|©
OO

S to give the total circulation at the boundary of the surface, the path P. This is what Stokes’

"Or sometimes the Kelvin-Stokes’ theorem, and sometimes the curl theorem.
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theorem is telling us. Intuitively, if a body of fluid is caused to circulate® on its surface, then
the total circulation would (eventually) be reproduced by the circulation of the fluid at the
boundary.

There is one nice and immediate consequence of Stokes’ theorem, the value of

/S(va)-da

depends only on it boundary P, for any vector field v. Imagine a surface given by a deflated

(open) balloon. Its boundary P is the small circle through which it may be blown up:

c(F——=—3s>» —> (@

Upon blowing up the balloon the surface S become very large, but as the boundary P remains
unchanged, then, despite the much large surface S, |, 5(V xw) - da is unchanged. Furthermore,
if we allow the hole to shrink so that P — 0 then fP'v ~dl — 0 too. Such a closed surface has
no boundary, hence for all closed surfaces we have

ji(va)-dazo.

2.2.5 The Dirac Delta Function

Consider the vector function )
*
vV=—=—¢e
r3 r2 T

where r is the radial vector in R?, r = |r| and e, =

. The divergence of v is

V.v=

Flodlo e
ﬁc»|N ﬁc,ol‘d 1:».vlH
|
(@]

8Imagine using a thousand teaspoons to stir a cup of tea the size of a swimming pool (why not?), all of the
stirring would add up to give the total circulation.
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However our intuition about the divergence suggests that this field is spreading out at the origin
and should have anon-zero divergence there. Green’s theorem (the fundamental theorem for
divergences) gives us another way to think about V - v. Let’s consider the integral over the

volume V' bounded by the sphere of radius R, the surface S below, centred at the origin:

/V(V-'v)dv:jév-da

_ /S (%) - ((32 cosd)d@daﬁ)%)

5 27
= / do cos¢/ do
-z 0

=47

where we have used that r - » = R? on the surface of the sphere. So the flux of v through the
surface of a sphere centred at the origin is 47 regardless of R - we would find the same result
if R were extremely small, indicating that the source of the flux is at the origin. On the other
hand if V -v = 0 throughout the volume bounded by the sphere then Green’s theorem is being
violated. The problem lies at the origin » = 0 where both v and V - v are no longer defined,
and yet the origin is included within the volume of the integration. We will seek to amend V -v
so that it is a generalised function whose value is zero everywhere apart from at the origin,
and whose integral is 4m. The generalised function we will need is known as the Dirac delta

function.

The one-dimensional Dirac delta function.

In one dimension the Dirac delta function § : R — {0, 00} is given by

0 if 0
5(z) = if v #
oo ifx=0
such that -
/ d(z)dr =1
Comment(s).

e The Dirac delta function 6(x) is an infinitely thin spike located at x = 0 but with finite

area equal to one.

e The Dirac delta function, despite its name, is an example of a generalised function or

distribution. It can be understood as the limit of a sequence of functions, for erxample,
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let 0,(z) = We_(%)z, then 6(x) = lim,o(6,(z)). In the sketch below you can see the
1

11 1

Junctions plotted around x =0 forn =1, 3,3, 35

1
S 16 and

20 -

15

1qH

-1.0 -0.5

e The Dirac delta function is a continuous version of the Kronecker delta function 5;'- for
which 5§Uj = ', the corresponding formula for the Dirac delta function involves an inte-
gral:

/ " 5 () = / " 5(@) f(0)dz = £(0) / " 5(a)dz = £(0)

—00 —o0
where we have used the fact that the Dirac delta function is zero for all x # 0 in order to

replace f(x) with f(0) under the integral. Equivalently,

| s as@is = [ e -0t = @) [ sy = 1(a)

—00 —0o0 — o0
The three-dimensional Dirac delta function.

The three-dimensional Dirac delta function is denoted ¢ and maps R* — {0, 00}, it is given
by

x
wherer = | y | . Now,

/Rg (53(1‘)dv=/_Zé(z)dz/_:(S(y)dy/_:(g(x)dx: N

z

We also have,
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Returning to v = 75 we may resolve the conundrum of how to define V - v so that it has a

contribution to the flux through a spherical shell about the origin of 47. If we set
Vv =4n8(r)

then we have a function which is zero everywhere, but infinite at the origin. But under the
integral over the volume bounded by the sphere S?, denoted by V' below, we have a contribution
at r =0:

/V(V v)dv = /‘/(47r53(r))dv =47

matching the flux integral it is related to by Green’s theorem: fsv -da = 4.
We will introduce some notation that we will use frequently throughout the course, let
s =r — 1’ denote a separation vector (from 7’ to ) where r is a variable, but ' is a constant

vector. Then,
s 3
V. (5) — 478%(s)
where s* = (z—2')?+ (y—y/)?+ (2 —2')?, and further we may also deduce that since V(1) = —%
then

v2(§> = —475%(s). (2.16)
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3. Electrostatics

Electrostatics is a simplified version of electromagnetism and is the study of systems of electric
charges which are at rest. Electric charge is carried by many fundamental particles, and all
elementary particles have charges which are integer multiples of %e where e is the magnitude
of the charge of the electron and, is roughly 1.602176638 x 10~ Coulombs. The charge on the
electron is negative, it is —e, while the charge on the proton is positive +e. We will work with
mathematical charges whose sizes we will denote ¢ or () and our first concern will simply be
whether they are positive or negative, rather than how small or large they are.

Before entering this chapter proper, it’s a good idea to familiarise yourself with Appendix
C, where our conventions for cylindrical and spherical coordinates are detailed. In particular
note that hats denote unit vectors throughout and basis vectors may be denoted by e, or just

by 7, where it is convenient, and similarly for other coordinates.

3.1 Coulomb’s Law.

Experiment has shown that the force on a test charge () at r due to a single point charge ¢ at

r’ is given by Coulomb’s Law:

1w,
4ey s2

(3.1)

where s = r — 7’ is the displacement vector, § = % is the unit displacement vector, and ¢ is

a constant called the permittivity of free space. The force F' is measured in Newtons (N), the

displacement in metres (m)and the charges ¢ and @) in Coulombs (C), so that

2

C
~ 8.85418782 x 107 12——.
€ X Nm?

The permittivity of free space allows us to use the standard (S.I.)! units to measure force,

charge and distance in this equation. There is another commonly used set of units for studying

From the French ‘Systéme international (d’unités)’, or the International System of Units.

43
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electromagnetism called Gaussian units which are part of the C.G.S.% set of units. The unit of

measurement for charge in Gaussian units is the statcoulomb, abbreviated statC, where 1 statC

1

13 . . . . : :
=1 g2cm2s™", as distance is measured in ¢m then the unit of force is measured in another new

unit the dyne. The advantage of Gaussian units is that the set of constants of proportionality

frop out of Coulomb’s law which in Gaussian (or C.G.S.) units is

However throughout this course we will adopt the S.I. units and make do with the factors of

1
4meg ”

The Coulomb force is proportional to the charges, inversely proportional to the distance

squared between the charges and is in the direction of the straight line between the two charges.
Notice that if both () and ¢ are positive or both are negative then the force on @) points in
the direction of 8 = r — 7/, which points from ¢ to the test charge @, i.e. if the two charges
have the same sign then the Coulomb force is repulsive. While if the two charges have opposite
signs, then the Coulomb force is attractive. The Coulomb force acts on the test charge () and
is written in terms of the separation vector s from 7’ to the position of the test charge r. The
fact that the equation is a vector equation (i.e. both sides of the equations are vectors) means
that both sides transform in the same way under a coordinate transformation, and so if we
wish we could always translate the coordinates so that the source charge ¢ sits at the origin 0

instead of 7/, in this case the equation keeps the same form but s — r so that the Coulomb

_1 4Q
4dmeg 12

The ideas above bears further investigation. Two charges ¢ and () exert a force on each

force equation becomes F' = 7 which might be a more familiar formulation.

other, and the equation for the Coulomb force tells us only what the instantaneous force on the
test particle is. With this equation we can imagine computing the force on ) due to the point
charge ¢ at all points in space. We would say that the force F' is a vector field that defines a
vector for all points in space. We might start to wonder about the physical existence of this
field due to a point charge ¢, in particular we may ask whether it is a property of the point
particle, rather than a force which exists only when a test particle is present. The reality of
the force field is something we will think about and probe throughout the course.

How does the point charge ¢ bring a force to act on the test charge ()7 It may bother us
that there is no obvious medium for the transfer of momentum, it may also bother us if we start
to think about when does the force act? In the Coulomb law the force is acting instantaneously
over a distance s, a so-called action at a distance. The phrase action at a distance is something
that sounds worrying at the human level of the natural world. We are accustomed to forces

acting by objects colliding with each other and momentum being transferred. This is something

2Centimetre-gram-second units.
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of a red herring, although we can’t see it with our eyes, when two macroscopic objects collide,
it is only the repulsion of the negatively charged electrons in the outer shells of the surface
atoms that is driving the dynamics. The electrons never touch and bounce off each other,
rather it is the action at a distance of the electromagnetic force that causes the momentum to
be transferred. Our intuition that action at a distance is unnatural must give way to the notion
that all forces at the human level of the world are happening via some action at a distance. It
is the most natural kind of force, it is just that the distances are so small that our eyes do not
see them. Nevertheless we may still be bothered that somehow information such as the amount
of charge ¢ has to be communicated from 7’ to r in order to inform the test charge ) how to
move. Since the distance between the two particles may be arbitrarily large - as large say as
the width of the known universe, is it really viable that the force would act instantaneously?
The answer will be that the force travels at the speed of light, and it is not instantaneous after
all - we will need Maxwell’s equations to see this. However, as a result, the force a test charge
@ feels will depend on the position of the point charge ¢ in the past, just far enough in the past

for a signal at the speed of light to traverse the distance between ¢ and Q.

Another thought we may have about the Coulomb force is how would we ever be able to
use it? As it tells us about an unlikely scenario: it tells us about the instantaneous force on
a charge () which is, initially, stationary with respect to the point charge q. Notice that the
strength of the Coulomb force diminishes as 8%, so that it is present throughout all space: if that
is the case how is it possible that we could ever arrange to bring a test charge @) to a distance
s of the point charge ¢ without disturbing it and causing it to move. This problem may not
bother us deeply, we can think of experimental arrangements that can be set up to test the
idea, which would hold ¢ and @ fixed until we are ready to measure F. But the impracticality
of the arrangement hints that this force law will need to be generalised to take account of
charges which are in motion with respect to each other. This is what Maxwell’s equations will

eventually do for us, among other things.

However this unlikely situation of systems of charged particles being held still so that we
may describe the instantaneous force a test charge ) would feel, will greatly inform us about
the path to Maxwell’s equations. This test setting is called electrostatics - for it involves static
arrays of electric charges. How we may use Coulomb’s law together with vector calculus to

work out the force exerted by an array of electric charges, in many interesting ways.
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3.2 The Electric Field

Coulomb’s law is a vector equation, so we may add the forces® due to several source charges
T, @2 - .- ¢, at displacements (from ¢; to Q) given by 8y =7 — 7}, 8o =7 — 14, ... 8y =T — 1),
to find the total force on a test charge @)

Gt ... q;’—zQs;,) — QE(r)

n

1 @ . 0Q
F— ( -
2

= S, +
deg \ 57 s

where

n

1 Qi 4
E(r) = urs
) 4re Z 520

i=1 !

is called the electric field of the source charges. It is independent of the test charge, and it is
really the physical reality of the electric field which we may wonder about: we only know about
it through the force F' = QE(r) it induces on a test charge Q.

We may readily generalise our definition of the electric field E due to a collection of point
charges to a continuous distribution of charge over a volume. Let p(r') denote the charge per
unit volume, or charge density for a continuous distribution of charges. Then the electric field

is the integral

E(r) = — / ) s (3.2)

47eg 52

In evaluating the electric field for a continuous charge distribution, one must keep in mind
that we are integrating to find the total source charge, hence the integral is over the volume
containing the charges - which in the continuous limit is now 7’ rather than r{. We emphasise
that r, the position of a test charge () is constant in the integral. This is why we have denoted
the volume element above as dv’, rather than dv, as it is an infinitesimal volume about 7.
For charge distributions restricted to a surface or to a line, one may find the electric field by

evaluating the appropriate surface or line integral.

In fact by using the Dirac delta function we may also construct a charge density for a

discrete charge ¢; at the position 74, it is

p(r) = qd°(r — 1)

3Experimental tests confirm this.
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for which

E(r) = — / ) st

 Adre 52
1 B —r}
_ /ql ('I" l)gdvl
4meg 52
1 B —r)r—r
_ /ql ( - ].) - d'U/
d7reg lr—7'|2  |r—1'|
e
drreg [r — ry |3
1 198

=— =8
2
Ameg 57

(r—r1)

as anticipated.

3.2.1 Electric Field Lines
One way to picture an electric field is to sketch it as a vector field, drawing a set of representative
vectors for the field. The electric field for a single point charge ¢ at the origin is

L a (3.3)

= — 67‘
4rreq 12

E(r)

where e, = £. This is proportional to the vector field v = % whose divergence we thought

about a little in section 2.2.5. The vectors point radially outward from the origin, in three

dimensions the vector field is difficult to comprehend:

1 T
o |
:

-1 [

|
[~
l
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Instead we sketch the two-dimensional cross-section of the field:

,,,,,,,

~~~~

However we also see that the size of the vectors (varying as T%) makes a meaningful plot difficult

to render. Instead what we may do is to represent the field in terms of its field lines, these are
the lines one would find if we joined up the vectors in our sketch head to tail to form lines.

There are some rules to drawing electric field lines which we will outline here

(i) Field lines are continuous curves whose tangents at any point r are parallel to E(r), and

have the same direction as E(r)

(ii)) When sketching field lines only a finite number of curves are drawn, whose density is
representative of the strength of the vector field.

(iii) All field lines must begin on either a positive charge or at infinity and end on a negative

charge or at infinity.

(iv) The number of lines emanating from a point source is proportional to the charge of the

source and symmetrically distributed around it.

Comment(s).

e [ield lines are normally drawn for a two-dimensional cross-section of a three-dimensional

field.

e [ield lines point away from positive charges and towards negative charges, they have the

direction of the force on a positive test charge.

o Electric field lines do not intersect each other: if they did it would mean that E(r) was
badly defined (having two vectors at a single point).
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o The electric field lines for a point charge is

o The density of field lines is representative of the strength of E(r): for the point charge we
see that the field lines are dense near the charge and goes down as the lines spread out
further from the origin. If we sketch n field lines then the density of lines on a circle of
radius r is 5 %, and not rig as claimed. However we are sketching a cross-section of

a three-dimensional field, so the density of field lines should be computed using a sphere

of radius r, in which case the density for n emanating lines is -
wr

> X & as claimed.
T

e [t can sometimes be very simple to intuit the field lines for a static array of charges, as
between symmetry, the rules for drawing the field lines, and some rough knowledge of
the electric field, almost everything is determined. For example consider the field for two
point charges, one positive and one negative. In the vicinity of each charge we should find
field for a point charge. Sketching the rest of the field is then about consistently joining

up these lines bearing in mind that field lines cannot cross:

e The flux of E(r) through a surface is a measure of the number of field lines drawn cutting
that surface: since the density of field lines (the number per unit area) is proportional E
then E - da in the computation of the flux is proportional to the number of lines cutting
the surface. Of course since we only sketch a representative set of field lines, the actual

number for any field lines on a given sketch is meaningless, but is representative of the

fluz.
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3.3 Gauss’s Law

Our rules for sketching field lines are suggestive. If field lines can only begin or end on a source
charge or at infinity, then the number of field lines entering or leaving any bounded finite region
will depend upon the amount of charge contained in the bounded region. Source charges are
sources or sinks for field lines, hence field lines from a positive charge must either pass through
some bounding surface or must end on a negative charge within the surface. Let’s calculate
the flux for the electric field for a point charge located at the origin as given in equation (3.3)

through a spherical surface centred at the origin and of radius R:
B Trlgq 2
) E(r) - da = e <Feoﬁ e,.) - (R? cos()d0de ey)

/ / cos(¢)dfdeo
471'60 —_= Jp

EO

The radius of the sphere cancels out* because it grows as 72 while the electric field decreases
as %2 Since the flux is proportional to the number of field lines cutting a surface, then this is
reassuring: the same number of field lines around a single source charge will cut a sphere of
small radius as a sphere of large radius (no field lines are created or destroyed because there
are no other charges present). We made the argument when the closed surface S is a sphere,
however we would get the same result for any closed surface S. For any other surface S the
coordinates 6 and ¢ will still vary over the solid angle of 47, but the value of r would vary as
the integral goes over the surface - however no matter what value 72 takes in the integral at
any point in the surface it will still be cancelled out by the in E(r). If we now consider the
electric field for a point charge located at r/, as opposed to the origin, then the flux through
any closed surface S containing the charge is still %

Furthermore we know that the electric field for multiple point sources, is found by adding

the vector fields for each source, hence

%SE(T)-dazji(gEi(r)- j[E qu

If we denote the total charge contained within the surface S by Qg = >, ¢; then
%E(r) -da = % (3.4)
S €0

4This would be the same for the Newton’s theory of gravity, where there is a corresponding gravitational

version of Gauss’s law.
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Equation (3.4) is Gauss’s Law.
Comment(s).

e Gauss’s Law tells us that the fluz through any closed surface S, no matter its shape, is
proportional to the sum of the charges enclosed within the surface. It is insensitive to
where the source charges are located, as well as to the shape of S. For example if we
imagined a continuous distribution of charges spread uniformly over the volume of a ball
centred at the origin and within S whose total charge is QQg, then outside the ball the
flux of the electric field is the same as that for a point source of charge Qg located at the

origin®.

o [f the surface in the flux integral contains net zero charge then the flux through the surface

1S Zero.

o After some thought Gauss’s law looks too good to be true: complicated integrals are being
vastly simplified. We may start to wonder how can it be that a bounding surface containing
no charge, but in an electric field, which will have field lines cutting it (in a way that will
depend on the shape of S) have zero flux? Consider the point source and now let S be
a small curving cuboid surface running radially (in spherical coordinates) from r = ry to

r =19 and subtending the angles 66 and d¢ as measured at the origin:

da

Suppose that a single charge q is placed at the origin, so that S contains no charges
but is cut by field lines. The field E(r) is radial and so the only contribution to the
flux through S comes from the field passing through the sides of S with areas da; and

5This is the same reason why we can treat a planet of mass M as a point source of the same mass in

Newtonian gravity, all courtesy of the % force law.

T
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day indicated above. If we consider S small enough (and ultimately infinitesimal) then
the electric field is approximately constant over each of these surfaces. The flux through
the first surface is —@dal = —5 21”1 cos pofdp = ——cos P60, it is megative
because the field lines are entering the surface While at the second surface the flux
is —Lsday = ﬁr% cos p6bop = cos p006¢, and the total flux through S is zero.

dmeors
Finally suppose that day is at an angle v to E(ry), rather than parallel - this will allow us

47re

to consider arbitrary shaped bounding surfaces (rather than just spherical surfaces). Then

the flux is —E(ry)-da; = —|E(r1)||da;| cos 1. However the area of the infinitesimal surface
(extending through §¢ and 00) is increased by cow from 1% cos p36d¢ to rigg?é%qf), S0

that the flux through the surface is independent of the angle 1. We may make the same
argument for any of the sides of the curving cuboid. Hence, we have confirmed Gauss’s

law for a closed surface containing no charges, in a non-zero electric field.

We may restate Gauss’s law for a charge distribution p(r) to obtain

7{E da—/()d/

where now Qg = [, p(r')dv’ and V' is the volume bounded by S.

Now Green’s theorem for the flux is

]i E(r) - da = /V (V- E(r'))dv’

and by comparing the previous two formulae we obtain Gauss’s law in differential form:

V-E(r):M.

€0

3.3.1 Application of Gauss’s Law

The aim of electrostatics is to work out the force on a test charge @), and since F' = QFE, this

means determining the electric field for a charge configuration. Gauss’s law in integral form

offers some rapid ways to find E(r) for some simplified examples. In these examples which

follow each charge distribution will admit a simple choice of surface, called a Gaussian surface,

over which the electric field is constant, thereby simplifying the flux integrals. There are three

standard Gaussian surfaces which take advantage of rotation and translation symmetries of the

surface, and which we will meet in the following examples.

Example 3.1. (The charged spherical shell) Consider a spherical shell of radius R, centred at

the origin, and carrying a uniform distribution of charge of constant charge density p. We will

compute the electric field for this charge distribution.
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The charge distribution is spherically symmetric and so the electric field is entirely in the
radial direction and of equal strength at any point on a surrounding sphere of radius r > R.
This motivates us to choose the Gaussian surface S for the flux integral to be precisely a sphere

of radius r > R centred at the origin. Now from equation (3.4) we have

]iE('r)-dazg

where Q is the total charge carried by the spherical shell of radius R, i.e. Q = 4wR?p. If we
can carry out the fluz integral we will be able to find E(r). On the sphere the magnitude of

E(r) is constant due to the spherical symmetry and points in the radial direction, so,

]{E da-/___/o r)r? cos(8)dfde

= 41 E(r).
Therefore we find that for r > R,
1 Q 1 R?*p
Br) = B(rjer = o ger = 7a er

For r < R the charge distribution lies outside the surface S hence for r < R we have

]gE(r) da =

and so forr < R

E(r)=0.
Altogether we have computed that
1R er orr >R
E(r)={°" J

0 forr <R

We see that the electric field is discontinuous across the spherical shell of charge. We also see
that outside the shell of charge (r > R) the electric field is the same as if we had been working
with a point charge with ¢ = 4w R?p located at the origin.

Example 3.2. (An infinitely long charged line.) Consider an infinitely long, thin wire aligned
along the z-axis and carrying a linear charge density of \. Compute the electric field for this

charge distribution.
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The charge distribution has cylindrical symmetry, so we will adopt cylindrical coordinates.
Our Gaussian surface will be a cylinder of radius p about the z-axis and of length L. Due to
the symmetry of the charge distribution, the electric field will point in the (cylindrical) radial
direction ep, and will be of constant magnitude on the cylindrical Gaussian surface. On the

cylinder we have da = pdfdz e,. Hence from equation (3.4) we have

Q:]{E(r)-da
/00/ - (pdbdz e,)
— E(p /Mde/ 0z

= E(p)p2nL

hence

where @ = L\, so, E(p) =

27rpe

- 2mpey P

forr =pe,+0eg+ze, where € [0,27) and z € [0, L] (i.e. r lies on the cylindrical Gaussian

surface).

Example 3.3. (The charged infinite plane) An infinite plane carries a uniform surface charge

density o. Find the electric field due to this charge configuration.

The translational symmetry of the plane implies that the electric field will be perpendicular to
the plane. Hence we should choose a matchbox shaped Gaussian surface for S. Let the infinite
plane coincide with the xy-plane. Now consider a matchbox (a cuboid) oriented half below and

half above the charged plane:
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The sides of area A of the surface are parallel to the plane, and these are the only sides of the
matchboz through which there is any flux since E(r) = £E(r)e,, we denote these sides Sy for

the top side and Sy for the lower side. Hence from Gauss’s law in equation (3.4) we have,
Q_ ]{ E(r)-da
€0 s

_/S(E(r)ez)-(dxdy ez)+/ (—E(r)es) - (—dzdy e;)

Sa
= 2AE(r)

where we have contributions to the flux from the top side and the bottom side of the matchboz,
but no other. Now (Q = Ao, so we find

e, for z>0

B(r) =™
— 5 €z for 2 <0
x
where r = | y | lies on the Gaussian matchbozx.
z

This is an amazing result: the electric field does not diminish no matter how far one mea-
sures it from the plane. This is a consequence of the electric plane being infinite in extent and
the problem being scale invariant: a calculation for a point a distance r could be rescaled to be
similar to a calculation of the field at R > r, even before any computation is done we can see
that the problems are identical as the infinite plane of charge makes it impossible to measure
scale, hence any result should be independent of r. Another way to think about this result is that
the field lines from the infinite charged plane keep the same density all the way off to infinity,

therefore the flur does not depend on distance from the charged plane.

In summary, the electric field falls off as %2 for a point source, or for a uniformly charged
spherical shell; it falls off as % for a charged infinite line; and it stays constant for the charged
infinite plane.

In the examples above we could use symmetries of the charge distribution to pick out a
Gaussian surface on which E(r) is constant to compute the flux. However the method above
is only useful when we have spherical, cylindrical or planar symmetry. What can we do to find
E(r) in the absence of these symmetries? One idea is that we can use the superposition of
electric fields to find more complicated electric fields, which feature combinations of spherical,
cylindrical and planar charge distributions: E(r) = """ | E;(r). We will consider some exam-
ples of this in the problem sets. In many cases we can also sketch field lines fairly quickly to
get a rough idea of E(r), but to find E(r) precisely in most circumstances we will use other

methods, beginning with concept of the electric potential.
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3.3.2 Changes in the Electric Field Across a Charged Surface

In the last example, we discovered that the electric field is discontinuous across the charged
infinite plane. If we write E4bv¢ = 5. €z for the field above (z > 0) the charged plane and
EBelow — — 5. €, for the field below (z < 0) the charged plane then we find

o
= —e,.
€0

EAbove . EBelow

This discontinuity in the electric field normal to a charged surface is a result applicable to the
component of an electric field normal to any charged surface. The difference in the general
case, is that there may be other sources of the electric field besides the charge surface, however
the only change this makes to the computation is that we can no longer argue that E(r)
is perpendicular to the surface, because the general surface does not possess translational
symmetry. However this does not alter much about the computation. To see this we need only
repeat the computation in the example above, but allow the surface to have an arbitrary (but
continuous) shape and orientation. We may imagine a Gaussian surface which is a matchbox

of infinitesimal height e surrounding a patch of area A on the charged surface:

Cko.rbc. &U\s'\'c:s c

In the limit where € tends to zero, there is zero contribution to the flux of E(r) through the
matchbox from its sides (recall that in this more general picture we are not assuming that E(r)
is perpendicular to the surface). The only contribution to the flux is from the top and bottom

face hence we find

_ Above Below o UA
%E(’I") ~da = EperpendicularA - perpendicularA — €0
S
hence
Above Below _ g
Eperpendicular — Hperpendicular — a (35)

Therefore the normal component of E(r) is discontinuous at any charged surface and jumps
by an amount % where o is the charge density. This is a very useful result, and it will help us

think about electric fields in diverse settings.
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The tangential component of E(r) is always continuous across a charged surface. To see
this we will use a result that we will deduce in the next section namely that §, E(r) - dl = 0.
Consider the closed path that runs around the rectangle of sides L and ¢, where the edges of
length L are parallel to the surface (i.e. for a sufficiently small L) and the edges of infinitesimal

length € are perpendicular to the surface as depicted here:

C\nu-bq_ &u&s‘\bb c

Belew
E FonaueSiol

Now consider the line integral of E(r) around the closed path P around the edges of the

rectangle in the limit where € goes to zero:

lim [ ]{ E(r)- dl] — pbove [, phelow 1 _
P

€50 tangentia tangential

where we have used ¢, E(r) - dl = 0. Hence, at any charged surface,

EAbove __ 1 Below
tangential — tangential*

It remains for us to prove that ¢, E(r)-dl = 0 and for this we will need to introduce the electric

potential.

3.4 The Electric Potential

By computing V - E we have deduced Gauss’s law, so we may be wondering about what may
be inferred from V x E. Consider the electric field of a single point charge ¢ located at the
origin

E(r)= ! 1 e

— —e,.
4mey r2

1 1

pre and a unit radial vector® v = e,, so to

This is the product of a scalar function f(r) =

take the curl we use the product law given in equation (2.9) and the del operator V in spherical

6We note that although e, has constant length of one, its direction varies. As a result the vector e, has

non-zero derivatives %(er) = cos ¢eg, 8%(6,) = ey.
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coordinates, as given in equation (C.6) to find

VxE-V(— L) epr (v e,

47T€0 r2 4dmrey 12

Working in spherical coordinates” we see that e, is depends upon 6 and ¢ (see appendix C) so
that %(e,) = cospeg and 8%(6,) = €.

7"(:08969 ¢7’8¢

1
) x (cospen) + (eqr) X €5

Vxe,—( L 8 1ﬁ)xer
(€
0.

So that we find®,

VxE=V( q)xe,

47reo r2

1 0 < q
47T60 or \r2
=0.

)e,x er

Now since we can produce the electric field of any static arrangement of charges by vector
addition of the electric fields for each charge (or by integration for a distribution) then we find

that in general, for any charge distribution,
VxE=V x [E1+E2+E3+...]ZVXE1+VXE2+VXE3+...:O.

We may also have deduced that the curl of E(r) for a point charge is zero by observing that

Er)= e = v( )= vs

47eg r2 dreg T

where ® is a scalar function which is the electric potential (for the point charge in this case)
and hence V x E = V x (=V®) = 0, since the curl of a gradient is the zero vector. For a

TOf course we can also quickly use Cartesian coordinates to confirm that V x e, = 0, as e, = L=

T

1 _ zy Yz Y ] _ ot
Weeredl KA R hence V x e, = (=2 + L)ex + (—75 + Zx)ey + (—% + H)e, = 0. But it is a good
2

idea to practise using spherical and cylindrical coordinates, and in particular to recall that the derivatives

always act before the vector product when computing curl and div.
8In Cartesian coordinates we would compute V3 L= —275 €z — 2% ey —25€, = —T,%'r =—56€r.
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general charge distribution we observe that

1 1
<V—‘r — 7"‘) = —m ((l’ — ZL'/) ex + (y - y') €y + (Z - Z/) 6z>
1
1
= ?es

and so

_ Ll 1 /p@"') N
E<r>_47reo/ 52 €s AU = V<47T€0 |r—'r"|dv>_ Ve

implying that V x E = 0.
The scalar function ® satisfying E(r) = —V® is called the electric potential, and for a
charge distribution p(r’) is given by

1 pir)
o= / L. (3.6)

Comment(s).

e Since E = —V® then the electric field at any point in R? gives a vector which points in

the direction of fastest decrease in the potential ®.

o A surface upon which the potential is constant is called an equipotential surface. Consider
a vector field ts which is tangent to the equipotential surface, S, i.e. for any motion along
S the potential remains constant. Writing this in terms of the directional derivative in
the direction ts gives (ts - V)® = 0. However this is the same statement as tg - (V®) =
ts - (—E) = 0. Therefore the electric field lines are perpendicular to the equipotential

surfaces.

e The electric field being a vector field is defined by three scalar functions, while the potential
is a single scalar function from which the electric field may be derived. In short the electric
potential may be simpler to work with, but contains the same information as the electric
field.

o Since the electric field is (minus) the gradient of the electric potential then the path integral
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from a to b is path-independent:

b b
/E~dl:—/ Vo .d

b 0% oP oP
= —/a (%dl‘ + 8—ydy + 5dz)

b
— [

— —B(b) + D(a)

and depends on only the values of the potential at the beginning and end of the path.
Consequently the path integral of E(r) around a closed loop is zero. This is something we

could have deduced by applying Stokes’ theorem to E(r):

j{)Ew:ll:/S(VxEyda:O.

The potential is defined by E(r) = —V® hence it is only defined up to a constant C, as
—V(®+C)=—-V& = E(r). The force on a test charge F = QFE is measurable and takes
the same value no matter which constant we choose for C'. The potential is not measurable
(although the potential difference is) and we can choose where we would like to set it to
zero. In most circumstances® it is sensible to set the potential to zero at infinity, as in
most cases, the electric field also diminishes to zero. In which case faooE ~dl = ®(a). If

we denote by O the point where the potential is set to zero then we may write'”

CD(r):—/C)TE-dl.

The electric potential obeys the superposition principle as if E(r) = Ey + Ey + ... then
V(I):V(I)1+V(I)2+:V((I)1+(I)Q+), hence@=<1>1+<l>2+....

The potential is measured in volts, which we may deduce from Coulomb’s law is equivalent

to Newton-metres'! per Coulomb.

Example 3.4. Sketch a selection of equipotential surfaces together with the electric field lines

for

9The infinitely charged plane is an example in which the electric field is constant and does not fall off towards

infinity, in such cases one must choose an alternative zero for the potential.
107t’s customary to keep the minus sign and write the limits in this order, as it signifies the idea of bringing

in a test charge from infinity (or O) to r.
1A Newton-metre, the unit of work and hence energy, is also called a joule.
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(a) a point source charge (sketch a diagram in which the source charge is positive and another

diagram in which it is negative),

(b) a pair of source charges where one has charge q while the other has charge —q, and

(¢) a pair of source charges where both have charge q.

For each of the sketches we will use the observation that equipotential surfaces (which will be
shown as equipotential lines in our two-dimensional cross-sections) are at right angles to the
electric field.

(a) The positive charge is a maximum of the potential:
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(b)

Example 3.5. Find the potential inside and outside a ball of radius R of constant charge

density p.

We may use use Gauss’s law to quickly determine E(r) due to the spherical symmetry.

Outside the ball, on a sphere of radius r > R we have

4 3
MMMﬂszwM=Q=WRp
S €0 360
hence B3
E(r)= —36052 er for r>R.

While inside the sphere we may do the same computation for a sphere of radius r < R, which

will diminish the total charge inside the surface of the integral:
4 3

Mmmﬂ:fEM:Q:WW

S 3eo

€0

hence

E(r)= Eer for r<R.
360
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Then using ®(r) = — f; E -dl, where we have defined that ® is zero at infinity and for a radial
path from infinity to r, we find for r > R:

s [ (Ee) e

B 360/

3607“

which is as expected. Inside the ball, for r < R we have also to consider the contribution to the
potential from outside the ball, as it is defined by an integral from oo to the radius r, hence, we

split the integral into two parts:

@(r):—/ (;’_;e,>.(dre,)—/:(% ) (drey)
B /;_Epod +3€OR
P

660 260

Notice that the electric potential inside the ball depends upon the electric field both inside and
outside the charged ball.

3.5 Work and Energy

Electrostatics involves investigating the force felt by a test charge () due to the static arrange-
ment of source charges. Since the test charge feels a force we might be interested in the work
done to bring the test charge from infinity to r against the field - this would give us some
measure of the energy of the configuration. However the situation is a precarious one, since we
are working with electrostatics, our assumptions have been to disregard motion in the system,
and in thinking about the work done to move a charge against the field we will be imposing
the unrealistic condition that the source charges remain static. Nevertheless the result will be
interesting and will give us more insight into the electric potential. Now the Coulomb force F'

acts on the test charge @, so the force needed to act on () to balance out the Coulomb force is
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—F. We may compute the work done to bring ) to r from infinity as follows

W:—/ F-dl
:—Q/ E-dl

:Q/TV<I>-dl

_Q/dq>

= Qd(r

So that the work per unit charge % is equal to the potential ®(r). The potential is really the
potential energy per unit charge.
Furthermore if we had considered moving a test charge from a to b we would have had to

do the work per unit charge:

so that the potential difference between two points @ and b is equal to the work per unit charge
needed to move @ from a to b.

This idea, despite being somewhat artificial, allows us to compute the potential energy of
a particular configuration of charges. We may simply compute the work needed to bring each
charge ¢; from infinity to its position in the charge distribution, as we gradually build up the
charge configuration. Suppose that we have n source charges qi, ¢a,... g, at positions rq, 14
, ... rh and we imagine bringing each charge to its position from infinity. The first charge
¢1 requires no work to be done to put it in position, as there is no background electric field:

W1 = 0. However when we bring in the Second charge ¢ it will feel the force due to the electric

1
4meg |r T

field of g1, whose potential is ®(r) = ,|, hence the work to bring the second particle

into position is
1 a2 1l qg

Wy = q2®4(r
2 i ( 2) 47T€0 |’l"2 — 1'1| 471'60 S12

where s15 = |ry — ry|. The potential of the two charges is found by summing the potentials of

©a(r) = oo (i + )

dreg \|r —ry|  |r — 1}

the two isolated charges:

so the work to bring the third charge in from infinity is

1
W3 = Q3‘I)2(7‘§) = %(ﬂ + 2)

dmey S13 S23
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We may now generalise and deduce that the work required to bring the £’th charge into the

configuration is

Wi = ¢ Pp_1(r},) =

1 ( Qo G Qr—1 > 1 — G
k ce = qk —
dmeg " \s1p S S(k—1)k dmeg " = Sik

with the understanding that W; = 0. Then the total work to construct the configuration of n

charges is

W = zn:Wj
Z Z 4q;
47T€0

1<j

qd; Qz
47T€0 ZZ o

i=1 5>t

Hence we may write

49 49\ _ (.hq]
2W = 47T€0<ZZ DI ) - 47%022
7j=1 1<y =1 7>1 j=1 i#j Z
Now ﬁ D i ;’l’] = ®(r}) is the potential at r; due to all the other charges (apart from g;).
Therefore

W:%;q@ 7!

is a measure of the potential energy of the static system, all that it is missing is any energy

required to hold still the configuration of charges as the charges are brought in from infinity.

3.6 Conductors

A conductor is a material in which some charges are free to move, but yet constrained to remain
within the boundaries of the material. For example metal is a conductor, in which electrons
may move effectively freely within the material.

Problems in electrostatics concern static charges, so one might think that conductors are
not discussed in electrostatics. In practise the free electrons in a conductor, when subjected to
an electrostatic force, rapidly reach an equilibrium (for a metal, equilibrium is typically reached
in tens of hundreds of femtoseconds 107'* seconds). Consequently the kinds of distribution of

charges found in a conductor may be investigated.
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Comment(s).

e E(r) = 0 inside a conductor'?>. When placed in an external electric field Eg the free
charges in a conductor move subject to the forces associated with Eg, and they are free
to move until they reach the surface of the conductor. For a metal, it is the negatively
charged electrons which move - they move in the opposite direction to the arrowheads on
the field lines of Eg (as the field lines show the direction a positive test charge would
move in). The electrons leave behind positively charged atoms, so that initially an induced

electric field E is set up in the conductor whose field lines oppose those of Eg.

The induced field grows until it balances the external field inside the conductor and equi-
librium is reached. The process of the electric field being nullified within a conductor is

almost instantaneous.

e Due to the strength of the electromagnetic forces, which very rapidly cancels out unbalanced
charge, conductors may be expected to be neutrally charged. Although they contain negative
and positive charges, they are frequently in balance over the conductor. Inside a conductor,
Gauss’s law tells us that ¢, E-da = 0 = %, and so Q = 0 inside a conductor as E(r) = 0.
If Q arises from a charge distribution then p = 0. However suppose that there was some
net charge in a conductor, then it would move until it reaches the surface of the conductor,

where it would be trapped. Any net charge lies on the surface of a conductor.

e The potential inside a conductor is constant:

@(r):—[.:E-dl

_ sE-dl—/ E-dl

[e.9]

= ®(ry)

120r at least within hundreds of femtoseconds of being placed in an electric field, E(r) = 0.
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where rs is a radial vector on the surface of the conductor, which at first seems to depend
on the path P taken in the line integral. However any point rg on the surface of the
conductor will do as the line integral of the electric field is path-independent. We may
convince ourselves further as for any two points a and b in the conductor (or on its
surface) then

Oz/bE-dlzcb(a)—CD(b)

hence all points on or in the conductor are at the same potential: it is an equipotential
line, surface or volume.

o As E = —V®, then an electric field is perpendicular to any equipotential surface. There-
fore the field lines must lie perpendicular to the surface of a conductor. If there were any
field lines tangential to the surface of the conductor they would induce an electric field
in the surface of the conductor that rapidly cancels out the tangential component of the
external field.

o Within an empty cavity inside a conductor E(r) = 0. Since a cavity inside a conductor
introduces a new internal surface, it is conceivable that charge may accumulate on this
inner surface, just as it does on the outer surface of a conductor, such a situation would
lead to electric field lines starting on positive charge on the cavity’s boundary and ending
on negative charge somewhere else on the cavity’s boundary.

Condnisor

CAL



68

CHAPTER 3. ELECTROSTATICS

Consider the line integral around any closed path P, contained within the conductor and

?{E-dl:/ E.-dl=0
P b

as § E-dl = 0. Note that we have used the fact that E(r) =0 inside the conductor. This
argument holds for any closed path P so we deduce that fba E-dl =0 for any a and vech on

passing through the cavity:

the boundary of the cavity and for any path through the cavity. In particular if we take a
path that runs along a hypothetical electric field line in the cavity then fbaE -dl > 0 hence
it must be that E = 0 within the cavity (as well as within the conductor). Consequently,

using Gauss’s law for a surface S within the conductor that includes the wall of the cavity

%zj{E-dazo
€0

as E(r) = 0 on the surface. Hence there is no net charge accumulating on the surface

i 1ts intertor gives

of the interior cavity. The vanishing of E(r) within a cavity surrounded by a conductor,
effectively shields the region from any external electric field. This is the idea behind the
Faraday cage.

If a charge q is placed within a cavity inside a conductor then there is a non-zero electric
field associated with the charge inside the cavity. The field in the surrounding conductor
is again zero: for the same reasons that E(r) = 0 inside a conductor: charge redistributes
on the surface of the cavity so that the induced field cancels out the charges electric field in
the conductor. E.g. for a positive source charge placed within a cavity inside a conductor,
negative charge will accumulate on the cavity’s surface, and the positive charge of the

source charge will distribute over the outer surface of the conductor:

This demonstrates a practical way in which point charge sources can be converted into,
effectively continuous, distributed charge sources. Notice that the external field then de-
pends only on the shape of the conductor, and not the cavity. So that a point charge in

an irreqularly shaped cavity within a spherical conductor will have the external field of a
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charged spherical shell, which, outside the sphere, is identical to that of a single charge

located at the centre of the sphere. The shape of the cavity plays no role.
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4. Potentials

Our work, so far, has reduced electrostatics to the problem of solving the following pair of
equations to find E(r):

V-E=2  and (4.1)
€o
V xE=0. (4.2)

where p(r) is the charge density. In the previous chapter we discovered that E = —V® where
® is the electric potential. If we can determine @ for a static distribution of charge then it is a

simple matter to compute E. But what are the equations satisfied by ®7

4.1 Poisson and Laplace’s Equations

Substituting E = —V® into equation (4.1) we obtain

v =2 (4.3)
€o

This equation is called Poisson’s equation, and in regions where the charge density is zero it
simplifies to Laplace’s equation

V2@ = 0. (4.4)

Equation (4.2) is automatically satisfied for E = —V® and gives us no further constraint on
®. Consequently problems in electrostatics will come down to solving Poisson’s equation (4.3)

for ®. Abstractly, this is a problem we realise that we have already solved in equation (3.6),

1 p(r')
o = dv'.
A7reg / lr — 7| !

This is very interesting as it demonstrates a general solution to the Poisson equation, the only

which we reproduce here:

problem is that the integral above may be very difficult to solve to find an explicit expression

71
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for ®. We will revisit this idea later in this chapter. We will need some alternative methods to
determine ®, and we will begin by studying solutions to Laplace’s equation (4.4).

Laplace’s equation is valid in regions where the charge density is zero, and for every electric
field we have studied so far there are vast regions in which the electric field is not zero but the
charge density is zero: the electric field is associated with charge located elsewhere. So in every

interesting scenario there will be regions where Laplace’s equation will hold.

4.1.1 Harmonic Functions

Functions which solve Laplace’s equation are called harmonic functions. For example in one

dimension Hy(x) = az +b is a harmonic function, in two dimensions Hy(z,y) = 5 In(2? +3?) =
1

In(r) is a harmonic function and in three dimensions Hs(x,y, 2) = Tk + is an example
ré+y“+z

of a harmonic function.

Comment(s).

o [f ® satisfies V2® = 0 in some region V with boundary S then by Green’s theorem,

0:/V2q>du=fv<b.da (4.5)
\%4 S

which is the integral form of Gauss’s law for a region of zero net charge, but now written

in terms of ®.

e Green’s second identity' for two scalar functions f and g is

/(fVQQ—gVQf)dU = f(ng—gi)-da.
4 S

For the case where f = % and g = ® in a region V' which is a ball of radius R and where

V2® = 0, this gives

—/Vcl>v2(%)dv = ]i (%Véwbé er> - da (4.6)

where we have used V(%) = —%2 er, which on the sphere S becomes —% er. Now the

divergence of T%e, was a function we investigated in section 2.2.5 where we found that

1
V. (7,—2 er) = 4n6°(r)
and hence |
2L\ _ 453
v (T> 4m8%(r).

ITo be proved in problem set 2.
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Substituting this into equation (4.6) we find

1 1
3 _ .
47r/v®5('r)dv—]i< Vo + ¢ 26,-) da

On the sphere da = dae,, where da = R? cos ¢ df dp, and we also note that fs (%V@) .
da = 0 by equation (4.5), hence we obtain,

1

Putting this into words, if ® satisfies Laplace’s equation over a ball of radius R the value
of ® at the origin is equal to the average of ® over the surface of the ball. Of course we

may translate this equation to find

1
d(r) = e ji(bda

where S is a sphere of radius R centred at r. The key idea to take away from this, which

is true for any harmonic function, is that ®(r) is equal to the average of the values of

over a sphere around r.

e ® has no local mazima or minima over the region V' where Laplace’s equation is satisfied:
any extrema of ® must occur at the boundaries of this region. Suppose, to the contrary,
that ® had a local mazimum at r = rg € V then at all points on a sphere about ro (but
within V'), the value of ® would be less than ®(ry), but since P(re) is equal to its average
values on any sphere surrounding it then this is a contradiction. Consequently ® has no

local mazima or minima, and any extreme values of ® must occur on the boundary S of

V.

o [f ® satisfies Laplace’s equation in a region V and if, in addition, ® is constant on the
boundary of V', then ® must be equal to the constant value over the entire region (otherwise

there would be a local mazimum or minimum within V).

4.2 Boundary Conditions

Ordinary differential equations of second-order require two initial or boundary conditions before
a unique solution to the equation might be found. The Laplace and Poisson equations are both
second-order partial differential equations, and as such require an infinite number of bound-

ary conditions before a unique solution to either equation might be specified?> The customary

2In general one must specify both the value of the function along a boundary as well as its derivative normal

to the boundary - these are called Cauchy boundary conditions, and solving a partial differential equation
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boundary conditions usually given for the Laplace and Poisson equations are either the values
of the function itself on a boundary (these are known as Dirichlet boundary conditions) or the
values of the normal derivative of the function along a boundary (these are known as Neumann
boundary conditions).?

To find a solution to a partial differential equation with n variables one must specify bound-
ary conditions on an (n— 1) dimensional surface. For the Poisson and Laplace equation in three
dimensions, the boundary conditions will need to be specified on a two dimensional surface.
We are already a little familiar with cases where we have effectively solved the Poisson equation
for ® when the potential is specified on a surface, or the charge density is known (so that the
potential may be computed on a surface). Furthermore if we recall that since E = —V® then
the value of the electric field on a boundary specifies the normal derivative of the potential, and
this idea of specifying the electric field on a surface in order to compute ® is a typical problem

in electrostatics.

4.2.1 The Uniqueness of Solutions to Laplace’s Equation

Theorem 4.1. The solution to Laplace’s equation in some volume V' is uniquely determined if

d s specified on the boundary S.

Proof. We will give a proof by contradiction: suppose that there exist two solutions ®; # &,

to Laplace’s equation:
V20, =0 and V?®, =0

which both satisfy the boundary condition that the potential must equal ®5 on the boundary
S: @|g = Pg and Py|s = 5. Now consider the function which is the difference between @4
and ®, namely &, = &; — $,. This function must also satisfy Laplace’s equation as

V*@p = V20, — V°0, = 0.
In addition its value on the boundary is zero as
Pplg = Py1|g — Pa|g = Pg — Pg = 0.

Since ®p is a harmonic function which is constant on a boundary surface, then it must be
constant and equal to zero throughout the surface (since a harmonic function only has extrema

on S and not on its interior V). Therefore throughout V' we have

<I>D:(I>1—<I>2:0

equation with these boundary conditions is known as solving a Cauchy problem. The Laplace and Poisson

equations happen to be require less boundary conditions in order to be solved.
30ther types of boundary conditions are also available.
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and hence we find the contradiction that ®; = ®, throughout V. Hence Laplace’s equation for

a given boundary condition has a unique solution. O

Note that a very similar argument holds for solutions to Poisson’s equation. As suppose
that there were two potential functions which were equal to &5 on the boundary S but which
both satisfied Poisson’s equation:

V2, = _r and V2@, = _P
€0 €0
for some charge distribution p in V. Now the difference satisfies Laplace’s equation V?(®; —
®y) = 0 and so ®; — Py is a harmonic function which vanishes on the surface S, hence it
is constant and equal to zero on V, and again ®; = ®5. In summary, for a given boundary
condition on the surface of a volume that contains charge or not, the potential ® is unique.

We mentioned that the boundary condition could be specifying ® on the surface S (Dirichlet
boundary conditions) or that it could be the derivative of ® normal to the surface n - Vo
where n is a unit vector normal to the surface (Neumann boundary conditions). How are
these conditions related? Returning to the arguments above, to the point where we arrived at

V2dp, = V20, — V2®, = 0. Using Green’s theorem for ®p,V®, we have
/VV (®pVDp)dv = é@DVd)D . da
where da = da -n. Now since V - (®pVop) = (V&p)? + ®pV2Pp and because V2@ = 0
throughout V' then we have
/V(V<I>D)2dv = jqf dpVoO)p -nda

S
Now on the surface S if the Neumann boundary conditions are specified, i.e. n-V®;|s =n-VP|g

and n - VP,|s = n - VP|g, as both potentials &; and 5 must possess the same derivative in
the direction normal to S, then n-V®p = 0. The right-hand-side of the equation above is zero
and we find that

/(V(I)D)Zdv =0.
1%
From which we conclude that V&, = 0 which tells us only that the potentials ®; and ®, differ

by at most a constant. This conclusion, reached by suing Neumann boundary conditions, is
slightly weaker than but consistent with the conclusion we reached using Dirichlet boundary
conditions, where we found that ®; = ®,.

A very useful consequence of the uniqueness of solutions for given boundary conditions, is
that it suffices to simply find one solution. While this is self-evident, it does mean that on
occasion one will be able to guess an obvious solution to such a problem, and then will realise
it is the only solution to a problem. In this setting, clever guessing of solutions is completely

rewarded. Another nice consequence of the uniqueness theorems is called the method of images.
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4.2.2 The Method of Images

The idea behind the method of images, is that there are situations in which we wish to find the
potential @y subject to some conditions on a boundary S, in which those boundary conditions
could be mimicked and exactly reproduced by enlarging the setting of the problem to V' and
adding some extra charges. When this is the case, especially when there is some symmetry
to the array of charge overall, one can sometimes rapidly solve the enlarged problem to find
the overall potential ®y/. Since there is a region of the enlarged problem containing exactly
the initial problem, with the same boundary conditions, then we can restrict ®y/ to V to
find &y = ®y|y because the potential is unique for a given set of boundary conditions. We
will illustrate this method with a canonical example, in which the symmetry of the required

construction will demonstrate why the technique is called the method of images.

Example 4.1. Consider a point charge q located a distance d above an infinite conducting
plane, whose potential is maintained at zero (this is called a grounded plane*). What is the

potential in the region above the plane?

We may choose the grounded conducting plane to be the xy-plane, and let the charge q have
coordinates (0,0,d). We must find the potential in the region z > 0.

This is an example where we know the potential ® on the boundary of the problem, namely on

the plane where it is zero and also at infinity (the remaining boundary of the region z > 0)

4The idea of mathematically setting a local region to zero potential is an interesting one: it is as if infinity
could be made local. Grounding is something that can be simply achieved in real life, but mathematically
it represents something very interesting. We may also say that a conductor is ‘connected to ground’ or just

‘grounded’, in all cases it means we choose the potential to be zero on the conductor.
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where it is also zero. There is a point charge in this region so we are aiming to solve Poisson’s
equation V*® = —% where p is the charge distribution for the point charge q at (0,0,d). Now
we know that p = q6(x)d(y)d(z — d) so we could set about trying to solve Poisson’s equation
directly. Instead we are going to change the problem in a way that will make it simple to find
the potential. If, instead, we had been thinking about the problem of finding the potential when
there are two charges: one of charge q at (0,0,d) and a second of charge —q at (0,0, —d) (the
mirror image of the position of q in the conducting plane - in the original problem) then we

would have found that the potential was zero again along the xy-plane.

z
ar1
hY
x
-0

“m “N.N. S wo 30-&M
can).a«.\:'ub Q\a\._ & Z2=0, ‘%us
S -9q f.\narsc. Sumbc_c.s

Bl Wede sopin §=0 o ==o

How do we know that the potential is zero on z = 07 It is a simple matter for us to sum
the potentials for the two individual charges, to find the total potential. We first recall that the

potential for a point charge q atr' is ®(r) = 47360 ﬁ hence the sum of the potential for charges
+q on the z-axis at z = +d is
D7) = ’ - ’ ) (4.7)
Ameo \\/a? + 2 + (2 —d)? a2+ P+ (2 4 d)?

Hence ®(x,y,0) = 0. Now we notice that ® — 0 at infinity, so that the boundary conditions
of this potential match exactly the boundary conditions in our initial problem set in the region
z > 0. Since the potential for these boundary conditions is unique then we deduce that the
potential for the point charge q located at (0,0,d) above a grounded infinite conducting plane at
z =0 1is simply ®(x,y,2) in (4.7) when z > 0.
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We already know enough about the arrangement in the example above to make a claim
about the charge that is induced on the grounded charge plane. First imagine that instead of
an infinite conducting plane we had a sphere of radius R about the charge ¢, so that the charge
q sits inside a cavity in a conductor. By our earlier observations about conductors we would
expect a charge —q to be induced on the inside of the conducting shell. Now imagine that R
was allowed to grow: the curving shell would approximately seem flat, but it would still carry a
charge of —g. This is a rough argument but we may use the potential found above to compute
precisely the charge density on the plane.

We must say a little bit more about the meaning of grounding a conductor. The infinite
conducting plane is grounded setting its potential to zero, and so its electric field is zero.
Grounding theoretically means that an infinite supply of negative charge is able to move onto
the plane. Consider a grounded spherical conducting shell surrounding a point charge ¢q. The
electric field of the charge ¢ induces a charge —¢g distributed over the inside of the shell, and in
a neutral conductor that would result in a charge 4+¢q on the outside of the shell. However when
a conductor is grounded any positive charge will be cancelled out by a never ending supply
of negative charge. The surface has a net charge of —q and any field lines from the charge ¢
in the interior of the shell will terminate on the shell. Outside the grounded conductor the
electric field is zero. It is a similar situation with the grounded infinite plane. The electric field
is non-zero above the plane but is zero below the plane.

The grounded infinite conducting plane is an equipotential, and so field lines from the point
charge ¢ are at right-angles to the plane. The discontinuity in the electric field at the grounded
conducting plane is

lim |E.oo — E.co| = g

z—0 €0
which we computed in equation (3.5) and where o is the charge density on the plane. Since
E._ o = 0 then we know that at the plane’s surface we have E|, o+ = o€y Consequently, in
the limit 2 — 07, we have —V® = Ze,, hence

0o Y
0z lz—0+ N 60.
Then from equation (4.7) we can compute 22 , to obtain
z—0

02
0z

Then we may integrate o(z,y) obtained above over the zy-plane to find the total charge on the

/ ada:—i/ / ad = dx dy
R2 2 t=—00 J y=—00 (l‘Q + yQ + d2)§

B 1 ( qd > o
z—07F N 2meq (;[;2 +y2 -|—d2)% B 60.

plane:




4.3. SEPARATION OF VARIABLES IN LAPLACE’S EQUATION 79

We may use polar coordinates in the plane to simplify the integral i.e. x = rcosf, y = rsinf,

then we compute

1 0 2 00 _
——/ / ot 3rdrd9:—/ i<—qd 1)dr:—q
21 Jr=0 Jo=0 (12 + d?)? r=0 AT \(r2 4 d2)2

as we had anticipated.

4.3 Separation of Variables in Laplace’s Equation

The circumstances in which one can make quick use of the method of images will be limited, so
how are we to solve Laplace’s equation and Poisson’s equations in more general circumstances.
We are aided by the knowledge that solutions to each equation for given boundary conditions
are unique, so we may be optimistic and try out standard, simple methods to solve partial
differential equations. Any solution we might find will be the unique one. It will turn out that

separation of variables will be very helpful to us in solving the Laplace equation.

Example 4.2. Consider two (semi) infinite grounded conducting planes, one coincident with
the plane x = 0 for z > 0 and another coincident with x = a for z > 0. The separation between
the two planes is a and in the plane z = 0 between the two planes (but insulated from them) a

strip (of width a) is maintained at a potential f(x):

(5'-"\"3 wefiktee,
Sme, Cev\&\an\‘nﬁ
Qlenes.

© X X=o..

2
4

Find the potential between the planes in the region z > 0.

We must solve Laplace’s equation between the two planes. In the region z > 0 notice that
due to the symmetry of the problem the electric field and the potential must be independent of
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y. Hence Laplace’s equation in Cartesian coordinates is
o 9?P
- + -
ox? 022

which we must solve for the boundary conditions on each side of the volume contained between

=0

the planes, for z > 0 these are:

®(0,2) =P(a,z) =0

q)(x, 0) = f($)
lim [®(x, 2)]

Z—00

Il
o

The last boundary condition on ® represents our normalisation that chooses ® = 0 at infinity.

We will try to solve this problem by considering potentials of the form
O(x,2) = X(x)Z(2).

Substituting this into Laplace’s equation and then dividing through by X (x)Y (y)Z(z) we obtain

10X 1077
X 0x2 7 0z2

where both of the terms depend on a different variable, and yet their sum is always zero. Con-

=0

sequently each term must be constant and we may deduce that

*X 0*Z
02 = k)lX, and W = ]CQZ,

where ki and ky are constants such that ki + ko = 0. The solutions to these equations will be

trigonometric or hyperbolic functions, depending upon the signs of ki and ky. The boundary
conditions for ® give boundary conditions for X and Z. Substitution of ® = XZ into the

boundary conditions yields

X(0) = X(a) =0,
X(x)Z(0) = f(z), and
Zli_)rglo[Z(z)] =0.

The second condition implies that Z(0) is a non-zero constant, which we may choose to nor-
malise to one, so that

Z(0)=1 and X(z)= f(x).

Since X(0) =0 = X(a) then X must be a sinusoidal function with a zero at v = a, i.e. we find

that, up to constant coefficients there are multiple solutions labelled by n € Z:

Xo(z) = sin(@x) = k= —<E>2 =: —kp,.

a a
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2

Since kg = —ky =k, = (%) is positive, then we surmise that Z is a combination of hyperbolic

functions satisfying Z(0) = 1 such that lim,_,~(Z(2)) = 0. Writing

Zn(z) = Bsinh(y/kyz) + C cosh(y/ky2)

where we have replaced Z with Z,, to indicate that there are multiple solutions each one labelled
by n. The boundary conditions mean that the function is neither hyperbolic sine or hyperbolic

cosine, hence we rewrite our function in terms of its constituent exponential functions

1 1
Zn(2) = 5(B + C)eVhn® 4 5(—B + O)eVhn=
Then the boundary condition lim, ,o[Z,(z)] = 0 implies that B = —C and the boundary

condition that Z,(0) = 1 leads us to —B 4+ C = 2C = 2 hence

nm

Zn(z) = e Vit = ¢ a?

Now any linear sum of the functions X, (x)Z,(z) will solve Laplace’s equation so we have

deduced that
E Cre” "o * sin( o x)
a

solves Laplace’s equation for any choice of constant coefficients C,,. We have not yet imposed
the boundary condition that ®(x,0) = f(x) which gives us

O(2,0) = ZC” sin(@x) = f(x).

We may invert this expression to find unique expressions for C,, for any given f(z). The ability
to do this rests upon the observation that
Lym = / sin(nz) sin(ma)dx = 5’””%
0
which is proved in appendiz D. We may make a substitution to find a form of this expression
appropriate for a different periodic length, for the case in hand in the x-direction has boundaries
at 0 and a, rather than 0 and 7, and by substituting ' = %z we obtain
¢ onr . omT ., a
sin ) sin(—a')dz' = 6=
| sy sin( ) :
Now by considering the integral

/ f(z)sin —x)dm = /Oa i Cy, sin(@x) sin(mx) dx

a a
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we find a unique expression for C, in terms of f(x). Once we are given an explicit expression
for f(z) we may find ® explicitly. For example suppose that f(x) = K, a constant. Then

2K /
sin(

2K mm

/ d\ mm(?”))df
B even m
% odd m.

Therefore for f(x) = K we find
N 4K ax
O(x,z) = Z —e e sm(mrx)

n=135,.. "

A N

at z = 0 the potential is equal to K (shown here for K = 1) and is zero on the planes at x =0
and x = a (shown here for a = ).

In the example above we have shown how Laplace’s equation may be solved in Cartesian
coordinates, but frequently we may wish to work in spherical coordinates where the orthogonal
functions needed to solve the problem will be different.
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There are similar arguments that can be made in spherical coordinates, and the orthogonal
polynomials which appear are related to the Legendre polynomials. The discussion of the
solutions to the Laplace equations becomes much more involved in these coordinates and many
interesting ideas turn up - the interested reader may read a little about the development of the
classical orthogonal polynomials in appendix D, however a full discussion of these ideas will
require a journey that takes one far from the discussion of electromagnetism. Consequently we
will simply review the key ideas here, and state some of the results, which may prove useful.

In spherical polar coordinates, we customarily use the angular coordinate ¢, so in this setting

we will denote the potential by W, and its gradient is:

oV 1 ov 10y
U= —e, -2
v 87“6 +Tcos¢> 00 €+ r 0¢ €
To find the Laplacian we first compute

ge =cosoe —eg =singey — cospe 0 e —singe,
a0 i 20 "~° ¢ T A i
2e =e 0 e —
a¢ r — C¢ 8¢ ¢ — €r

with all other derivatives of e,, eg and ey being zero. Consequently, we compute® that Laplace’s

equation for W is

ViU =

10 ( 8\1/) N 1 0% N 1 ﬁ(cowa‘l') 0
r2or\ or r2cos? ¢ 002  r2cos¢ 0¢ 1)) '

To separate the variables we split the potential into a product of functions as
U(r,0,0) = R(r)0(0)®(¢)

then substitution into Laplace’s equation followed by multiplication by G glves

10(6R> 1 10%0 1 10

0P
Ror\ or + cos? ¢ © 062 + cosqbaa_gzﬁ(COS(b ) =0 (4.8)

9¢

Since the equation above is complicated we will first consider a simplified version: we will
consider potentials which are independent of 6, i.e. we will set ©(6) to be constant for this first

discussion of Laplace’s equation in spherical coordinates. In this case we then have

75 (" 5) * w5 <975) =0

SRemember to allow any derivative to act on a vector before taking the dot product when calculating

V -V = V2, before collecting together the six non-zero terms into the form shown here.
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Our simplification has led to the two terms depending on different coordinates, and consequently
they must each be separately constant. We will choose the constant to be an even number such
that

10/ ,0R
o (75 ) =1+
1 10 0P
COS¢68_¢<COS¢8_¢> = —l(l‘l'l)

for | € Z". We have chosen the constants to have this form because the second equation has
solutions which are given by the Legendre polynomials with ®(¢) = P,(sin ¢) where

1 d

Pi(z) = 2,—“@(90 — 1)

One can read a brief summary of interesting statements about the Legendre polynomials in
appendix D - and in particular note that they form a complete, orthogonal basis for the poly-
nomial functions just as the functions sin(nz) do, properties that proved essential when solving
the Laplace equation in Cartesian coordinates.

We may solve the equation for R(r) to find

where A and B are constants to be fixed by the boundary conditions of the problem. Conse-

quently we find the infinite set of solutions (which are independent of ) are

- B
_ l l .
U(r,¢) = IZ; (An* + —Tz+1>Pl<Sln b).
The orthogonality condition for the Legendre polynomials when the argument is sin ¢ rather

than  becomes

/5 Pn(Sin (b)Pm(Sln ¢) cos pdo = ﬁénm

i.e. one must integrate against a measure cos ¢ d¢ to take advantage of the orthogonality
relation, and for a given set of boundary conditions then determine the unique solution by
finding A; and B;.

The solution to the Laplace equation when ® depends on # is similar. Now we contemplate

1 19%
cos?2¢p © 962 °

equation (4.8) again, but commence with the term we eliminated above By choosing

the 6 parts of this term to be equal to a constant such that

1 10%0 m?

cos2p© 902 cos? o




4.4. POISSON’S EQUATION AND GREEN’S FUNCTIONS 85
for m € Z we extract that

Om(0) = ™.
Substituting this into (4.8) we obtain

2
R

Ror or
where [ € 7Z. Consequently,
1 10 0P m?
cos¢@6¢<cos¢6fb) COSQ¢_Z<1+1)

which can be solved for |m| <. With these conditions on the constants this equation has so-
lutions (for ®(¢)) which are called the associated Legendre polynomials and denoted P/"(sin ¢)

where

m
m
2

m m d
Pr(z) = (—1)"(1 = %)} (Pi(x)
where P)(x) are the Legendre polynomials. The associated Legendre polynomials satisfy the

1 !
/ plnplmdi — 5an
1 1 —a? m(l —m)!

for positive, non-zero m and n in Z, while if n = m = 0 the integral is infinite. Now the full

orthogonality condition

set of possible solutions is

(r,0,¢) = Z Z (Amrl l+1> ™ (sin ¢)e™.

=0 m=—1

A further refinement of this solution is to present it in terms of the spherical harmonic functions.

The essential point to take away from the above discussion of the Laplace equation in
spherical coordinates is that, as with the equation in Cartesian coordinates, for given boundary
conditions a unique solution exists for the electric potential which may be found by separating
the variables in the problem and using the properties of orthogonal polynomials to impose

specific boundary conditions.

4.4 Poisson’s Equation and Green’s Functions

We have solved Laplace’s equation to find the potential in the absence of charge, and, as we
mentioned briefly at the start of this chapter, we have also been able to solve Poisson’s equation.

In particular we have observed that

1 p(r')
o = dv’.
4meg / lr — 7’| v
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solves the equation
vip =L

€o
Let us substitute our integral expression for ® into Poisson’s equation to learn a bit more about

this solution. We have

on  oof 1 /P(TI) '
vee=v (47T60 \'r'—'r'\dv>
_L 2 1 / /
 4meg v (\’r—’r’\)p(r)dv
__P

€o

where we recall that the potential is a function of r, while the integral is over ' and V? acts
on r and not r’. By studying the terms we realise that

V2(|r _1 r’|) = —47w5(r —1")

as then

V2o(r) = /v?( ! )ole") ! = 1/4%53(r—r')p(r')dv/:—@.

 Ad7e [r — 7| drme, €0

In this procedure we began by knowing the solution to V2@ = — % and deduced that V> (%) =

|r—r
—47&3(r—7r'), consistent with our observations when we first discussed the Dirac delta function.

However, in other Poisson-like problems, we are likely to work in the other direction, that is
given an equation of the form

Df(r) = p(r)
where D stands for an abstract differential operator, we can solve for f(r) if we can identify a

function G(r —r'), called the Green’s function for D which satisfies
DG(r —1') =6 —1").

If we can identify the Green’s function for the operator D then we can write down the solution

for the equation as

This is a solution to the equation as
Df(r) = D / Gl — )oY
_ / (DG(r —'))p(r)do!
- / 53(r — 1*)p(r")d’
= p(r).
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The idea we have outlined shifts the challenge of directly solving a differential equation to one
of identifying the Green’s function for an operator. In the case of Poisson’s equation D =V?,
the Laplacian, and we can say that the Green’s function for the Laplacian is _E |r -7 We may

use this observation to find the potential for a given charge distribution. Con81der the point

charge ¢ located at the origin, its charge density p(r) = ¢d3(r) and hence

d/
47T€0/ |'r—'r'

qo°(r )d,
47reo v r—7|
1 q
47reo7"

where in carrying out the integral, the Dirac delta function has set all values of ' equal to 0,
hence the denominator in the integral goes from |[r —7/| to |r| = r and recalling that the integral

is over 1/, 6’ and ¢’, emphasises that r is a constant.

Example 4.3. Find the potential at any point on the z-axis due to a ring of charge of radius

R and constant charge density \ centred about the z-axis and located in the plane z = zy.

We first find an expression for the charge density in R® which we will denote p(r).Due to
the symmetry of the problem we will work in cylindrical coordinates, but due to the notation p
being used for the charge density we will denote the radial cylindrical coordinate by r here. We

may use Dirac delta functions to describe the ring of charge as
p(r) = Xo(r — R)o(z — 2p).

Hence on the z-axis,

0((0,0,2)) = 4;60/ plr') o

lr — 7’|

/ —
/ / / R)o(z 0) v dr' A9’ dy
47reo 10 Jor=0 J 21— —o0 r’2 +(z—2)

/ / 20) RdO' d
47’(‘60 9= ——00 R2 Z —Z )
/

d0

A
47T€0 /9/ -0 \/R2 Z — ZO
_ A

260 \/R2+ (2 — )2
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where we have used the observation that [r—r'| = /(0 — 2/)2 + (0 — /)2 + (z — 2/)2 = /12 + (2 — 2/)?
0
forr =10 |. Notice that for z = zy the potential at the centre of the ring is a constant, which

z
s to be expected as the symmetry of the problem tells us that the electric field must vanish at

the centre of the ring. The electric field has only a z-component and using E(r) = —V& we
find

(r) = _2%0%(\/5{2 ;Z — 20)2) e,

A R(z — 2p)
- 2_60((32 + (2 — 20)2)%) o

Example 4.4. Find the potential due to a wire on the z-axis running from z = —g to z =

N

carrying constant charge density \.

The charge density is

plr) = A5(2)5(y) (H(z + 5) — H(z — 2)

where H(x) is the Heaviside step function which is defined by

0 <0
H(z) =
1 >0
hence
d 0 z2< -4 d 0 »<4d
H(z+ ) = > and H(z— =)= 2
2 1 z>-4 2 1 2>4
so that
0 z<—°§l
d d
Hz+3)-Hz—-5)=1 —§<z<3
0 zzg.
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Hence we have,

®((z,y,2 471'60/ \'r'—'r"\d /
y/)(H(z’-l—g)—H(z’—g)) dz' du' dz'
47reo 200 //_OO /_oo \/ — )2+ y—y)2+(z—2)?2 Y

+ H(z' -4
/ / Z ) z 2) dy/dzl
471-60 '=—00 J2/=—00 \/.TQ / +(Z—Z/)2
H(Z - -)

A/‘
47T€0 2/=—00 \/x2—|—y +(Z—Z)2
Ameg Jo——d \Ja2? 4+ y? 4 (2 — 2)?

1 _d d
= —R)\<arcsinh (272) — arcsinh (H—2)>

(z— DA+, /1+ Qt}f)z
d

=)
2442

(z+5)?

1
471'60

Aln
<( +5)(1+/1+

The integral in the fifth line can be solved by substituting (z—2z") = /a2 + y? sinh « for example.

4.5 The Multipole Expansion

The electric field for point charge ¢ at 0 has a potential at r equal to %EO— If we consider a

collection of point charges ¢; all located at or very near the origin, then we expect the potential
far from the origin to be approximately Fleo% where ) = ). ¢;. But what would happen to our
approximation if the sum of the charges ¢; was zero? We would need another approximation,
this next-to-leading order approximation will be the dipole approximation so-called as the

simplest non-trivial zero charge configuration is called a dipole.

Example 4.5. An electric dipole consists of two point charges q and —q separated by a distance

d. Find the approzimate potential valid far from the dipole.

Let us orient the charges so that they lie on the z-axis with the charge q at r!y = and

e, O O
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0
the charge —q atr_ = | 0 |, and we will let s4 =7 —7r!, and s_ =1 —7r’:

d
2

To find the precise potential at r we may sum the potentials for the two point charges to obtain

a(r)= (L - 1)

dmeg \s54  S_

where, using the cosine rule, we have

2 d*
52 :T2+Z —rdcos(g — ) :7‘24-2 —rdsing

and
2

d d’
st =74 S~ rdeos(o + g) =1’ +rdsing

Altogether,
d? d
2 _ .2 .
sL=r <1 + 12 F ;sm¢>.

In the region where r > d we will treat the term % as negligible to make the approximation

d
s %7’2<1$ ;singb)

and .
1 1 d -3 1 d
—z—(lq:—singb) 2%—<li—sin¢>
St r T T 2r
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where in the final approximation we have used the Taylor expansion of f(x) = 273 about x = 1,

ie. f(1+h)=f(1)+hf(1)+O(h?) =1—"244O(h?) and then neglected the terms of order

2 . . . .
f—z and smaller, to make the approximation. Under our approximation we have

B(r) = 1 <q q)N 1 gdsin¢

dmey 72

The potential for the dipole, at distances r > d, goes as riz, while the potential for the

point charge® varies as % If we combine a pair of equal but opposite dipoles to form a square’

one forms a quadrupole whose potential (again for r > d) goes as }3 One can continue and
build arrangements of 2" charges whose total charge is zero but whose potential varies as rn%
for r > d. On the other hand if we could expand a potential ®(r) in terms of powers of %,
then % terms in the potential may be interpreted as coming from the monopole, T% the dipole
approximation, r% from the quadrupole expansion and so on. Such an expansion is called the
multipole expansion, we will now show that it is possible to expand a potential in this way for

a general charge distribution p(r).

Consider the potential sourced by p which is given by the volume integral

D(r) = L/L’"’)dv'

4meg s

where 8 = r —'. For each infinitesimal volume of charge p(r')dv’ located at ' we may compute
s for a test charge at r following a similar computation to that used to find the approximate
potential for the dipole. There is a small difference to be considered: for the dipole we were
able to orient the axis of the dipole along the z-axis, and then the angle between the line from
the origin to either charge on the z-axis and r was directly related to our spherical coordinate
¢. For a volume of charge we will need to consider the angle between ' and r which is not

directly related to the spherical coordinate ¢, but to make a comparison with ¢ in the dipole

6In this naming scheme the point charge is called the electric monopole.
"whose charges, at the vertices of the square, have alternating sign as one travels around the corners of the

square
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potential we will call this angle 7 — « as shown below.

The computation of s is very similar to the computation of S for the dipole and we use the
cosine rule to find
,’,,/2 ,r,/
s? = 7’2(1 + = - 2—sina>.
r r
We no longer make any kind of approximation. We need to find % in order to compute ®(r),
and by rearranging and then Taylor expanding® to obtain

12 / 12 / 12 /

1 1 1 2 3
—:—[1——(r——2r—sina>+§<r——2r—sina) —3<r——2r—sina>
5

r 2\ 2 r 8\ r2 r 16 \ r2 r
35 /r? r 4
+@(ﬁ—2?sma> —i—]
1 r \2/3sin?a — 1 r’\3/—3sina + 5sin® «
2l Do () () 4 () |
T r T 2 T 2
N4 /3 — 30sin® a + 35 sin*
NEIE w

where, in the final step, we have collected together terms as powers of 7"7/ which was our aim in
convincing ourselves that a multipole expansion of a general charge distribution is possible. So
far we have just determined %, we should put this into the integral for ® to see that we have
achieved our aim.

First we note a curiosity. By studying the terms in the expansion of % and comparing with
the Legendre polynomials in table D.2 we realise that these first few terms contain Legendre

polynomials of the form P,(sin ). This pattern continues® and in fact,

1 1= /r'\n
-=- Z (r_) P, (sin «)
S T =0 T

8The Taylor expansion we use is the same as for the case of the dipole, but now we keep track of more
terms. Explicitly we are Taylor expanding f(z) = 7% about z = 1, ie. f(L+h) =37, %f”(l) =
1—2h+ 30— Zh3+ 3Bpt 4 .

9% is a generating function for the Legendre polynomials.
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and so we obtain

1 (1) <= /7'\" , ,
o(r) = Ireo / <7“ ) Z <?> P, (sin av)dv
n=0
1 p(r') p(r' )’ , p(P)r? /3sina — 1, |,
= re [/ . dv -I—/ = (sina)dv -l—/ 3 ( 5 )dv -I—]

This is the multipole expansion of the potential for a charge density p(r'). The first term is a
monopole contribution, the second a dipole contribution, the third a quadrupole contributions
and so on. This means that an exact electric potential for a distribution of charge can be
approximated for r > 1’ by a system of multipoles constructed out of discrete point charges.
Furthermore it means that normally the potential is dominated by the monopole term, but
for cases where the total charge vanishes then the leading term is the dipole term. Of course
the dipole term may vanish (we might say when the total dipole charge is zero) and then the

leading term is the quadrupole term and so on. The dipole term in the multipole expansion is

1 VAW
(I)dipole = /p(r )T (Sin &)dvl'

4reg

T _

2
write the dipole term in a coordinate-independent manner as

1 /p(r') 1 ep

/ /
— e rdv =
47eq r2 dmey 712

T _

5 —a) = r'sina and so we may

Since the angle between r and 7’ is (£ — «) then e, - 7' = 1/ cos(

q)dipole -

where

p= / p(r')r'd
is called the dipole moment of a charge distribution. If instead of a volume charge density
p we had a surface charge density ¢ or a linear charge density A then we would defined the
dipole moment in terms of a surface integral [r'o(r')da or a line integral [r'A(r’)dl, while for
a collection of point charges the dipole moment is just the sum ) . rig;. Consequently for the

dipole of example 4.5, the dipole moment is

0
—q| 0 | =qde,.
d
2

p=gry —qgl =¢q

v, O O

The dipole moment for a single dipole points along the direction from the negative charge to
to the positive charge in the dipole and has length gd where ¢ is the magnitude of the single
charges used to construct the dipole and d the distance between those charges. It is worth

remembering that we determined the form of the dipole potential by an approximation r > d,
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so that the exact potential for the dipole will have quadrupole and higher pole contributions.
The exact potential @gipore is called the potential for an ideal dipole!©.
Now that we have learned that the dipole potential is only the exact potential for an idealised

dipole we may, nervously, wonder whether the monopole term

1 /
(Dmonopole = / —IO(r )dU/

4dmeq r

is the exact potential for a point charge for a suitable charge density p. For a charge ¢ located
at the origin then p(r') = ¢6°(r’) and so then ®,,onopote = ﬁ%, which is the exact potential for
a point charge ¢ located at the origin. What happens for a point charge ¢ located somewhere
other than the origin? One way to think about this is to commence with the potential for a
point charge ¢ located at the origin and apply a translation to the function. If instead of a
charge ¢ located at the origin we wished to consider the potential for a charge at r’ we would
find

1 q
/
(b(r_r):éhreor—r’

We may find ®(r —r’) via the Taylor expansion
1
Or—r") =) -1 -VoO(r) + é(r' -V)2®(r) + ...
then

/

1 1
_:rl VCD(/,-) — —'l", . ( q e > ﬂSil’lO[

B 47‘(’60ﬁ r) 47ey 12
1,, o 1, 1 qr | 1 /qr?(3sin*a — 1)
R Ve = 5r dreo 2 %) T e 273

To compute the second term above one must first realise that « is dependent upon r. In

Cartesian coordinates r - ' = z2’ + yy' + 22’ = r’ sin so that

1, 9 qg 1 —(xx' + yy' + 22')
—(r'-V <I>r:——r-V< )
2< ) er) 2 47eq r3
Z 3r(xx’tg,5/y’+zz’) B f_:;
_a 1 y | | Bertwte) g
rd r3
24meg / 3z(xx'+yy' +22) 2
z T3

1 (qr’2(3sin2a - 1))
 Ad7e 2r3 '

10This consists of taking the limit in which d — 0, ¢ — oo such that p = qd is constant. An ideal dipole sits

at a point and has zero charge made out of two infinite contributions!
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Therefore

1 ¢ 7! % /(1 — 3sin’ a)
o) = L 9(14 D ina 4 T2y
(r—r) Amegr —|—rs1na—|—7n2 2 -

which, in retrospect, we realise we could have anticipated due to our earlier computation in
equation (4.9).

We may conclude that for the electric monopole, just as for the dipole, there is a perfect
monopole which is a point charge located at the origin, whose potential contains a single
monopole term, otherwise the potential for a point charge located away from the origin has a
non-trivial multipole expansion. This leads to the delightfully absurd idea that we might model
a point charge, not at the origin, by an infinite number of ideal multipoles located at the origin.
Earlier we saw how we might approximate any distribution of charges by a sum of multipoles
at the origin, now we see how we might understand the potential for a single charge away from
the origin by an infinite number multipole charges at the origin.
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5. Magnetostatics

In this chapter we will study magnetic forces due to magnetic fields which do not change, the
static magnetic fields leads to this subject being known as magnetostatics. Our aim will be
to investigate aspects of the mathematical description of magnetostatics following the same
steps, or at least as close as we can manage, as we have analysed electrostatics. The reason
for this is that there will be many familiar, but complementary, ideas in magnetostatics to
those we have met in our study of electrostatics. Furthermore one may anticipate our study
of electromagnetism, in which electrical forces and magnetic forces will be two aspects of one

underlying system of dynamics.

5.1 The Lorentz Force Law

The analogue of Coulomb’s law for electrostatics is the magnetic part of the Lorentz force law:

Fmagnetic = Q('U X B)
which is the force on a test charge (), moving with velocity v in a magnetic field B.
Comment(s).

o The size of force due to a magnetic field is | Fryagnetic| = |Q||B||v|sin o where o is the angle
between v and B. We see that a magnetic field B produces no force on a static test charge
Q. Furthermore the size of the force depends only on the component of the velocity field
perpendicular to B i.e. |v|sina. Furthermore if a test charge Q has a velocity parallel
to a magnetic field then o = 0 and the test charge feels no force due to the magnetic
field. The appearance of v has the possibility of misleading us: in electrostatics all charges
are static, which produces a static electric field. In magnetostatics the static field is not
related to static electric charges, as we will se it is in fact derived from moving electric
charges - the static in “magnetostatics” refers to the unchanging magnetic field that we

will study, and not static charges.

97
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o The direction of the force on a moving charge ) due to magnetic field is perpendicular
to both the test charge’s velocity v and the magnetic field B. Indeed, the cross-product
dictates precisely in which direction a charge Q) experiences a force'. One of the most
interesting consequences of the force law is that the direction of the force depends upon
the sign of the charge. Consequently the charge of a particle may be determined from
seeing which direction it is deflected in when moving through a magnetic field - the tracks

in a bubble chamber give a practical way to do this.

o As F o ugnetic 15 perpendicular to v, then the force due to a magnetic field does not do any
work, as Fragnetic Al = Foagnetic-vdt = 0, since Fpagnetic s perpendicular tov. Magnetic
forces do no work, they cannot accelerate a charged particle or slow it down, but they can

alter the direction in which the test charge mouves.

By summing the force on a test charge @@ due to an electric field E (Coulomb’s law) and

the force on the same test charge due to a magnetic field B we find the Lorentz force law?:
F=Q(E+ (vxB)). (5.1)

Since we are working with S.I. units where the force is measured in Newtons, then the magnetic
field is measured in units called Tesla®. A one Tesla magnetic field is a very strong magnetic
field, so it is frequently preferable to measure the magnetic field using the Gaussian unit, called
the Gauss which is much smaller: 1 Tesla = 10,000 Gauss. The Earth’s magnetic field ranges
between 0.3 and 0.6 Gauss (0.00003-0.00006 Tesla), a small bar magnet produces around 100
Gauss (or 0.01 Tesla) and within a sunspot the magnetic field may be around 1500 Gauss (or
0.15 Tesla).

!One may use a right-hand-rule to derive the direction of the force due to a magnetic field on a test charge
moving with velocity v: Use, or imagine, the thumb, index and middle fingers of a right hand, and orient them
so that the thumb aligns points along the positive z-axis, the index finger points along the positive y-axis and
the middle finger points along the positive z-axis. These three fingers are held in this relative position in the
following. The right-hand-rule for F,4gnetic = Q(v x B) implies that the thumb is then aligned with direction
of the component of v perpendicular to B, the index finger is then aligned with direction of B and the resulting

direction of the middle finger is the direction of the force.
2Named after Hendrik Lorentz, who wrote it down explicitly in 1895 even though it is implicitly included in

Maxwell’s earlier work (of 1865) and was also discovered explicitly before Lorentz by Oliver Heaviside in 1889.
3Which are equivalent to Newton-seconds per Coulomb-metre, or in the base units of the S.I. system kilograms

per Ampere-second. It happens that an older unit the Weber per metre-squared, is also equal to 1 Tesla, and

sometimes used.



5.2. CURRENTS 99

5.2 Currents

In our investigation of electrostatics we were able to think about point charges or electric
monopoles as sources of the electric field. Experiments demonstrate that the origin of constant
magnetic fields are steady currents. A current is a charge in motion: imagine, for example,
placing a loop of conducting material in an electric field arranged so as to drive the charges
in the conductor perpetually around the loop producing a current. A battery will do just as
well of course. In a one-dimensional conducting wire the current is defined to be the amount
of charge passing a specified point on the wire in unit time, its units are called the Ampere,
and 1 Ampere = 1 Coulomb per second.. Consequently if a line charge density A is moving
throughout a wire at speed v then in time 6t Avdt charge passes any given point on the wire,
so that the size of the current is I = Av. However since the charge is confined to along the wire
then we may speak of the velocity of the charge and consider the current in a wire to be the

vector

I = ).

One oddity of the standard conventions is that the current measures the direction of movement
of positive charge, hence in a metal wire, where the negatively charged electrons move, the
current vector points in the opposite direction to the motion of electrons.

In the situation where there is a steady flow of charge in the wire we may compute the force
on the wire due to an external magnetic field. In this case the charge @) in the Lorentz force
law is the moving charge in the wire, which we know has density A per unit length, so to find
the total charge we must integrate over the length of the wire, whose shape will define the path

in a line integral

F o agnetic = / Adl (v x B)
P

:/Pdl(IxB)
:/P[(dle)

where in the last line we reasoned that the current is in the direction of the wire, so that both
Idl = dlI, where I = |I|.

Example 5.1. Prove that the total force on a closed loop of wire carrying a current I (of

constant magnitude) due to a constant magnetic field B is zero.

We have
F = ]4 I(dl x B).
P
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The key to simplifying this problem is to notice what is varying under the integral, since I is

constant and the magnetic field B is constant then we can write

F:I(fdl)xB:](O)xB:O.

Where fp dl = 0 because we are integrating a total derivative over a closed loop (i.e. f: dl =
I(b) —l(a) but for a closed path then a =b). Note that it is the total force on the wire which is
zero, but it is entirely possible that the force may be distributed in such a way as to cause the

loop of wire to rotate.

For a surface charge of density ¢ in motion we define a surface current density by
K =ov

then the force on the flowing current on a surface in a magnetic field B is

F:/Sada(va):/S(KxB)da.

Similarly for a charge density p moving with velocity v through a volume we may define a
volume current density
J=pv

so that the force on a volume through which a steady current is flowing is

F:/Vpdv(va):/V(JxB)dv.

The volume current density is a vector that represents how much charge flows through a surface
of unit area at right angles to the flow of charge. Consequently if we consider the infinitesimal
area vector da on a surface, which we recall is a vector normal to the surface then the amount

of charge flowing across that surface area element in unit time is
J - da = pvcos(f)da

we see that in time dt the charge crossing the surface is p(v cos(f)dt)da, the role of the dot
product is to ensure that we just consider the component of the velocity normal to the surface
when measuring how much charge passes in time dt. Therefore the total charge flowing through
a surface per unit time is the flux of J the volume current density. For a closed surface S the
total flow of charge across the surface per unit time is the amount of charge leaving the volume
enclosed by the surface?, which we may express as

]{J-da:—%
S dt

4We are presuming that charge is conserved, so that charge flowing out of a volume corresponds to a decrease

in the charge within the volume.
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where we have first considered the total change in the charge Qg in the surface in a small finite
time 0t, before diving through by the small time and taking its limit to zero to obtain the
derivative on the left-hand-side. Since charge is leaving the enclosed volume we have written
this expression with a minus sign. Alternatively, we may also compute the charge contained

within the volume V' using the volume charge density:

Qs = /V/)dU

Substituting this into the previous integral we have

ﬁJ%mz—%QAmQ

and by using Green’s theorem on the integral on the left-hand-side gives us

dp
V-J dv:—/—dv.
/V< ) K
op

The partial derivatives 37 appear because p is, in general a function of the coordinates as well

as of time. Now from the equation above we deduce

dp

VI (5.2)

This is an equation describing the conservation of charge, it is called the continuity equation.

5.3 The Biot-Savart Law and Ampere’s Law

Stationary charges are the source of the static electric field, but it is steady currents which
are the source of the static magnetic field. Together these give the conditions under which we

study both electrostatics and magnetostatics:

dp
%—0
dJ
P

What is a steady current? It is a current that does not change over time, a flow of charge

dp _
dt

the net charge is zero, but the current is carried by the motion of electrons - even though the

that continues unchanged forever. How is this consistent with 0?7 In a physical wire,

electrons are in motion the net charge in the wire (coming from the electrons and the protons)

remains constant. So long as there is not a build up of charge in the wire then a steady
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current is consistent with a constant charge density. One immediate consequence of working
with magnetostatics is that

V.J=0

This is interesting, our experience with electrostatics tells us that the field lines of J cannot
begin or end on any local points (compare this with V - E = % where the electric field can
begin or end on any charges which give rise to a non-zero value of p).

What is the physical rule that governs how steady currents in wires produce a static magnetic
field? The rule is known as the Biot-Savart law which, like the Coulomb law and the Lorentz

force law, we will take as an axiom:
I
B(r) = all X dal’

47 P 52

Mo dl’ x €g
= o /P > (5.3)

where we have taken the constant I out of the integral using I = Idl’ for a current in a wire, P

is the path along the wire, and s = r — 7/ is the displacement vector between a test charge @ at
r and an element of current carrying wire at /. The coefficient pg = 47 x 10~7 Newtons-per-
Ampere-squared is called the permeability of free space, and appears in the equation in order

to assist with definition of units (in this case the Ampere).

Example 5.2. Find the magnetic field a fixed distance p from an infinite straight wire on the
z-axis carrying a steady current I travelling in the direction ey:

Due to the symmetry of the problem we realise that the magnetic field must be invariant under

a translation along the z-azis. So, for simplicity, we consider the magnetic field at a point in the

pcosf
plane z = 0, i.e. we taker = | psinf |. Now ' is the location of the infinitesimal element of
0
0 pcosf
current-carrying wire, so it lies on the z-axis, i.e. ¥ = | 0 |. Therefores =r—r' = | psinf
2 -2

pcos
1

and eg = ————
p2+(zl)2

psinf |. Since dl' = dz' e, then we have

_Z,

dl' x s = (dz'e,) x (pcosbe, + psinfe, — 2'e,)
= pcos0dz' ey — psinfdz' e,

= pdZ' eg
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where in the last line we have substituted the angular basis vector eg = (—sinf) e, + (cos0) ey

s
Py

so we may swap S and eg if we are interested in just the direction of B, but when we work out

in cylindrical coordinates. Note that we have computed dl' x s rather than dl' X es as eg =

|B| we must then take care to include an extra power of s in the denominator under the integral
in the Biot-Savart law. The magnetic field due to the infinite wire points along the tangent to
circles centred on the wire, so the magnetic field lines form circles around the wire which lie in

planes perpendicular to the wire. It remains for us to compute the size of the magnetic field.

o . [ pdz'
Bo =i

Am P+ ()
_ Z_O I / : Coswdw
T w/:_% p
_ Mol
2T p
where we have made the substitution z’ = ptant. Hence
I
B(r) = ’uieo
2mp

where r is a point a distance p (radially) from the wire. The magnetic field lines in a plane

that the wire cuts perpendicularly are concentric circles about the wire:

Current coming out of the page.

There is a right-hand rule for working out the direction of the magnetic field about a current:
imagine closing the fingers of your right hand with the thumb on the same hand pointing in the
direction of I, then the magnetic field turns in the same direction as your fingers curl when the
fist of your right-hand is closed.

Example 5.3. Consider two infinite parallel wires, both parallel to the z-axis, separated by a
distance r which carry currents Iy and Iy respectively in the positive z-direction. Find the forces

which act on a length L of the two wires.
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From the previous example we know that each current produces a magnetic field, the current

I produces a magnetic field By = ’;257} ey on the second wire (a distance r away), while the

_ pol2

current I produces a magnetic field By = 5-2 eg, albeit in cylindrical coordinates centred about

the second wire rather than the first, at the location of the first wire. Let us suppose the first

wire sits on the z-axis, while the second wire is parallel to it but a distance r away. The first
wire produces a magnetic field By = ’;0—757} ey which exerts a force (due to the Lorentz force law)
on the moving charge in the second wire. We will denote this force as Fy1, standing for the
force on wire two due to the magnetic field produced by wire one, and we have, for a length L

of the wire a force:

F21 = / Ig(dlé X Bl)
P

L
I
:/ I(d2' e, x %60)

'—0 r
poliloL

Rl =
where we have used the identity eg X e, = e, computed in section C.1. Notice that these are
the cylindrical coordinates set up around the first wire, and the force acts in the —e, direction

on wire two, i.e. it is drawn towards wire one.

Carrying out a similar computation for the force on the current in a length of the first wire

we find (for a set of cylindrical coordinates now centred about the second wire)

F12:/Il(dl/1XBg)
P

L
tol2

= I(dZ e, x —=e,

/2 1( =6 2rr 0)

'—0

polr 1oL

= o o
The force again (as we would have expected by symmetry) acts radially inwards, but now we
have constructed our coordinates about the location of wire two. Our shift in coordinate frames
obscures the fact that the forces are equal and opposite, the two wires are attracted to each other
(as in both frames the forces points directly towards the other wire). If current in one of the
wires flowed in the opposite direction, introducing a single minus sign into our computations,

then the two wires repel each other.
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5.3.1 The Divergence and Curl of B
Consider the magnetic field around the infinitely long, straight wire along the z-axis carrying
a current I = I e, which we found in the example above to be

pol
B = —
(r) 2rr €0

where 7 is the radial distance from the axis on which the current lies. Since the field is
constructed of concentric circles we can anticipate that its will have a non-zero circulation
density and hence the curl of B will not be zero.

From Stokes’ theorem we have

/S(VXB)-da:j{DB-dl

so for the magnetic field around the current-carrying wire along a path P which follows a

concentric circle of constant magnetic field strength we find

/S(VXB)-da:j(éBwil

= /0 F(&[eg) . (Td@@o)

—g 27T

_ M 27
21 Jo=o

de

= pol.

Now consider the case where the path is no longer a concentric circle, just some closed loop

encircling the wire in the plane perpendicular to the wire. The difference for the non-circular

path is that r is now a function of # and varies under the integral. The path is P is parameterised
r(6) cos 6

by 0 as | 7(#)sinf |, so that

z

r'(0) cos 8 df — r(0) sin 6 df
dl = [ 7/(0)sin 6d6 + r(0) cos @ df | = r'(0)d0 e, + r(0)d0 eq.

0
Hence ol / pol
B(r(0) - dl = (5250 eo) - (7 0)d0 ey + r(0)d0eg) = 52t

as for the earlier calculation for the circular loop. So the result is unchanged when the path

is any closed loop, in the plane perpendicular to the current, about the current-carrying wire.
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Finally suppose that the plane of the closed path is no longer perpendicular to the current, so
r(6) cos 6
that the path is given by the vectors | r(0)sin@ | where 6 € [0, 27] parameterises the closed
z(0)
path. Then

' (0) cos 0 df — r(0) sin O df
dl = | r'(0)sin0df + r(0) cos0df | =r'(0)dbe, +r(0)db eg + 2'(0) dbe..
Z'(6) do

So we find again that

_ Hol
B(r(0)) - dl = " —do.

Hence the integral fp B -dl = gl for any closed path, in a plane, about a long straight current-
carrying wire. This is, of course, reminiscent of Gauss’s law in electrostatics - albeit for a line
integral and for a single steady current. However we may now add current-carrying wires within
the closed path, and add the resulting magnetic fields to find that

%Bdl:,uolp
P

where Ip is the total current carried by wires crossing the area S within the closed path P.
Any magnetic field produced by a current that does not cross the area S surrounded by the
closed path P contributes zero to the line integral. Consider the closed loop P drawn in the

plane about a current-carrying wire but not enclosing the wire:

Current coming out of the page.

The line integral fp B - dl has no contributions from the two parts of the path P parallel to the

radial direction e,, on the inner segment at r; we have dl; = —r;df eg so that B -dl, = —%d@
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and on the outer segment at ro we have dlys = rydfeg so that B - dly = %d@. Hence the
contribution to B - dl from the closed loop P not surrounding the current is zero.
Now suppose the location of the current is described by a current density J then the total

current Ip in a region bounded by P is the flux of J through S

IPZ/J‘CZ(Z
S

hence, returning to Stokes’ theorem, we have

/S(VXB)-da_ﬁBwll

= polp

:MQ/J'dO,
S

VXB:/L()J‘

from which we deduce that

Our result is valid for straight line currents but we can show that it is generally valid. Let us

restate the Biot-Savart law in terms of a volume current density J:

po [ J(r') x es
B(r)="— | —%X—=d 5.4
O (5.0
Recalling that V(%) =—5= —S% es hence we may develop the Biot-Savart law as

B(r) = —Z—;/VJ@') x vé)dv'

/
zﬂVX/—J(r)dv'
Am v S

where in the second line we have used the product law for the curl:

1 1 1 1
V x (;J('r')) = V(g) x J(r') + gV x J(r') = =J(r") x V(g)
where V x J(r') = 0 because V is a function of r and not 7’. Since the magnetic field can be

written as the curl of Z—fr fv %T') dv’ then we realise that

V.-B=0

as V - (V x v) = 0 for any vector field v. Comparing this equation to Gauss’s Law V- E = £

)
we realise it implies that the magnetic field does not have any local sinks or sources, or, in
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other words, there are no magnetic monopoles®. Magnetic fields are not sourced by points of
magnetic charge (if it was then the magnetic field would not satisfy V - B = 0 at that point).

The curl of B becomes

VXB(r)zvX(vX@/Mdv’)

47 S

Now we have met second vector derivatives of this form before, in equation (2.11), we found
that V x (V xv) = V(V -v) — V% for a vector field v. Consequently,
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where in the second term we have made use of V2 (%) = —4m63(s) found in equation (2.16).
i)

oz’

But what have we done in the first term? We have introduced V' = a%' and then since
d
9z’

s =1 —1r' then V(s) = —=V'(s) and so also V(1) = —V’(). The reason we have made this
change is so that we can now use integration by parts under the integral to develop a term
V' - J(r') which we know is equal to zero. Since V/(J1) =V'(1)-J + IV’ - J we have

V x B(r) = —V<ﬂ/v (V’(J(T')l) - %V’ : J(T’)) dv’) + pod (r)

47 S

= pod (r)

where we have presumed that the term [, (V/ (J(r")L)dv' is zero, in doing so we are making
the assumption that the current density J is zero or constant at infinity, in which case it
is suppressed by the term % in the integral. For the vanishing of the other term under the

integral we have applied our earlier observation that the current density has zero divergence,

V') =0.

5This is a prediction that rests on the validity of the Biot-Savart law, but has, so far, been confirmed by
our knowledge of the universe: no magnetic monopole has ever been detected. One of the motivating reasons
for proposing cosmological inflation was to explain why magnetic monopoles have not been observed. On the
other hand, Dirac showed that even if just one magnetic monopole existed in the universe then from quantum

mechanical arguments one could use its existence to explain the quantisation of electric charge.
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We now have

V-B=0 (5.5)
V x B = pJ (5.6)

of which equation (5.6) is called Ampere’s law. We saw earlier that we could use Stokes’ theorem

to derive Ampere’s law in integral form:

del:,u()]p
P

where Ip is the total current cutting through the surface bounded by P. These equations (in

differential form) are the magnetostatic counterparts of our electrostatic equations

vE=.
€0
VXE=0

and will allow us to find the magnetic field in settings which are sufficiently symmetric, although,
in this setting, instead of Gaussian surfaces we will refer to Amperian surfaces. Furthermore the
equations will allow us to construct a magnetic potential function, although for the magnetic
field the potential will be a vector field.

Example 5.4. Find the magnetic field of a uniform surface current K = K e, flowing in the
plane z = 0.

First, let us think about possible magnetic field lines. They cannot end or begin anywhere
other than at infinity as V - B = 0 so the field cannot begin or end on the plane. This idea
rules out the possibility of a constant magnetic field perpendicular to the plane (such a field
would have field lines ending on the plane). We may also use our knowledge about the magnetic
field around current in a long, straight wire: the plane of current is really a sum of such wires,
and so we may expect that the magnetic field is parallel to the plane but perpendicular to the
direction of flow of current, and points in opposite directions either side of the plane. These
ideas suggest a path on which we may compute fPB ~dl = polp so that B is constant on the

integration path. We consider the path, called an Ampérian loop, which forms a rectangle which
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is perpendicular to the direction of the current and surrounds some of the current in the plane:

/" . 4
X/P

The Amperian loop has edges parallel to the y-axis of length L. Now using Ampére’s law we

have,

fB-dleBL
P

= polp
= po KL

Now our arguments about the direction of the magnetic field mean that it is pointing in the — e,

direction for z > 0 and in the ey direction for = < 0. Therefore

oK
B— —55 €y z >0,

oK
5 €y z < 0.

As for the electric field over the infinite charged plane, the field is independent of the distance

from the plane.

Example 5.5. Find the magnetic field of an infinitely long, tightly wound, solenoid® consisting
of n turns of wire per unit length on a cylinder of radius R, where each loop of wire carries a

steady current I. We will assume that each loop of wire forms a circle of radius R centred on

6A solenoid is a helical coil of wire which you may imagine as loops of wire wrapping a cylinder.



5.3. THE BIOT-SAVART LAW AND AMPERE’S LAW 111

the axis of the cylinder. We show here a sketch of a finite solenoid:

45,
%

In order to find a path on which the integral of B in Ampére’s law simplifies, we must
first find the direction of B. Now around each loop of current on the solenoid we may use
a right-hand-rule (with thumb pointing along the direction of current) so that our fingers curl
in the same direction that B circulates about the current. For the solenoid depicted above,
aligned with the z-axis, the magnetic field must sum to point along the direction e, inside the
solenoid, but it must point in the — e, direction outside the solenoid. Consequently we will pick
an Amperian loop which is a rectangle with two edges parallel to e, and the remaining edges
parallel to e,. First consider such a path that bounds an area outside the solenoid (through
which no current cuts) then we can apply Ampére’s law to deduce that fPB -dl = 0 outside the
solenoid is zero (as there is no current there), which implies that the magnetic field is constant
outside the solenoid’. Later in the lectures on we will show that, incredibly, it is in fact zero.

Now consider an Ampérian loop , which cuts the loops of wire on the solenoid. The rectangle

"For a rectangular loop of height L in the plane spanned e, and e, for some fixed 6, then j;PB -dl =
fL:O(—B(pl) e,) (—dzey) +sz:O(—B(p2) e:) (dzey) = (B(p1) — B(p2))L = 0, where the edges of the Amperian

z

rectangle parallel to e, are located at p; and ps. Hence B(p1) = B(p2).



112 CHAPTER 5. MAGNETOSTATICS

for this integration path will have length L in the e, direction:

Now we have argued that
Broside € r<R
B(T) _ Inside €z
_BOutside e > R

where Bouytside 1S a constant. Then
¢ B-dl = ~BrniaL - Bouan = polr = —pionL,
P

Consequently
nl — Boutside) € r<R
B(T) _ (MO Outsid ) 2z
_BOutside (> r>R

Now notice that if Bowsidge > ponl then the magnetic field points in the wrong direction inside
the solenoid, i.e. it must be the case that Bouside < ponl. Since Boutsize = 0 and because the

current may be arbitrarily small we deduce that Boytsige = 0 giving

ponle, r <R
0 r> R.

B(r) =

5.4 The Magnetic Vector Potential

The equation V - B = 0 is automatically satisfied if

B=VxA
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where A is called the magnetic vector potential. In terms of the magnetic vector potential

Ampere’s law becomes

VxB=Vx(VxA)
=V(V-A)-V°A
= uoJ

which does not directly yield an equation of the simplicity of Poisson’s equation in electrostatics.
However we still have some room for manoeuvre, as the magnetic vector potential is not uniquely
defined but is only defined up to a gradient. Consider the curl of A + VA where A is a scalar
function,

Vx(A+VA)=VxA=B

as V x V(A) = 0 for any scalar function A. Let us write A = Ag+ VA, and now we may wonder
if we could choose A such that V - A = 0. Choosing A in this way so as to make V- A =0 is
called fixing the gauge, and this choice is known as the Coulomb gauge. Being able to do this
would imply

0=V -A=V A+ VN = V’A=-V A

Our experience of Poisson’s equation and the Green’s function for the Laplacian means we can
solve the equation V2A = —V - Ay readily® to find

AL [ VAo,
47 v S
Taking this value for A we then have
V2A = —/LQJ

The equation above is the magnetostatic analogue of Poisson’s equation and its solution is

Alr) = @/VL’"')CW.

 Ar S

Example 5.6. Find the vector potential of the magnetic field B = Be, where B is a constant.

We seek A such that V. x A = B = Be,, so A circulates about the z-axis, i.e. A = Ageq

in cylindrical coordinates, as then V x A = —% e, + (%6%_129)) e, = Be,. So % =0
and therefore 0’00 a(g—’;“dp = %Bpg, hence Ag(po) = %Bpo. Therefore A = %Bpeg, or in

81t is as if we were finding the electric potential for the charge density €,V - Ag.
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Cartesian coordinates A = %B(—yem + zey). Now we may add any gradient VA to A to
1
2
A+VA = (—%By—l—x) €x+ %Bz ey gives the same magnetic field B, which we confirm by directly

computing the curl. Interestingly we can choose A so as to eliminate either the x-component

obtain the same magnetic field B for ezample if A = 2? then VA = z e, and so we expect that

or the y-component of A. For example by choosing A = %Ba:y, then VA = %B(yeaE + xey)
so that A+ VA = Bxe, while A— VA = —Bye,. The form of neither of these magnetic
potentials immediately gives us the impression that they are circulating about the z-axis and
generating B = Be,. So one must take care with drawing quick inferences from the vector

magnetic potential, some reflection is always a good idea.

Example 5.7. Find the vector potential of the magnetic field produced by an infinitely long

wire along the z-axis carrying steady current I = Ie,.

We have found the magnetic field for an infinitely long wire carrying a current I = Ie,

earlier, in terms of cylindrical coordinates it is B(r) = %eg. Now from
J(r
Alr) = ﬂ/ I g
47 v S

with J = 1 e,6(x)d(y) we immediately see that the x and y-components of A are zero, so we have
A = A.e, (in cylindrical coordinates as well as Cartesian coordinates) and we must determine

A,. Now computing the curl in cylindrical coordinates (using equation (C.2)) we have

10A 0A ol
VxA=-—""e,——"e=B=""¢
p 00 °  Op o 2mp o
Comparing the coefficients of the basis vectors we deduce that % =0 and —% = g% from

which we deduce that
y——

Example 5.8. Find the magnetic vector potential of an infinitely long solenoid along the z-axis
carrying steady current I = I eg in the wire with n turns of wire per unit length and of radius
R

The vector potential A is parallel to the current density vector and hence we expect to be

able to find A with only its 6 component non-zero. Now,

ﬁA-dl:/S(VxA)-da:/SB-da
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which is the flurz of B through the surface S bounded by the loop P. Let P be a circle of fixed

radius p in the plane z = 0 then, since by symmetry A must be constant over P, we have
2
%A-dl :/ (Aye) - (pdfeg) = 2mpAy.
P 0=0

For p < R we have found that B = ugnl e, hence

P 21
/B -da = / / (ponl e;)(r dr df e,) = ponlmp?.
S r=0 J6=0

pond p
A=
2
Outside the solenoid (p > R) we compute

/B da—/ / (ponl e;)(rdr dfe,) = ponlm R
r=0J60

as the magnetic flux is only non-zero within the solenoid (of radius R). Hence

~ pond R?
=",

Which gives us

€y for p < R.

€y for p > R.

The wvector potential outside the solenoid is non-zero, and decreases as %, even though the

magnetic field is zero in the same region.

5.5 The Multipole Expansion for the Vector Potential

Just as we were able to expand the electric potential in powers of % to find the multipole
expansion of ®, we are also able to find the multipole expansion for the magnetic vector potential

for a given loop of current. In working out the multipole expansion the crucial step was deducing

that
—=- Z ( ) . (sin ).
Since the magnetic potential for a steady current / running in a loop P is
MOI /
A —dl
="

we may use the expansion of % in terms of % to find the multipole expansion of the magnetic

potential

I1
ZO ]{Z P,(sinc)dl’.
T
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As for the electric potential the term proportional to % is called the magnetic monopole term,
the term proportional to T% is called the magnetic dipole term and so on. Note that the magnetic

monopole term is, in fact, trivial:

AMonopole(r) = &Ilf dl’ =0.
P

Ao

Consequently the leading term in any magnetic multipole expansion is the dipole term:

I1 !
Apipole(T) = HoZ —j{ " sinadl
P

Cdmr r
Mojlf !

=——=¢ e -rdl
4 r? Jp T

A useful identity that is simple to prove (see problem sheet VII, problem 35) is

%e,-r'dl’z—e,x/da'
P s

and it allows us to rewrite the dipole term for the vector potential as

m X e,

11
Apipoie(r) = Hol = | da’ % e = Z—;

- 2 2
A r? Jg r

where m is called the magnetic dipole moment and is defined by

mzf/dazla
S

where a is the vector area of the surface S bounded by P, its direction being the integral of the
normal directions to the surface (its sign is picked out by the right-hand-rule, so that if your
fingers curl around in the direction of the current loop then your thumb points in the direction
of a). For example, if P is the circle of radius R in the zy-plane with current running in the eg
direction then da = r dr dfe,, then a = mR?e, and the magnetic dipole moment for this loop

of current is m = ITR?e,.



6. Electrodynamics

In introducing magnetic forces we stated that a magnetic field is produced by moving charges
in the form of a current, and in the Lorentz force law we have seen that a moving electric charge
feels a force due to a magnetic field. These ideas lead the way towards unifying electrostatics
and magnetostatics in the single subject of electrodynamics, which is be the study of changing

electric and magnetic fields.

6.1 Maxwell’s Equations

We will now develop two of the equations of electrostatics and magnetostatics; the resulting

set of equations will be Maxwell’s equations.

6.1.1 Electromotive Forces and Faraday’s Law

Since a charge () moving with velocity v in a magnetic field B is subject to a force F,qgnetic =
Q(v x B), we may wonder what effect a magnetic field has on the charge in a conductor. In
particular let us consider a wire, made of a conductor, but not carrying any current, which is

moved into a magnetic field as depicted below:

Magnetic field pointing into the page

Le®

W Induced current
Wire is moved into the
«— L || magnetic field with
velocity v

h

<

117
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The motion of the wire as a whole means that the charge (which is moving with the wire, but
not around the wire) has a velocity v = —ve,, which in the magnetic field B = —Be, gives

rise to a force
Fmagnetz'c = Q((—ve,,) X (_Bez>) = —Q’UBCy

on each charge (), which for the charges in the part of the wire aligned with the y-axis cause
them to accelerate along that section of the wire, and so inducing a current. The charges in the
parts of the wire parallel to the z-axis cannot move in the y-direction, as they are constrained
to remain within the wire!. If the loop of wire was moving in the opposite direction (i.e. if
v = ve,) then the induced current would move in a clockwise direction around the loop of
wire. The motion of the wire is relative to the magnetic field, so we may equally imagine that
the current is induced in a stationary wire due to a moving magnetic field. We are now in the
realm of electrodynamics.

The Lorentz force does work on the charges in the left-hand part of the wire, but only in
the part of the wire parallel to the e, direction in the magnetic field, along the rest of the
circuit the charges are not able to move (as the Lorentz force is perpendicular to the wire) or
there is no Lorentz force, because the wire is outside of the magnetic field. Upon encountering
a force, it is natural to ask what work it does, in this case to discover how much work a moving
magnetic field can do as it brings charge in the wire into motion. Working with the force per

unit charge we compute the work done around the loop of wire?
]4 lFma netic + Al = vBL = E.
pQ "
where we have introduced
&= $ Fmamrc (6.1)
pQ

which is called the electromotive force. In considering the work done by the force per unit
charge we sidestep problems such as: which charge are we focussing on and does it make a
circuit of the wire? Furthermore we observe that the force per unit charge is precisely the
meaning of the electric field in electrostatics, so whatever quantity it is that we are considering
it will be a quantity that is similar to the electric field.

'However the moving charge leaves a charge deficit which has an electric field which causes charge to move
around the loop. We will think about this idea again when we think about how batteries cause current to flow

in a wire.
2We are integrating in an anticlockwise direction around the loop (as viewed from looking down the z-axis

towards the zy-plane), so on the left edge of the wire - where the Lorentz force acts we integrate in the negative
y-direction e.g. fg —vBdy = vBL.
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The electromotive force is a quantity whose origin is in the changing magnetic field. For
example, suppose that there had been an additional background static electric field E' then the
total force per unit charge would have a contribution due to the magnetic field and the electric

field, but the computation above would remain unchanged:

%(lFmagnetic + E) -dl =vBL=¢&
pQ

as fPE -dl = 0. The quantity we have computed, then, is entirely due to a changing magnetic
field - it is an electrodynamic quantity. The electromotive force for the simple loop above can
be expressed in another way: ——BL = & so that [ BLdx = — [ £dt. The integral on the
left-hand-side is the flux of B over the area S bounded by the loop of wire which we denote

(I)BI/B'dG,
S

for a surface S.*> Hence the equation for the electromotive force in our rectangular loop of wire

becomes,
— == (6.2)

note that, for the wire moving to the left, the flux of B is actually decreasing (this is because
of the fact that the normal vector da x e, is in the opposite direction to B < —e,), and that
& =vBL > 0 so that the signs in the equation above are consistent.

While we have deduced equation (6.2) for our rectangular wire, we can show that it holds

for a loop of wire of any shape. Consider the motion of a wire of velocity v

% Q magnetzc -dl
7{ v x B)-dl
P

:ji(dlxv)-B.
0

3Note that we have taken da to be in the e, direction, i.e. da = 0 , the opposite direction to B - this

dxdy
is consistent with the right-hand-rule for the anticlockwise path around the wire in the line integral. Notice,

for later, that for the contributing part of the line integral (i.e. along the leading left edge of the circuit, for

0 —v
an anticlockwise path) dl = | —dy | andv = | 0 |, then (v x dl)dt = da, consistent with the right-hand-rule
0 0

convention for picking the overall sign of the normal to an open surface.
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Now an element of wire dl moves a distance vdt in a time dt and sweeps out an infinitesimal
area |(dl x v)dt| = |da| and we define* (v x dl)dt = da hence

/Sdt:/]i(dlxv)-Bdt
:—/Sda-B

= —dp

where the integral over dt has combined with the integral over dl x v to give a surface integral.
We have again obtained the result that the electromotive force is equal to minus the flux of B
through the surface S surrounded by the wire, but now the wire may be of any closed shape.
There is a proliferation of minus signs in the above discussion which does not quite form a
conspiracy. The guide-rails to keep hold of are that the normal vector should point in the
direction indicated by the right-hand-rule applied around the path in the line integral (i.e. curl
the fingers of a right hand in the direction of the path of the line integral, and the normal

should be chosen to point in the direction of the thumb). We will introduce Lenz’s law later,

_d®p
dt

will flow in a direction to oppose the change in the flux of B through the circuit.

and the minus sign in £ = can be understood as encapsulating the idea that the current

Notice that the electromotive force depends on the shape of the wire, it also depends on the
relative velocity of the wire and the magnetic field, and it depends on the size of the magnetic
field. We may conclude that a current will flow in a wire if the wire moves in the magnetic
field, if the magnetic field moves with respect to the stationary wire, or if the magnitude of the
magnetic field varies. These three ideas were first observed experimentally by Michael Faraday
in 1831 and result in a modification to the laws of electrostatics that we have been working
with so far, let us explain why. In the first of these ideas, where the charges in the wire have a
velocity v, we understand that the current is a result of the magnetic force term in the Lorentz
force law. The second, where the magnetic field creates the same current when it is itself in
motion, could not be determined directly from the Lorentz force law, where v is the velocity
of the test charge (the charges in the wire) - however we are used to relative motion and the
idea that we could view the second situation from a frame that moves with the magnetic field,
and in that frame we would see the wire moving and then again apply the Lorentz force law
to find the current is produced by the magnetic field in the moving conductor. The third case

however, defies our interpretation. Certainly the flux of B through S changes if the magnitude

4As ever, we aim to be consistent with the right-hand rule: a line integral on an anticlockwise path in the
0 dx

xy-plane should give a normal in the e, direction, e.g. dl = | dy | andvdt = | 0 | gives (v x dl)dt = dzdye,.
0 0
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of B varies with time, or indeed if B changes in any way such that |, ¢ B - da = ®p does not
remain constant. This situation induces an electromotive force as £ = —% and current in the
wire, but without there being any relative velocity v between the wire and the magnetic field:
this current cannot be explained as arising from the magnetic force in the Lorentz force law
(as v = 0). It must be that the electric force term in the Lorentz force law is responsible for
this current when % # 0: the changing magnetic field has produced an electric field. Via the
flux of B we have one unified way to compute the current induced in the wire when B changes
with time. In all three cases the change in ®p produces an electromotive force, and now we
may equate these essentially two different origins of the current (1. the moving magnetic field,
and 2. our deduction that there must be an induced electric field when %2 3£ 0) and discover
a modification to our laws of electrostatics. In the case where there is an induced electric field

FE driving the charge around the circuit we have

EzjiE-dl:/S(VxE)-da

where we have made use of Stokes” theorem, while we also know that

_d%p — @-da

E=—w = L a

5. Now following in

where we have used the definition of the magnetic flux in the second line
Faraday’s steps we may equate these two ways of thinking about the electromotive force in

order to deduce the electric field in the loop of wire. Consequently we have

0B
VxE_—E

which is called Faraday’s Law of Induction in differential form. For the case of a static magnetic
field the equation reduces to one of our equations of electrostatics, as expected. This is the first
of the modifications of our equations from electrostatics and magnetostatics due to dynamical
fields.

We could summarise Faraday’s equation in the oversimplified statement that a changing
magnetic field induces an electric field, a better summary is to say that an electromotive force
is produced around a loop P whenever the magnetic flux through the surface S, bounded by
P, changes. Looking back at Faraday’s three observations, we understand that in all cases the

magnetic flux through S for the loop of wire P is changing, however when the loop is moving

SWhy has the total derivative become a partial derivative under the integral? First we observe that, under
the integral, only B might be a function of time. The surface S is fixed so da is not a function of time. The
magnetic field B is generally a function of position and time - hence the use of the partial derivative with respect

to time.
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then it is directly the magnetic field B that produces the current, when it is the field B which
is moving or just changing in time, then there is an induced electric field which is responsible
for the driving the charge around the circuit. We are also left with a small puzzle to think
about: when the circuit moves it is the magnetic field that produces the current, while when we
consider the magnetic field to be moving but the circuit stationary then it is the electric field
which produces the current. It seems unsatisfactory that the frame of reference is so pivotal to
deciding which field is causing the current to flow. We will revisit this idea.

Faraday’s law contains sufficient signs so as to render it a little difficult to work out the
direction of the induced electromotive force in a circuit (and hence the current), there is a use-
ful rule, called Lenz’s law, for working this out: ‘the induced current will flow in the direction
such that the magnetic flux it induces aims to reduce the initial magnetic flux’. The electro-
motive force induces a current whose own magnetic field attempts to counter the increasing or
decreasing magnetic flux: change in flux is resisted!

Thoughts about the magnetic field induced by a current, lead us to another novel idea:
consider a current flowing in a conductor, and now let us allow the current to change - this
results in a changing magnetic field which then induces a current in the conductor itself. This
new current is such that it opposes the changing magnetic field and so opposes the change in
the current in the wire (which is causing the change in the magnetic field...), the net result is

that a change in current in a wire is impeded, there is an inertia associated with currents.

6.1.2 Correcting Ampere’s Law

The differential form of Ampere’s law is
V xB= ,LboJ

Now while V x B is mathematically divergence-free, the current density does not have zero

divergence. Its divergence is given by the continuity equation which we derived in equation
(5.2) which states that

dp

V.- J=——.

ot

When we were studying the static fields, one of our assumptions was that % = 0, this was
sufficient to guarantee that both sides of Ampere’s law have zero divergence. In electrodynamics
we will not assume that charge distributions do not change with time, so we will need to amend
Ampere’s law so as to guarantee that both sides are zero. The continuity equation tells us that

the right-hand-side fails to be divergence-less by a term go%. Since we know that V- E = %
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we may posit that

OF
V xB = M0J+€0MOW

because V - (pod + Eouo%) = uoV - J + GONO%(V -E) = —,uo% + eo,u[)%(%) = 0. Adding the
term 60#0% to Ampere’s law was one of Maxwell’s key insights, and while he was motivated for
several reasons the support he had for this new equation was initially entirely theoretical. We
may summarise the new term as telling us that a change in the electric field induces a magnetic

field. A few examples will help to convince us of the need for this extra term.

Example 6.1. Consider a current I that is being driven around a loop of wire by a battery
(see below for a discussion of how a battery does this), and now suppose that the wire is broken
and two conducting parallel plates, separated by a small gap, are inserted in the circuit. Now
consider the Ampérian loop P shown below

I S, Surface 1 is cut by the current
< |é ®

S Surface 2 runs
/——‘_7 * between the plates

A\

L7

Battery =

SR

and consider the two different surfaces Sy (which is cut by the current) and Sy (which is not
cut by the current but runs between the two parallel plates) which both have the boundary P.
Eaxplain how Mazwell’s modification of Ampére’s law guarantees that ¢, B-dl = fSl (VxB)-da =
Js,(V x B) - da.

We have drawn a circuit diagram above that includes a battery and we will digress for a
moment from our problem to give an idea about how a battery can generate a uniform current
all the way around a wire. A battery delivers an electromotive force to the charges in a circuit
once its terminals are connected to the circuit. The electromotive force is measured in volts,
this is the voltage of the battery. When the battery’s terminals are connected to a conducting
wire a current flows through the battery as the electromotive force causes the mobile charges in
the conducting wire to move (the electrons in a metal conductor). Now the wire may be very
long or it may have an unusual shape, so initially it seems unlikely that setting up a flow of

charge near the battery is enough to create a uniform current in the wire, we might instead
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expect that the current may be large near the battery and small far away from the battery, or
that a change of direction in the wire might slow down or speed up charge as it flows, leading
to an irreqular current. However suppose for some reason that the current was not uniform
and charge built up at some part of the wire, then the accumulated charge would produce an
electric field which would repel like charges from that point. Near the battery once the circuit
is connected the electromotive force of the battery causes charge near the battery to move, that
moving charge leaves behind a net charge which generates its own electric field so as to bring
more charge in to replace the charge moved by the battery and so on around the circuit. The
fact that the electric field is so strong, and its action so quick ensures that a steady current is
almost immediately generated throughout the wire due to the presence of the battery.

Let us return to our example and consider the integral over surface Sy which is cut by the
current. This is the kind of problem we have worked with already when studying magnetostatics,

and if we pick Sy to be a disc of radius R is cut by the current then we know that

j{B-dl:/(VxB)-da
P S1
:No/ J.da
St

we note that over this surface the electric field is constant: there is a steady current and we are
in the realm of electrostatics.

The integral over the second surface Sy runs over a surface that runs between the two parallel
conducting plates, but which is not cut by the current. Consequently we realise that there will
be no contribution to f32 (V X B) -da from the current density (since it is zero over the surface
Sy). We may guess at this stage that the term 60#0%—‘? in Maxwell’s correction of Ampére’s law
must not be zero, in order to guarantee that pr -dl takes the same value no matter which
surface (with boundary P) that we pick. To understand this we will need to think a little about
capacitors.

A capacitor is a pair of parallel conducting plates which carry equal but opposite charge on
each plate. When the distance between the plates is small, and the area of each plate large,
the electric field in a capacitor can be approximated by the electric field between two infinite
charged planes of charge density —o and o. We found the electric field of such a system in
problem 12 of the tutorial problems: there is only a non-zero electric field between the two plates
whose magnitude 1s % and points in the direction normal to the plates away from the positively
charged plate and towards the plate with negative charge.

Returning to our circuit, the battery causes charge to build up on the conducting plates of

equal and opposite size. The current causes the lower plate in our sketch of the circuit to become
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positively charged (we recall that the direction of the current is the effective direction of motion
of positive charge) and the top plate to become negatively charged and an electric field builds
up between the plates pointing from the lower plate to the upper plate, whose magnitude grows
as the current causes more charge to be deposited on the plates. By definition I = \v where
A s the linear charge density in the wire, and v is the velocity of the charge, consequently the
current causes a charge Q(t) = f; Av dt to build up in a time t on the positive plate, and —Q(t)
on the negative plate. If the plates have area A then the electric field between the plates is,
_ Q)

approzimately, B = A—eoﬁ where 0 is the unit vector normal to the plates and pointing from the

positive to the negative plates. Now we have

ﬁB-dl:/S(VxB)-da

—/ @ da
= 5 €ofo ot

0 N
Z/Aﬁouoa(a(;)") - da
_ /A'u[)@@(t) (%ﬁ) - (da#)

ot
= )\vi/da
= Mo 4/,

= pol

where we note that because the plates are assumed to be close together and because the electric

field is only changing between the plates, that the integral o %—f 15 only non-zero over the area

A of the plates, which is why the integral changes from being over Sy to over A.
Hence Mazwell’s term which is added to Ampére’s equation guarantees that the line integral

of B over P is independent of the surface chosen for this circuit.

Example 6.2. Consider a spherically symmetric radial distribution of current density J(r),
of the same magnitude in every direction. Let us denote by Q(R) the total charge contained
within a sphere of radius R centred at the origin. Now consider a circular path P of small
radius on the surface of a sphere about the origin, the radial currents cut this path so we may
deduce that a magnetic field circulates about the path P. However if we chose a different path
P we would argue that the magnetic field must circulate about this second choice of P. The
more we think about it more we realise that there is no consistent choice of the direction of B
- a calculation with a different path in the line integral will give a different result. How does

Mazxwell’s modification of Ampére’s law resolve this problem?

In the description of the problem there was a focus on the current generating the circulation

of the magnetic field, but we know that a changing electric field will also contribute to V x B.
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In this problem the electric field is changing: current is carrying charge away from Q(R) the
total charge contained in the sphere of radius R. Charge is lost from the sphere at a rate of
|J|4w R? per second, i.e. a%(tR) = —|J|4wR%. On the other hand, the charge Q(R) generates a
spherically symmetric electric field for r > R:

1 Q(R)
E(r) = dmeg 12 "
hence we have
OE(r) 1 1 9 |J| R?
_ 2 _ M > R.
T prmg |J |47 R* e, pp: er forr >R

So on the surface of a sphere of radius R we have

OE(R) __|J|

ot € "

hence if we compute

oF
V xB= MoJ-l-EOMoW

on the surface of the sphere of radius R, where we have J = |J| e, then we find that

/1

€o

V X B = po|J| er + €opio(— 0

er)

and our puzzle is resolved: there is no B field produced by the radial field of current.

We now have the full set of Maxwell’s equations:

V.E= eﬁ Gauss’s Law (6.3)
0
B
VXE = _(?9—t Faraday’s Law (6.4)
V.B=0 (6.5)
OFE . : .
V x B = ugd + €0HO Ampere’s Law with Maxwell’s correction. (6.6)

We notice immediately an interesting feature: a changing electric field produces a magnetic
field, and a changing magnetic field in turn produces an electric field. There is an interplay
and feedback between the electric and magnetic fields, which was not apparent before Maxwell
added the new term to Ampere’s law.
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6.2 Electromagnetic Waves in Vacuum

Maxwell’s equations admit all the solutions to electrostatics and magnetostatics that we have
studied so far: because when %—If = 0 and % = 0, Maxwell’s equations decouple into the
equations for electrostatics and magnetostatics.

In general Maxwell’s equations appear challenging to solve. In the face of such a challenge
one may try to simplify the problem and solve the simpler problem - this is essentially what
we have done in studying electrostatics and magnetostatics. Let us try to solve Maxwell’s
equations in the absence of charge density (so p = 0) and in the absence of current density (so
J = 0), which is what we mean talk about studying electrodynamics in a vacuum. Maxwell’s

equations become

V.- E=0
0B
VXE——E
V.-B=0
oE
VXB_EO,UOE-
If we compute
0B 0 O*E
VX(VXE)——VXa——a(VXB)——E(]MOﬁ

we obtain an equation entirely in terms of the electric field, which we may attempt to solve.

Since

V x (V x E)=V(V-E)-V2E = —V’E

as V- E = 0 in the vacuum. Altogether we have

0*E
VQ.E = 60/,60@. (67)
Can we find something similar for B? Yes we can:
OF 0 0’B
V x (V X B) = Egﬂov X E = Eoﬂoa(v X E) = _EOMOW
and since
V x(VxB)=V(V-B)-V?B=-V’B
because V - B = 0 then we have
V’B =¢ OB (6.8)
= €olo 92 .

These equations have decoupled E' and B and are three-dimensional wave equations, one for

each component of E' and B. Let us recall the standard wave equation and its solutions.
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6.2.1 Travelling Waves

There are many wave equations, and one tautological way of defining a wave equation is to
say that it is an equation which admits travelling waves as a solution. The prototype wave
equation in one dimension (with coordinate x) is

O*u 0%

oz~ oa?

where ¢ is a constant and u = u(x,t). It admits the solutions v = f(x — ct) + g(x + ct), where
f and g are any twice differentiable functions of x — ¢t and x + ct respectively. Notice that
f(z—ct) is a function of shape f which is moving in the positive z direction with speed ¢, while
g(x + ct) is a function of shape g which is moving in the negative z direction with speed c.
Both f(z — ct) and g(x + ct) are travelling wave solutions: notice that there is no requirement
on them to be sinusoidal functions, any twice differentiable function for f or g will do. Our
most important takeaway from these comments is that ¢, which appears in the wave equation
is the speed of the wave.

Of course sinusoidal and cosine functions may be used to make wave solutions, these are

called harmonic waves, for example
u(x,t) = Acos(x — ct)

is a cosine function of amplitude A travelling at speed c¢ in the positive x direction. If we pause
time (set ¢ = 0 for example) we can read off that the function has wavelength 2. If we want to
consider harmonic wave functions with a different wavelength we must add in a coefficient k,
called the wave number which premultiplies x - however since we must consider only functions

of (x — ct) any coefficient of 2 must also be a coefficient of —ct as well, i.e.
u(z,t) = Acos(k(x — ct)) = Acos(kx — wt)

where we have defined® w = kc and now u(z,t) is a travelling wave solution whose wavelength
A is
2

A =

5For other wave equations this relation may not be so simple, just how w depends on k is called a dispersion
relation, w(k). We may approach any wave equation by substituting a travelling wave solution of the form
Asin(kz — wt) then in order to find a travelling wave solution we may find that there will be a non-linear
dependence of w on k. For example the wave equation: % + c% + dg%}f = 0 which has a dispersion relation
w = ck — dk3, so that wavespeed T =c— dk? depends on the wavenumber: travelling waves of different

wavelength travel at different speeds.
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The period t = 7 of the wave is given by 7 = %’T and w is called the angular speed or angular

frequency. Everything we have said for our example cosine function applies equally well to a
sine function.

It will be helpful to use complex notation to express travelling wave solutions, and to do
this we note that

u(z,t) = Acos(k(x — ct)) = Acos(kx — wt) = Re(Ae!*e=w1)

by virtue of Euler’s formula. Now by summing travelling waves of different wavelengths and

amplitudes one can reconstruct any function”:

u(x,t) = Re(/_C>o A(k)e k=t g

o0

where by integrating over k we are integrating over the wavelengths for each travelling wave
solution. We have made A a function of k so that each travelling wave we add in the integral
may have a different amplitude. Since it is cumbersome to work with only the real part of the

complex function we will adopt the shorthand

o0
i(z,t) = / A(k)etke=t) qf,
—0
where it is understood that u(z,t) = Re(a(x,t)).

The main observation is that we can use travelling wave solutions to construct any wave
solution by linear superposition, so it will be sufficient for us to focus our interest on travelling
wave solutions when solving wave equations.

Finally we may generalise the one-dimensional wave equation to a three-dimensional wave

equation:

@ B 2(82u n 0?u n 0?u
oz~ “\azz T 92 T 922

i(r,t) = / / / A(k)e"® =) @,

"To quickly convince yourself of this idea, imagine a sum of exponential functions Z?:l Aje™it. This

> = V.

It is solved by

corresponds to a sum of n complex numbers of length A; added together and each rotating at a different rate
wj. One can view the resulting complex number as the point traced out by a pencil on the circumference of
the last wheel in a system of n wheels of radius A; with wheel j centred on the edge of wheel j — 1 and so on.
The wheels rotate at speeds w; and the pencil traces out a complicated path which is Y7, Aje™s’. Tt takes
some imagination to see this, so why not look at https://www.youtube.com/watch?v=QVuU2YCwHjw to get the
rough idea. It is the reason why a system of epicycles could be successfully contrived in an attempt to try to
explain why the Earth is at the centre of the solar system. Once n — oo then the sum becomes an integral and

the point drawn out can approximate any reasonable function.


https://www.youtube.com/watch?v=QVuU2YCwHjw
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ks

where k = | k, | is called the wave vector, and its components are the wave numbers £, k,
k.

and k, in the x, y and z-directions. We can understand this solution to be a superposition of

more fundamental solutions:

fr.t) = A(k)e'®r=1,

If K, = 0 and k, = 0 then k -r = k2 and f is a one-dimensional travelling wave moving in
the z-direction, so we see that the wave vector k encodes the wave’s direction, as well as its
wavelength. By substituting v = f into 86273 = ?V?u we see that the wave equation is solved
by fif w? = (k2 + k2 + k2), that is if w = c[k|.

One interesting solution to the wave equation in three dimensions is called a spherical wave
which are effectively one-dimensional travelling waves in three-dimensions where the single
spatial coordinate is the radial coordinate r. If we rewrite the three-dimensional wave equation

in terms of spherical coordinates® and consider functions of the form wu(r,t) then

Pu 2(82u N 0*u N 82u>
a2~ “\ozz " 52 T 922

02( 1 2(7“2%) n 1 82u+ 1 0 (cosd)@))

r2 Or r2cos? ¢ 002 12 cosd O ¢
10 ou

_ 2=~ (27"

- r28r<T 87“)

B 2028_u 282u

oo C e
Which has solutions ) !
u(r,t) = ;f(k(r —ct)) + ;g(k(r + ct))
where 1 f(k(r — ct)) is a spherical wave travelling radially outwards and 1g(k(r + ct)) is a

spherical wave travelling radially inwards.

6.2.2 Plane Wave Solutions of Maxwell’s Equations

We have decoupled Maxwell’s equations in a vacuum to obtain two second-order differential

equations:
0*E 1
- — =——V’E
ot?  eopio
0’B 1
—=—V’B
o2 eopo

8We computed the Laplacian operator in terms of spherical coordinates in section 4.3.
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which we now recognise as two three-dimensional wave equations. What is surprising is that

both equations have the same wavespeed:

1
\/Eo,uo'

CcC =

02
Nm?

is determined by

Magnetic waves and electric waves travel at the same speed. Now ¢; ~ 8.85418782 x 10712

N
A2

measuring the strength of the magnetic field due to a constant current using the Biot-Savart

which is measured using the Coulomb force law, and py = 47 x 1077

law. These quantities were known reasonably well before Maxwell did his work, so he was able
to make roughly the same computation that we can and find that® \/ﬁ ~ 2.99792 x 108ms~!,
which is exactly the speed of light'?! As Maxwell observed, ‘We can scarcely avoid the inference
that light consists in the transverse undulations of the same medium which is the cause of electric
and magnetic phenomena.” Maxwell was referring to the aether, an idea that would later be
debunked, but what Maxwell had done through his unification of electricity and magnetism was

discover light. Light itself is an electromagnetic wave, and the speed of light ¢ is a constant.

What we have discovered is that in a vacuum each component of the electric and magnetic
fields solves its own wave equation, and the waves travel at the speed of light. We still have
to make sure the solutions we find are consistent with Maxwell’s equations, but we now have
a good basis upon which to find these complete solutions. We will start by thinking about a
travelling wave solution for a single frequency w, as the travelling wave solutions can be used to
construct the most general solutions of the wave equation. We will further simplify our search
by seeking solutions which depend only on one spatial coordinate  and time ¢ and which travel

in the positive x direction, i.e. we consider solutions of the form

E(aj’t) — Eoei(kEx—wEt) and B(ﬂﬁ,t) — éoei(kgx—wBt)

where ¢ = % = "]:—g and Eg and By are vectors of constant, complex-valued amplitude coef-

3.

T

ficients. Now consider the equations V - E=0andV-B = 0, if we let Ey = and

E,
E.

9For the units, it is helpful to note that 1 Ampere of current is 1 Coulomb of charge moving past a given

point per second.
10Which had first been measured by Ole Rgmer by observing the moons of Jupiter in 1676.
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then we find

ikEExei(kE:r—wEt) =0

ikBBxei(kB:c—wBt) -0

V-E
V-B
hence we deduce that either our solution is trivial so that kg = 0 and kg = 0 (we will see that

these will have to vanish together or not at all) or Ez =0 and BI = 0. In the non-trivial case

we see that
0 0
E — Ey ei(kEx—wEt) and B — By 6i(k3z—w3t)
E, B,

so that both the electric and magnetic waves have amplitudes which oscillate in directions
perpendicular (y and z) to the direction of travel of the wave (). Such a wave is called a
transverse wave and is the type of wave that travels along an oscillating string, its amplitude
is in a plane perpendicular to the wave’s journey along the string. Alternatively a wave whose
amplitudes lie in the direction of the wave, for example think of sound waves or the waves of
compression in an oscillating slinky spring or in a line of traffic, are called longitudinal waves.
Electromagnetic waves are transverse waves. We must still see if we can solve the remaining

pair of Maxwell’s equations for E and B. We first compute,

0
V x E =ikg | —E, | ¢bre—wrt)
E,

which, to solve Maxwell’s equations, must be equal to

- 0
aB:in By ilkpo—wpt)

ot ’

z

For these expressions to be equal each wave must have the same wavelength and frequency,

so we must have that kg = kg = k and wg = wp = w. Furthermore we must also have

E, = _%By = —cBy and Ey = %Bz = ¢B,. Altogether we have:
0 0

E=|E, |kt and B==|—-FE,|¢t (6.9)
N c| -

z Ey
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which one may confirm also satisfies the remaining Maxwell equation in a vacuum: V X B =
Eouo% = c%%. We notice that E - B = 0 so that the electric and magnetic waves are per-
pendicular to each other, they are in phase and they travel in the z-direction at the speed of
light ¢. The only significant difference beyond their orientation is that the amplitude of the
magnetic field is % smaller than the amplitude of the electric field. We sketch these ideas below
for an electric wave in the zz-plane (i.e. E, =0, so B, = 0 too), however we suppress the fact
that the magnetic wave has an amplitude which is a factor of ¢ smaller than the amplitude of
the electric wave, so that the fact that the magnetic and electric waves are in phase and are at

right angles to each other may be visible.

z
E 1 o A
B
1
L1 =7
L1 L1717
ﬂ L1 /;é o
%%% *
22z
\
1% nees A\ = 2\E)

We should reflect on what we have drawn above: it is the time-paused profile of an electromag-
netic wave along the z-axis, as time flows these waves move at constant speed ¢, the speed of
light, along the z-axis in the positive direction. These are the real parts of E and B, remember
the complex numbers were just employed for convenience, the real waves are their real parts.
We have plotted these waves along the z-axis, but our waves are independent of y and z by
design, so, in fact, we would expect these waves to be reproduced around all the lines parallel to
the z-axis, we have just sketched the part of the wave about the x-axis. What do the amplitudes
tell us? At any point xy the amplitude of the electric field drawn above tells us the magnitudes
of the electric field in the e,-direction (just for the example above) while the amplitude of the
magnetic field at zy tells us the magnitude of the magnetic field in the e,-direction (again, just
for this particular example).So what we have plotted above tells us the strength and direction
of the electric field along all points on the x-axis at a fixed moment in time. Since the solution

is independent of y and z it does not change under a translation parallel to the yz-plane. So
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if the electric and magnetic fields at a time t, and at zo are E(zg,ty) and B(xg,ty) then they
take the same values over the entire x = x( plane at time ¢t = t;. We may plot the positions
of the peaks and the troughs of the wave and they would be a series of planes perpendicular
to the plane x = 0, for this reason this wave solution we have found is called the plane wave,

because it gives fields which are constant over a plane at any fixed time.

>
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Plane waves: the peaks of the waves occur in the same plane and move in a direction perpendicular to the plane at speed c.

We have found a plane wave propagating in the z-direction, and we have sketched a special
case of this plane wave for which Ey = (0. There are two features of this plane wave that we
may generalise: the direction of travel, and the plane in which the amplitudes oscillate, which
is called the polarisation (in our sketched example we drew a plane wave polarised to oscillate
electrically in the z-direction, but we could have given it some component along the y-direction:
in three dimensions, electromagnetic waves have two degrees of polarisation). The polarisation
of the electromagnetic wave is encoded in the amplitude vectors Ey and By. The direction of

propagation comes with a wave-number k, to generalise the direction the wave travels in, we
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K
must generalise k to the wave vector k = | k, |, so that k-r = k.o + kyy + k.2 where k,, k,
k.
and k, are the wave numbers in the z, y and z-directions and so encodes the wavelength of the
wave in each of these directions. Now it is simple to modify our solution to find a plane wave
which propagates in an arbitrary direction k whose polarisation is in the direction n (a unit

vector):

1

Cc

E = Eyeikr=y and B =-E/® "k x p (6.10)

where k is the wave vector k normalised to unit length. Notice that B = %l:: x E so that it is
orthogonal to both E and the wave vector k which determines the direction of travel. Since
V - E = 0 then we find that we are not free to choose # and k independently, but we require
that k-n = 0 - this encodes that the electromagnetic waves are transverse waves. The actual
electric and magnetic fields of the plane wave are the real parts of these expressions.

The monochromatic plane wave solutions to Maxwell’s equations seem particularly special
because they are uniform over a plane and they focus on a single value for w, however they
are much more generally useful. Any electromagnetic wave, will be approximated by a plane
wave on sufficiently small a scale - so these waves are fundamental in our thinking about
more general electromagnetic waves. The monochromatic plane wave solution depends on just
a single frequency, or angular speed, w. Our reasoning for this was that we knew that we
could reconstruct a general travelling wave by integrating, or summing, together plane waves
for different frequencies. The plane wave above picks out a single frequency, and because
the frequency of light corresponds to the interpretation of colours in the human brain, our

solution is called a monochromatic plane wave. The connection with visible light was initially

1
Veors
plane wave solutions we may use them to test if these electromagnetic waves have the same

built on the observation that

= ¢, the speed of light. However now that we have the

properties we know of visible light from optics, one can check their properties as they interact
with solid media to see if they obey the same laws of reflection, transmission and refraction
as visible light. Indeed with a little more work one can derive the fundamental laws of optics
from the monochromatic plane wave solution to Maxwell’s equation. Experiments show that
the correspondence is complete: light is an electromagnetic wave. What is more there are
frequencies of the electromagnetic wave which go beyond the corresponding frequencies for
coloured light. At the low frequency end of the electromagnetic spectrum one finds the kinds
of electromagnetic waves which are used for transmitting radio and television signals, while at
the high frequency end one discovers ultraviolet light, x-rays and gamma rays which may be

distinguished among the continuous spectrum of frequencies. All of this came from Maxwell’s
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unification of the theories of the electric and magnetic fields, it was an immense leap in human

understanding, one which we are still using and developing to this day.

6.3 Electromagnetic Energy

We have thought about the work one needs to do to overcome the Coulomb force and construct
a system of charges in electrostatics, this is the potential energy put into and so contained in

the system of charges in electrostatics
IR ,

We may develop this, still in the setting of electrostatics, into an integral for a volume charge
density p for a system contained in a volume V' with electric potential ®:

1
WE:—/pfbdv
2 )y

and we may go further and rewrite this in terms of the electric field E. We will first constrain

our thinking to electrostatics. Now we may use V - E = % to first eliminate p:

WEZG—O/(V-E)CI)dv
2 Jv

and then integration by parts gives us
Wg = —6—0/E~V<I>dv+€—0/v-(E(I>)dv
2 Jv 2 Jv

:—E—O/E-Védv+€—o (E®) - da
2 > 1,

|4
ze—o/Edee—O (ED) - da
2 Jv 2 Js

What happens when we extend V' to cover all space? Since we defined V' to be a volume
containing our charge density p then we do not expect any change in W. However since the
electric field does not vanish, in our expression above the first integral, which is positive-definite
grows, and so the second term must decrease (to keep W constant). Now far from the charge

density (out towards infinity) then in the surface integral E o T%, P x %

and (in spherical
coordinates) da o r? so the second integral overall is proportional to % If we integrate over all
space then 7 — 00, so the second terms decreases all the way to zero if we take V' to be R?, all
of space then the electrostatic energy in the field E is

We =2 [ E*dv. (6.11)
2 Jas
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We will now find a similar expression for the magnetostatic energy contained in the field B.
What is the corresponding situation in magnetostatics to assembling a configuration of point
charges? It is assembling a system of steady currents. But, wait, we have already proved in
example 5.3 that the total force on any loop of current due to a static magnetic field is zero,
so what is there to do work against? There is another impediment at work, recall that when
we discussed the electromotive force we realised that changing a steady current introduces a
changing magnetic field which induces a current in the wire that opposes the change in the
initial current. These electromotive forces that a changing current induces are what we must
do work against to construct a loop of current. What can we say about them? A current
I flows in a wire, and produces a magnetic field which, according to the Biot-Savart law is
perpendicular to the current and also proportional to the current. In turn the magnetic field
has flux through the area bounded by the loop of wire so ®p = |, ¢ B - da where S is the surface
bounded by the loop of wire carrying the current I, as B is proportional to the changing current

then then the (back) electromotive force induced in a wire by a changing current is

d®p dl

E=—uw " a

the constant of proportionality is called the self-inductance of the current loop, and we denote
it by L, hence
b = LI.

The self-inductance L depends on the shape of the loop of wire, it is a geometrical quantity.
Now to set up a current in a loop of wire we must overcome the induced (back) electromotive
force, since we are doing work against the electromotive force we must do work per unit charge

—& and the current tells us how much charge we are moving, in time dt we move [ dt charge,
ie. dW = =EIdt or,

dWpg ddp dl
=-El=1—=LI—.
dt dt dt
Integrating we find that
1
Wp = §L[2

this is the energy stored in a current in magnetostatics. Now we may rewrite this expression

and generalise it to volume current densities. Note that

LIz(I)B:/B-da:/(VxA)-da:%A-dl
S S P

where P is the path of the wire carrying the current, and so we have

WleffA-dlzlf(A-I)dz
2" f, 2 f,
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where we have used I = Idl along an element of the wire. From here we may generalise to

consider the energy contained in a surface current or a volume current, e.g.

WBZE/(AJ)dU
2 )y

Now just as we did for the energy in a static electric field, we may use the equations governing
magnetostatics to rewrite the energy above in terms of the magnetic field. Ampére’s law

V x B = puod allows us to eliminate J:

1
Wp=— [ (A-(V x B))dv.
210 Jy
Now because V is an operator we cannot simply use the scalar triple product identities to
rewrite this in terms of just B, we must be a little more cautious only to obtain the same result

but for correct reasons. We must use integration by parts to obtain

1 1
WB:Q_IUO B(VXA)CZU—Q—MO VV(AXB)dU
B’dv—— [ (AxB)-da
2#0/ ( )

If we allow V' to grow to cover all space then the terms in the surface integral are in spherical
coordinates, altogether, proportional to % and so the surface integral goes to zero as r — oo
when we take V' — R3. Hence we find that over all space the energy in a static magnetic field
B is
Wp = L[ B (6.12)
2410
This is pleasingly similar to the expression for the energy in the static electric field.

The total energy in a configuration static electric and static magnetic fields is Wg + W,
what changes when we consider electrodynamics? Even though some of the expressions we used
to derive the expressions for Wy and Wpg are no longer valid in electrodynamics - it is only
the time-dependent terms whose role has been omitted. If we pause a dynamic electromagnetic
system then the energy in the system is given by Wg + Wg. When we consider the dynamical
system, we may hypothesis two mechanisms through which the electromagnetic fields can lose
energy. First, the fields may do mechanical work on charge: the Lorentz force law tells us
the force that F and B bring to bear on a test charge () e.g. the electric and magnetic fields
may cause currents to move around a wire, but if the wire is not a perfect conductor then it
will offer resistance to the motion of the charges and to keep the current steady will require

work from the electromagnetic fields and energy will be lost from the fields as heat in the wire
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(meaning kinetic energy in the particles in the wire). This is an example of mechanical energy
loss in an electromagnetic system. A second way we can imagine energy being removed from
the electromagnetic fields is if electromagnetic waves carry energy away in their oscillations, we
may call this radiation energy loss.

Let us first consider the mechanical energy loss by computing the work done by E and B on
a test charge (). The Lorentz force law tells us the force F = Q(E +v x B) done on a charge @
moving with velocity v. In a time dt this charge @) will move dl = vdt, so that F'-dl = QFE -vdt.
For a charge distribution p we find that

W _ pE 'vdv—/E dvz/(E-J)dv
it ”

this is the rate of change of the work done, or the rate of energy loss of the electromagnetic
fields. We can use Maxwell’s modification of Ampere’s law (equation (6.6)) to eliminate the

current density in favour of B and E: substituting J = ﬁ(v x B) — 60% gives

= /E Vdev—eo/E —dv
Mo

= B (VxE)dv—— V (E x B) dv—eO/E —dv
Mo Ho

:—i B. @dv—i V (E x B) dv—eo/E —dv
po Jy Ot o

__dl 2, L po _i% .
_ dt<2/v(egE +HOB)dv) ~}ExB)-da

Rearranging we have,

4.1 2, 1 po __@_i]{ .
dt<2/v(eoE +MOB)dv> — )(E xB)- da.

The left-hand-side is the rate of change of energy in the electromagnetic fields in the volume
V. Now we see the two distinct sources of loss of energy in the electromagnetic fields: the first
terms — dx/ = — [,(E-J)dv tells us about the mechanical energy loss in the volume V', and the
second integral tells us about the loss of energy through the boundary .S, which must be due to
electromagnetic waves radiating energy away. The mathematical statement above concerning
the loss of energy in an electromagnetic system is called Poynting’s theorem and the term in
the surface integral:

1
S=—(FExB
Mo( )

is called the Poynting vector, and since i $(E x B) - da = $;8 - da represents the loss of
electromagnetic energy through a surface S, then S is the energy flux density. Let us simplify
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the statement of Poynting’s theorem by writing U = $(eoE? + H—loBQ) for the energy density in

V' then we have

d Udv————j{S da
dt

8U dW
Vﬁdv__ﬁ_ V(V S)dU

Now if there is no mechanical work done on the charges in V', the dd—vl/ = 0 and we are left with

ou
SR v A
ot
which is a continuity equation for the electromagnetic energy (when 2V S = 0). It tells us that

aw __
dt =0

is given only by the energy flux over the surface of the volume. Of course the assumption that

aw
dt

to other forms of energy through the fields doing work on the charges.

when energy is not created nor destroyed within a volume (£~ ), then its rate of decrease

= (0 is a theoretical one, and in a realistic situation electromagnetic energy can be converted

6.4 Potentials

In electrostatics, we were able to make use of E = —V®, only because we had V x E = 0. This
is no longer the case in electrodynamics. On the other hand we do still have V - B = 0 and so
we may again write B = V x A and try to use this to reformulate Maxwell’s equations in terms
of potentials. However now that we are considering dynamic fields we will need to assume that
A is a functions of time as well as the spatial coordinates. We will first develop Faraday’s law

given in equation (6.4)

0B 0 0A
VxE=——=—-——(VxA)=-— —
. o = alV A=V
so that 94
vx(E+%7) =0
T
This gives us a way to re-introduce the electric scalar potential which will now be defined by
0A
E+—=-Vo
MY
and we see that for a static magnetic field this reduces to the equation E = —V® we have

used to develop electrostatics. The problem of solving Maxwell’s equations is now reduced to

solving Gauss’s law in equation (6.3) and Maxwell’s modification of Ampere’s law in equation
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(6.6). The other two of Maxwell’s equations are automatically solved by the conventions used

to define the potentials. From Gauss’s law we obtain

— 0A, 2 0 _ P
V.-E=-V (V<I>+at)— Vo 8t(v A)_eo (6.13)
and from Ampere’s law with Maxwell’s term:
0 0A 0P 0?A
V xB =V x(VxA)= ol —copos (VO + =) = poJ - eouov(a) — cotto
Since V x (V x A) = V(V - A) — V2A then we may rearrange the equation above to obtain
0P 0?A
v(v -A+eo,u0§> VA + copo oz = pod. (6.14)

Unfortunately equations (6.13) and (6.14) do not appear simple to solve, and they certainly do
not have the form of Poisson’s equation which we have some practise at solving. We still have
a trick at our disposal, namely the gauge invariance of A, that we can add a term VA to A and
still obtain the same magnetic field. However we note that changing A — A + VA now has an

effect on the scalar potential:

0A 0A 0 0N\

If we wish to leave E + % unchanged under A — A + VA, then we require the electric
potential to also transform at the same time so that & — & — %. The gauge transformations
are intertwined.
In magnetostatics, we made use of the Coulomb gauge for which we choose A so that
V . A =0, in this case equation (6.13) becomes
V3 = P

€0

which we can solve (in principle), while equation (6.14) becomes

2

0P 0°A
() A anh -
€otoV \ 5y + €oflo oz~ Ho
which is not so simple to solve.
Fortunately there is another choice of gauge, which is called the Lorenz gauge!!, for which

we pick A so that
0P
V . A = — —_—
ol

UThis is not a typo. A typo would be to give this the name Lorentz gauge, after Hendrik Lorentz, rather

than to credit it to Ludwig Lorenz. It just so happens that the Lorenz gauge is Lorentz invariant, a sentence

we will be better able to understand after we meet the Lorentz transformations.
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in order to simplify equation (6.14) to read

0*A
2 _
V°A - EOMOW = —pod.
While equation (6.13) becomes
0?P p
Vi) — —) = —=
€opo o2 ) €
and the two Maxwell equations for the potentials have not only decoupled but also look rather
similar. In fact if we define the operator, called the d’Alembertian, (0 = V2 — C%g—; (recalling
that egpo = c%, where c is the speed of light) then Maxwell’s equations in Lorenz gauge reduce
to
] — (6.15)
€0
OA = —pod. (6.16)

The d’Alembertian is the natural extension of the Laplacian to a four dimensional space-time
operator. The simplicity of the equations, especially the fact that the four equations can be
written in this way, is an indication that in electromagnetism the nature of space and time is

different to the absolute space of Newton where time parameterises the dynamics.

6.5 The Retarded and the Advanced Potentials

Equations (6.15) and (6.16) are similar to Poisson’s equation, indeed for the time-independent
case these equations become Poisson’s equation for the scalar potential and its equivalent for the
vector potential. Even with the time-dependent terms remaining we can reorder the equations

so that the Laplacian appears on the left-hand-side of each, and in that case 0%62—‘1’ appears as an

ot
additional source of charge density, and C%‘?;Tf is interpreted as an additional source of current
density. However this does not admit a straightforward solution via the Green’s function for
the Laplacian. In addition we need to address another question: both p and J may be time-
dependent, so for which moment in time should we measure the charge distribution and current
density? The answer is deceptively simple, we know that electromagnetic signals travel at the
speed of light. What will matter is not where the charges and currents are now, but where they
were when an electromagnetic signal was sent some time before which only reaches the test
particle at the present time. Since the distance between a test charge @) at r and the source

charge or current at ' is the displacement s = |s| = |r — 7/| then a signal from the source to
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the test charge will take a time 2 to reach r from ' so we must measure p and J at an earlier

time tx which is called the retarded time (meaning the delayed time) and given by

S
tR=1—"-
C

where t is the present time for the test charge. It will turn out that

. 1 p(rI?tR) /
B(r, ) — mgfv 1) g, (6.17)
!
Alr, 1) :Z—;/V@dv' (6.18)

and we note that the more distant 7’ is, the longer ago we must evaluate p and J: ty varies across
a distribution of charge or current. The equations above are called the retarded potentials for
the distribution. Let us show how these retarded potentials solve equations (6.15) and (6.16)
and satisfy the Lorenz gauge condition. Now we recall that V*(1) = —4w6(s) so we will aim
to separate out these terms. We will focus on equation (6.15) for the electric potential and

recalling that both s and ¢y are functions of r and that p = p(r’, tg) we compute

V2 (r 1) = — v-(/v(v<§)p+§(vp>) av')

-
- 47360 /V (VQ@P + Vé) (Vo) + V(é) (Vo) + év%) dv’
- 47360 /V (= 4m6%(s)p + 2V () (Vp) + V) dof

where we have used V - (fv) = (Vf) v+ f(V -v) for a scalar function f and a vector function
v. Now we know that V(1) = —%s, but we must compute Vp and V?p. We have

dp dp S dp 1 P
Vo' tg) = =——Vig=—V({it—--)=————8=——35
p(r'str) Otp R Otr ( c) Otgr cs cs
where we have used that 2(tg) = —x;—f/, a%(tR) = _y;cy/ and 2 (tp) = _z;:" In the last

op

57> to see this is a valid replacement we have used the definition

equality we have written p =
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of the retarded time tgp =t — 2 to deduce that % = %. We also need

V2ol tr) =V - (— L)

cs
AN
— % _y;sy/p
i — P
1. (x—2")? . (x—2a)?
B _£p+( cs3 ) 'O+( (05)2) P
L (y—y’)Qp (y—y’)Qf.j
cs cs® (cs)?
1. z—2)? . —2')?
_gp+( CS3) p+((cs)2) P
1.
= —gp gﬂ

Finally we note that

/V 53(8)p(r' ty) dv' = / 53(3),0(7",75—Z)dv’:p(r,t).

v
Putting this altogether we find,

1 1 1
V20(r,t) = / ( —4m83(s)p + 2V (=) - (Vp) + —V2p> dv’
dmey Jyv S s
plr.t) 1 ( 1 p 2 . 1 > /
= — — 2——3g) (—Eg) - = —~ 5)d
€0 * dmey Sy ( 838) ( CSS> cs2p + SC2p v
__prt) 11 /(g) d’
€0 4rmey Jy \s
p(r,t) 1 0?
=— — - B(r,t).
€0 c? o0t? (r:1)
Rearranging we find P = —%. The computation to show that the retarded magnetic potential

solves each component of equation (6.16) is identical up to factors. We may check that we

are working in the Lorenz gauge. To do this we will need swap V for V' in places, where
i)
'

V' = 8iy’ , in particular we note that V(s) = %, V'(s) = -2,
0
92’
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Further we note that
1.
V. J(r',tR) = —EJ-V<S)

VI ) = —p— %J V' (s)

where we note that the dependence on z, y and z arises only through the appearance of s in
the retarded time, and we have used the continuity equation for the charge i.e. for fixed tz we

have V' - J(r') = —p. Now we may compute V - A to check that we are working in the Lorenz

VA= v( /£d>
_ /Vv

gauge:

~ir V<V( ) T4V TV J+§V’~J—V/.(%>)dv’
& V(gV T+ g (D))
:ZTOT V(‘§ V()

which gives the Lorenz gauge whenever fv (V’ . ( )) dv' = fﬁs da = 0 i.e. if the current
density is zero over the boundary at infinity.

Therefore the retarded potentials given in equations (6.17) and (6.18) do satisfy Maxwell’s
equations, and for a given charge density p and current density J they offer one of the simplest
methods for finding E' and B in electrodynamics. Interestingly, the proof we have carried out
to confirm that the retarded potentials solve Maxwell’s equations, applies equally well to the

advanced potentials

o 1 p(’l"’,tA> /
Br.1) = /V 24 gy (6.19)
/
Arn =t /V Mdv' (6.20)

where t4 = ¢ + 2 is the advanced time, and the advanced potentials also solve Maxwell’s

equations. This is a great curiosity for it corresponds to a signal being sent from the future about
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the charge and the current densities, and is mathematically equally useful for solving Maxwell’s
equations. Only causality, the idea that only events from the past influence the present, leads
to one working with the retarded potentials over the advanced potentials, mathematically they

appear equally useful solutions.

Example 6.3. A current is turned on suddenly at t = 0 in an infinitely long straight and

electrically neutral wire lying on the z-axis, i.e.

Oe, t<0
I(t) _ z =
le, t>0.
Find E and B.
Due to the symmetry of the problem we may work with cylindrical coordinates and aim to
rcosf
find the fields at a distance r from the wire in the plane z = 0, i.e. r = | rsinf |. Fach
0
0
element of current lies at ' = | 0 | for some 2, hence s = /72 + 2’2. Now we may begin to
Z/

compute the retarded potentials using equations (6.17) and (6.18).

Since the wire has no net charge then ® = 0. The retarded magnetic potential is

A(r,t)zﬂ/oo =2,

rearranging we find there is no contribution to the current integral for
At —r? < 22
To rephrase, conversely we only have non-zero current in the integral when z? < c®t*> —r? which

implies that |2'| < \/(ct)? —r2. This is the limited part of the wire that the point a distance r

away from the wire can communicate with via signals sent at the speed of light. Our integral
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simplifies to

—Jr s
2&1/” L e
=0 Vit 2
I v/ (ct)2—r2 d
— ’l;L (ln(\/r2 + 224z ))dz’ e.
™ Jy—=0
MOI <ct—|—\/ (ct)? —r2>
2m
Now we can find the electric and magnetic fields (remembering that ® = 0):
0A
E =-Vb—- —
(rt)=-Ve-—
pol O ct 4+ +/(ct)? —r?
-l (AR,
2 Ot r
pol O
=5 5 [ln (ct ++/(ct)? — r2> ez]
T

o (=)=

and
B(r,it)=V x A
pol O ct + +/(ct)? —r?
o g ( ; )] eo
ol ct

= e
2mr (ct)Q —r2 o

For t — oo (the effects of the changing current are now infinitely far in the past) we recover

the fields for the static case of the infinitely long straight wire of constant current I = I e,.
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7. Special Relativity

‘What led me more or less directly to the special theory of relativity was the con-
viction that the electromotive force acting on a body in motion in a magnetic field

was nothing else but an electric field.’

Albert Einstein, in a letter to the Michelson Commemorative Meeting of the Cleveland
Physics Society, 1952

Maxwell’s equations inform us that electromagnetic waves travel at the speed of light ¢ =

1
Veoro
is in conflict with the assumptions of relativity inherent in Newtonian mechanics, namely that

which is a constant. This idea that a speed is constant regardless of the frame of reference

the laws of physics hold equally well in any frame of reference which is moving at a constant
velocity with respect to any other frame of observation. This contradiction between the two
dominant areas of physics in the 19*" century was not immediately appreciated.

The long experience and success of Newtonian mechanics in which dynamics is explained via
physical exchanges of energy, led physicists to presume that the electromagnetic wave must be
propagating through some medium, called the luminiferous aether, against which the speed of
light was determined. Famous experiments to detect the relative speed of electromagnetic waves
when it moved in different directions through water such as the Fizeau experiment and then
through the aether in the Michelson and Morley experiment failed to detect any change in the
speed of light as it moved in different directions!. The possibility that the motion of the Earth
dragged the aether around with it, so that no relative motion of the aether could be detected

was then a possibility. Indeed to explain the results of the Michelson and Morley experiment

!Both experiments used interferometers to try to measure a difference in the speed of light as it was split
up and travelled two different paths and then recombined, should the speed through the paths differ then
interference patterns were expected to be detected. Fizeau’s experiment in 1851 predated the notion of the elec-
tromagnetic wave and was concerned with measuring the speed of light through flowing water, while Michelson
and Morley’s experiments in 1887 tested whether the motion of the aether effected the electromagnetic waves.

Both gave negative results.

149
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for a fixed aether hypothesis, Fitzgerald and also Lorentz hypothesised that aether pressure
caused the contraction of objects - since objects are held together using the electromagnetic
force any impact on electromagnetic waves would impact on the length of physical objects -
this was called the Lorentz-Fitzgerald contraction. However the dragged aether model was
inconsistent with the long-known phenomenon of stellar aberration. The reluctance to give up
the notion of a mechanical aether, with hindsight, can be said to be rooted in the Newtonian
understanding of energy and mass. It would take a revolutionary reinterpretation of mechanics
to obtain a picture that was consistent with both Newtonian mechanics (at low velocities) and
with electromagnetism.

In 1905 Einstein published four papers which each changed the world. In the first he
established that energy occurs in discrete quanta, which since the work of Max Planck had
been thought to be a property of the energy transfer mechanism rather than energy itself - this
work really opened the door for the development of quantum mechanics. In his second paper
Einstein used an analysis of brownian motion to establish the physical existence of atoms. In
his third and fourth papers he set out the special theory of relativity? and derived the most
famous equation in physics, if not mathematics, relating energy to rest mass £ = mc?. Hence
1905 is often referred to as Einstein’s annus mirabilis.

In this chapter we will give a brief description of the special theory of relativity. One conse-
quence of relativity is that time and space are put on equal footing and we will need to develop
the fundamental objects used in mechanics, such as time, mass, velocity and momentum so that
they respect the four-dimensional space-time. While concepts from Newtonian mechanics will
need to be developed, we will see that Maxwell’s equations and so electromagnetism already

respect the symmetries of space-time.

7.1 The Postulates of Special Relativity

The special theory of relativity was constructed from two postulates:
(1.) the laws of physics are independent of the inertial reference frame of the observer, and

(2.) the speed of light in a vacuum is a constant for all observers.

2The question of who first established the theory of relativity remains a matter of dispute, some facts which
are not in doubt is that Lorentz had laid out the equations underlying the new mechanics before Einstein,
and Poincaré had established his own principle of relativity before Einstein and had also derived E = mc?,
but as with many topics in mathematics and physics it is not always the first presentation of a new idea that
takes the credit but often the clearest presentation of an idea. This is the case with Einstein’s work. See

https://en.wikipedia.org/wiki/Relativity_priority_dispute.
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The first idea, which gives the theory its name, was not particularly revolutionary, even Newton
only defined position and velocity up to measurement within an inertial frame, but the second
idea that the speed of light was always constant, despite it being evident from Maxwell’s
equations, had ramifications for Newtonian mechanics. Newtonian mechanics was constructed
on an absolute space, with time a parameter for the dynamics. Observations taken in different
inertial frames (those whose coordinates only differed by a relative velocity) could be related
by the Galilean transformations. Suppose that frame S’ (in which the measured coordinates
and speeds are denoted with a prime, e.g. ¢, 2, ¥ and 2’) is moving with constant velocity®
v = ve, with respect to a frame S (in which the measured coordinates and speeds are denoted

without a prime, e.g. ¢, x, y and z), then the Galilean transformations are

=t
=z — vt
y =y
Z =z

The Galilean transformations lead to a simple relation for the measurement of speed in the
z-direction between the two frames. Consider a speed u, in the z-direction measured in frame

S, then the Galilean transformations tell us that the speed measured in frame S’ is

, dx’ da!

YT T ar

=Up — V

where we see the straightforward addition of velocity required to transform measurements of
velocity in the two frames. If a speed w, is reported in frame S, then the speed in the S frame
is u!, + v because frame S’ is moving with speed v relative to S in the e, direction. So if an
electromagnetic wave is moving at the speed of light ¢ in S” then it is moving at the speed ¢+ v
in S. The equations of electromagnetism would be valid in frame S’ but not in frame S. By the
first of Einstein’s postulates this idea is ruled out, and by the second postulate the importance
of the speed of light is singled out*. The Newtonian rules to measure velocities will need to

be modified, and the Galilean transformations are not consistent with the postulates of special

relativity.
The inhomogeneous electromagnetic wave equations 1P = —% and (JA = —poJ are not
preserved under a Galilean transformation. We would find that a% = %, aﬁ = % and 8@ = %
y Y z B

30ne might imagine this is a special choice, but given two frames whose relative velocity is v one can always

choose a coordinate basis in each frame such that e, and e, are in the direction of the relative velocity v.
4One could certainly argue that only the first postulate is necessary, since the validity of electromagnetism

in all frames of reference then guarantees the second postulate.
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but a = 8t’ + %’il ai/ = 52, v 8‘9,, so that the d’Alembertian operator transforms as
1 0%°® 1,0 0
W — v%_——( IV 4+ V20 £ 00
2 017 o gg) VIR
If we had a solution to (J® = —% in one Galilean reference frame, then we would not have

the same solution in another reference frame. The Galilean transformations do not respect the
equations of electromagnetism.

The Lorentz force law which depends upon the velocity of a test charge is also now seen
to present us with some problems (if the Galilean transformations of an absolute space and
time are maintained). Consider an infinite line of steady current directed in the e, direction
running in an infinite wire on the z-axis. It produces a circumferential static magnetic field
B = "OI —eg where r and 6 are taken to stand for the radial coordinate and the angular coordinate

in cyhndmcal coordinates organised about the z-axis. Now a test charge (), a radial distance

R from the wire moving with velocity v = ve, experiences a force F = Q(v x B) = Q’;Sflg
However measured from the S’ frame it is the wire that has a velocity —v = —vey and the

particle is stationary - S’ is called the rest-frame of ). An observer in frame S’ thinks that
(@ experiences no force due to the magnetic field of the current. This is very similar to the
problem resolved by Faraday in deducing that a changing magnetic field produces an electric
field, however in this example the magnetic field whose field lines form concentric cylinders
about the wire are left unchanged by a Galilean transformation. This is another indication
from electromagnetism that the Galilean transformations will not survive the postulates of

relativity.

7.1.1 Simultaneity

The notion of an absolute time, such as appears in the Galilean transformations is problematic,
and is in conflict with the constant speed of light. However observers in relative motion to each
other may use the fact that the speed of light is the same no matter in which frame the light
speed is being measured to deduce statements about the time as measured in the other frame.
The constant nature of the speed of light becomes an absolute around which the measurement
of time and distance can be based. Einstein reasoned that one could use light to synchronise
clocks which are located in different places.

Let us think a little bit about synchronised clocks in a single frame of reference. Imagine a
sequence of clocks densely laid out as far as they eye can see along the z-axis. Let us suppose
that the clocks have been set so that viewed from the origin they all read the same time, and
all tick in unison. For this to be the case the time on the clocks must be set up to account for

the delay in a light signal sent from each clock to the origin. A clock at a distance % from the
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origin is read using light waves which take a time % to reach the observer at the origin. If the
clock manages to show the same time as the clock at the origin then since the signal is showing

the time in the past, it must be that the clock is running é ahead of the clock at origin.

+\ L
%ec o Zc
(D) = KKK

. " J
v, a -,

Clocks runnning fast away from O appear synchronised at O

Clocks which appear synchronised at one point in a reference frame but which are not located
at that point, we deduce need to run ahead. Locally the clocks all tell different times. If we
consider the same set of clocks observed from another position in the same frame then the

clocks will not appear synchronised.

20 ming. 20 WnS, \.."3\\\: \rave\
>¢
A0mus. 10 mins, e

O X
(KK I KKK

Vime. seen ok O- T Qg Vg Qg g
“Time showa okt ol w00 90, Ve 12100 0Wp
Time sean ok X¢ 11500 1150am 11500 12 10gm 1240

Clocks synchronised to read 12pm at O are not synchronised at X

One cannot then set up a system of clocks throughout space which would appear synchronised
at all points in space. As it happens this notion of reading the same time, of actually seeing
the same time on all clocks from one point will not be our aim in synchronising clocks. We
have no problem computing the time it takes light to travel a distance so we can accommodate
that delay. What we are interested in is being able to refer to the time in a frame of reference.
One simple way to do this is to set two clocks to the same time at O and then slowly move
a second clock to X, another way is to use light signals to synchronise clocks. With either of
these methods, the light travel time means that at O the observer will see the clock reading %
in the past (if O and X are separated by a distance L). However within a frame we can take
account, of the time delay in reading the time from a distant clock due to the speed of light.

When we talk of synchronised clocks in a frame this will be what is meant: that a collection
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of synchronised clocks starting at O have been slowly moved throughout the frame. As viewed
from O a clock a distance L away reads a time % in the past. The usefulness of this arrangement
is that if one records an event occurring at r in the frame, then one need only read off directly
the time on the local clock at r to say when the event happened. This will be agreed by all
observers (once they take account of the travel time for a light signal from r) at different points
in the frame, even though it will not be the time on their local clock. Notice that if the clocks
are all synchronised in a frame then when that frame is put in motion, and all the clocks with
it, the set of clocks will still be synchronised.

Still we must wonder how to go about practically synchronising distant clocks. Suppose we
have clocks at two locations O and X, then the clock at at O measures the time at O while
the clock at X measures the time at X. In order to determine a common time at both O and
X one can use the constant speed of light: the time it takes a light signal to travel from O to
X is the same as the time it takes a light signal to travel from X to O. One may send a light
signal from O at t = 0 to X where it is reflected by a perfect mirror back to O and received at
time t = t5. Then the time at which the light reaches X is %0 Synchronising clocks with this
method would mean that at O the observer can ascribe the time %0 to the clock at X at some
time in the past. Alternatively a signal could be sent at the speed of light from the observer
at O which when it reaches a distant clock is understood to mean that the distant clocks are
set to an agreed time. For a light signal sent from the midpoint between two clocks, the two
clocks will be set to read the same time when they receive the signal.

Now Einstein thought about the consequences for synchronised clocks in one frame as ob-
served in another frame which is in motion with respect to the first. In a thought-experiment?,
or gedanken experiment, he wondered about two frames: one given by S’ is the frame of a
train-carriage, and a second S is the frame of a station through which the train passes at a

constant speed v.

A train moving at speed v

—

L,V

A
N
~

An observer on the platform
in frame S

SMuch of the material in this chapter follows the wonderful book ‘Special Relativity for the Enthusiastic
Beginner’ by David Morin, you are encouraged to seek this book out for many more takes on wonderful puzzles

and paradoxes, both old and new.
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He imagined two lightning strikes occurring simultaneously in frame S (as measured by an
observer B in the middle of the platform), striking the front and the back of the carriage, just
as the middle of the train carriage, where observer A sits, is lined up with the observer B on
the platform (so that the flash takes the same time to travel to the observer B from both the
front and the back of the train).

A®

3 O,

Simultaneous lightning strikes as seen by B

S)
anAg—V

c A <

S *®

The train moves towards the front flash and away from the rear flash
as the light travels towards A

In this thought-experiment the train’s motion is unaffected by the lightning strikes®. Einstein
wonders what the passenger A, seated in the middle of the carriage observes. Since the speed
of light is finite it takes a small, finite time for a flash to reach the passenger. In the time ¢ the
train has continued its motion at speed v, so that the passenger has moved closer by vt to the
lightning strike at the front of the carriage and further from the lightning strike at the back.
Suppose that it takes ¢ty for the front flash to reach passenger A, then the flash has to travel a

diStance
- — Utp = Ctp
2

hence
L

lp = —.
P 2(c+v)
On the other hand if it takes a time tg for the flash to travel from the rear of the carriage to

passenger A then in that time, as passenger A has moved a distance vtg, then the flash from

6Thought trains’are more robust than real trains.
"Not to be confused with trains of thought which are fragile things.
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the rear travels a distance to passenger A:

— 4 vtgp =ct
5 R R

hence
L

= 3y

In other words, the distance that the flash from the front of the carriage has to travel is less
than the distance the flash from the back of the carriage has to travel, because of the motion
of the passenger A. Therefore the passenger will record that the lightning strike at the front of
the carriage occurs before the lightning strike at the back of the carriage, essentially because
the speed of light is constant. Since the two observers disagree about whether the two lightning

strikes were simultaneous, the idea of an absolute time must be abandoned.

It is helpful to think about the same scenario in terms of a plot of ¢t against x as viewed

from S:

cc

T
-
A Z3

Observer B is located at x = 0 and as time progress they stay on the line x = 0, since they do
L

not move. The lightning strikes the carriage at its front at z = % and at its back at r = —3.
Light signals from these strikes travel in all directions at the peed of light, but we have just
sketched those rays that go towards observer B at x = 0. Light rays are drawn at forty-five
degrees to the horizontal, because they travel at speed c: in one second a light ray travels a
distance ¢, and because our vertical axis is ¢t then ¢ = 1 corresponds to ¢ on the vertical axis.
So light traverses one unit horizontally for every one unit vertically on this diagram. Of course
it may travel in the positive or the negative x direction. The lines we have drawn are called
worldlines, and they show what happens to an object as time progresses, for the light ray we
may think about a wavefront for a plane wave (or one may prefer to think about a photon).

The worldline of observer B is x = 0 and overlaps with the ct axis. On top of the diagram we
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now sketch the worldlines for A, as well as the front and back of the train carriage as seen in S:
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05 Sean Feom S,
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We may repeat the computation using the diagram, where we have shown against the axes of

S the times tr and tg indicating when the flashes reach A from the front and rear respectively.

The worldline of A is ct = £, as seen by B. The slope of the worldline encodes the speed of
A according to B. The worldline of the flash from the front is ¢t = —z + % Let the event ‘A

sees the front flash’ occur at (tp, zp). These coordinates satisfy the equations:

c
CtF = —Ifp
)
L
CtF = —IF + 5
so we find that I
tm =
B9+ 0)

as before. The flash from the back of the carriage has a worldline given by ¢t = x + % hence

we must solve

C
CtR = —XR
v
L

ctr = —Tgr + 5

for the event ‘A sees the flash from the back’ at (tg,zr). We obtain,

L

tR:m.

We obtain the same results as before and B deduces that A does not see the two lightning

flashes simultaneously, even though B does.

In the thought-experiment we effectively used lightning strikes to synchronise clocks (that

would be located on the front and back of the carriage) in the frame S, both lightning strikes
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occur at the same time according to B, although they happen in different places and distant
from B. However in frame S’ the events are not occurring at the same time and so clocks in the
moving frame are not synchronised using the lightning strikes. The use of light to communicate
the signals is important to the problem, only in as much as the speed of light is a quantity that
the two observers can agree on (due to the second postulate).

Let’s think about another variation on this same thought-experiment. It is interesting to
ask where on the train should passenger A sit if they were to see the two lightning flashes
occurring at the same time? Our intuition tells us that they must sit behind the middle of the
carriage towards the rear, since the train is moving towards the front flash and away from the
rear flash this should even up the journey times for the two light flashes. So let us suppose that

A sits a distance d behind the centre of the carriage:

S)
\'
A ®
k—fe———
EN “%

Now we suppose that we picked d just right so that in the time ¢ both the flash from the front
of the carriage and the flash from the back of the carriage reach passenger A (in which time

passenger A moves forwards vt according to B) then

L L
(§+d%ww:d:(§—®+vt

So we see that d = vt (which we might have guessed) but also that ¢ = £, so that d = %&. The

position that A has to sit in splits the carriage in the ratio

Ltd £4+%¥ c+o

L_ 7 L_o ..
;—d §-5 v

Notice that this is also the ratio i—? for the different times it takes the light signals to reach A
which we calculated above when A sits in the middle of the carriage.

Finally we consider one more gedanken experiment in the previous setting of the train, but
now we imagine there are two clocks which are synchronised with the S’ frame time, the time
on A’s pocket-watch. We contrive a situation in which A sets off a flash gun sending out a
light signal that reaches both clocks at the same time according to observer B, and B takes a

photograph of the illuminated clock-faces. We realise that A must first sit in a new position



7.1. THE POSTULATES OF SPECIAL RELATIVITY 159

in the carriage before setting off their flash. For among the light waves travelling away from
passenger A those that move forward are chasing the front of the train which is moving away
at speed v, while those light waves that travel to the back of the train find that the rear of the
train is moving at speed v towards them, all according to observer B. This is an inversion of
the situation we considered earlier, and we realise that A must sit a distance d = vt = % in
front of the mid-point of the carriage. The location that A sits splits the carriage in the same

ratio as before (just now the longer section is the rear section of the carriage).

S Q y
i <\A’\'W (S

k ]
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A sends a light signal that reaches the front and back of
the carriage at the same time as measured by B in S

Now although for B the light hits the clocks simultaneously, for A the light will illuminate the
front clock before the back clock (because it is closer to A). The clocks are synchronised for A
and so A is able to deduce what time the clocks read when the flash illuminated them: this
is what will be shown in B’s photograph. When A sees each clock illuminated they record
the times ¢, and t, for the front and rear clocks, and so A can deduce that the back clock
is illuminated by the flash when it read %, which is later than the time the front clock is
illuminated, which A deduces to be % In the spacetime plot we sketch:
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which shows that B sees the light emitted by A reach the front and the back of the carriage
at the same time in their frame, but also shows the times that A records for the two different
events. We also show the position of B and their camera throughout the experiment and the
light rays for the flash as they return to A and B. What does B see in the photograph of the
two clocks? A will tell us immediately that B will see a later time on the rear clock than on
the front clock, and we can work out the time difference.

In the S’ frame of A we sketch,

b‘,‘/\ A
Ce
2
te
e
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>
\;Q_W_‘) \:(‘ﬂ % *
2 < 2\ ¢

then if the flash was set off at time ¢ = 0 then A computes

t L
5 =52
t L
5 = aact)

and these are the times that B sees in the photographs. Even though they are synchronised in

the frame S’, in S the back clock reads a later time than the front clock. The time difference is

At = ﬁ _ é — _%

2 2 c?
This is a measure of the loss of simultaneity between the frames and in any similar situation in
which we will assume clocks in a moving frame have been synchronised, one may deduce that

clocks towards the rear are running ahead of clocks towards the front.

7.1.2 Time Dilation and Length Contraction

Let us consider two further thought experiments to motivate modifications to the Galilean

transformations. The first will demonstrate time dilation and the second the shortening of
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length in a relatively moving frame.

Consider a clock formed of two perfect mirrors separated vertically such that an electromag-
netic wave bounces between the mirrors and takes one second to travel from the bottom mirror
to the top mirror and back again. We can follow a specified wavefront of the electromagnetic
wave in order to associate a location to the wave. It is consequently a very tall clock, it has
height h = § metres where c is the speed of light (hence h ~ 2%73& = 149, 896, 229 metres in

a vacuum!).
———

A wavefront takes 1
second to travel from
the bottom mirror to the
top and back again.

L 1
A ticking light-clock

Let us construct two identical clocks of this type which ‘tick’ in unison and are perfectly
synchronised. Let us set one light-clock in motion with a speed v in the x-direction and
consider two observers: observer A moving with a light-clock in frame S’ and observer B in
frame S with their own clock, who sees A and their light-clock moving at speed v along the
T-axis.

Suppose that the origins of the two frames coincide at ¢t = 0 as measured in frame S, and
that at this time both clocks are at the origin of frame S (and S’ too, since the frames coincide
at this moment). As observer A in frame S’ moves off at speed v the observer B in frame S
observes the “ticking” of the relatively moving light-clock slow down. Schematically we indicate

a view of the moving clock as seen from frame S below:

v v v
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Snapshots of a light-clock moving at speed v along the x-axis
as seen from frame S through t seconds as measured in S

The wavefront in the moving clock now is seen to move along the hypotenuse of a right-angled
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triangle as the clock moves horizontally at speed v. Since the wavefront travels at speed ¢ then
in S it is seen that the moving clock ticks at a slower rate, while in the frame S’ the clock is
still ticking at the same rate. Shown above is the path taken by the wavefront as seen by B
in frame S for the time ¢ that B perceives that A’s clock takes to measure one second. The
distance travelled by the wavefront (in frame S) is 24/ %ﬁ + % = V0212 4 ¢® and B measures
this cycle to take t seconds. Since B knows the speed of the wavefront is ¢ then they deduce

that

ct = Vvt + 2

which may be rearranged to give
1

v2
V-~ @

This is the time that ¢ deduces it takes one second in frame S’ to pass. Notice that we have

t =

defined the factor v = \/172 which for v? < ¢? satisfies ¥ > 1. One second in the moving frame
1-37

takes more than one second as measured in the frame S. If B waited and watched ¢’ seconds

tick out on the moving frame S’ then in frame S this takes vt' seconds, i.e.

= ———— =t

_ v
CQ

That time is seen to go more slowly in a relatively moving frame is known as time dilation.
The effect is very small for human-scale speeds for a passenger aircraft (moving at roughly
600 kmh~') then v = 1.00000000001, while if v = 15 then v =~ 1.005, and if v = % then
v &~ 2.3. In frame S’ where A measures the clock ticking in the normal way, since A is not
moving with respect to the light-clock, we may call the time change measured ¢’ the proper time,
and the time as measured from S we might call the observed time so that topserved = Yeproper-
The proper time then is always the shortest measurement of the interval in any frame.

We may equally observe that as viewed by A, it is B who is moving at speed —v along
the xz-axis. In which case A deduces that B’s clock is running slow, in this case we would find
that ' = ~t. This may seem contradictory but it is not. We just must bear in mind which
frame is at rest relative to where the measurements are being made. In this case frame S’ is
at rest and A is measuring the time interval which we denote ¢’ since A is in frame S’. It is
therefore a potential source of confusion, where does the v factor go? The key idea is that the
stationary frame where the timing is being done does not pick up a v with its measurement
of the time interval. In practise one may simply pause and think which frame’s time interval
is dilated, and then put the ~ in the appropriate place. A rule of thumb is that v goes with

the measurement in the frame in which the events being measured occur at the same location.
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When S’ is moving and B observes the wavefront then the events B measures are the start of
the wavefront and then its return to the lower mirror and for B these two events occur in two
different locations, while in frame S they occur in the same location hence t = ¢, when S’ is
stationary then the events occur in frame S in the same location and then ¢’ = ~4t.

Let us consider a thought experiment that will show us that lengths contract in moving
frames (as measured from a stationary frame). How can we measure length using the speed
of light? Well we can use a setup like the light-clock turned on its side. We imagine that we
construct a contraption, consisting of a straight rigid rod with a perfect mirror attached to one
end (as drawn below), whose length is L' (the length is measured in S’ the rest-frame of the
rod).

—
N

WV

The observer A will aim to measure its length using the wavefront of a light wave, whose
arrival and departure time the observer measures accurately. The experiment will involve the
wavefront traversing the length of the rod, being reflected by the perfect mirror and returning
to its starting point. When conducted in the frame S’ the light returns to its starting point in
time t' = 27L/ Hence A determines the length of the rod to be %’

Now we will change frames to S where B observes the experiment moving with speed v in
the positive x direction. On the first leg of the journey the wavefront will take a longer time
to reach the mirror, as the mirror is travelling away from the light. However on the return leg
the observer A (at the end of the return leg) is moving towards the wavefront. We compute
the time taken for each of the two legs ¢; and t5, and note that viewed from S B supposes that
the rod has length L:

Ct1:L+Ut1 — tI:

cC—0

cty = L — vty = ty =

c+v

Hence B deduces that the experiment done by A to measure the rod takes a time

L L 2Lc 2L
t1+t2: + =55 = —7.

c—v c+v c2 — 2 c

We may now use time dilation to relate the intervals measured in the two frames, so that B may

compute the result of A’s experiment for themselves. Now it is in frame S’ that the events:
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the start and the end of the wavefront’s journey occur at the same location, at observer A.

Consequently (t1 + t2) = vt' and so £(t; 4 t5) = $yt' = yL' and §(t1 + to) = L. Therefore,

1
L=-L".
v

As v > 1 then L < L’. Length as measured from S has contracted in the moving frame S’.
As for time dilation the effect is relative, not only is the length L' measured in S’ seen as
shortened in the direction of motion to L = %L’ in S, but the result of the same experiment
carried out in frame S to measure the length L is seen from frame S’ to give the shortened
length L' = %L. As for time dilation this looks contradictory and one must take care to define
which observations are being made in which frame. The frame in which the return of the light
wave occurs at the same place (the frame of the experiment) is the frame in which the length
of the rod is measured to be greatest, this length is called the proper length. A sense check
when inserting the % factor is always recommended: it should go with the frame containing the
length measuring experiment.

We have focussed on length contraction in the direction of motion of the frame, the longi-
tudinal direction. Transverse to the relative motion there is no length contraction. Think of
an experiment done in frame S’ to collect mail for the train from the station. Suppose that be-
forehand A and B have measured the height of the train window (when the train is stationary)
to be hg. Next they will practise the mail collection with the moving train. A reaches out of
the train window so as to collect the mail. In frame S B is not sure where A’s hand will be and
so separates out the mail and hangs letters at all heights along the z-axis, so as to guarantee
the A collects one piece of mail. The question is which letter will be collected. If length in
the z-direction is shortened by relative motion in the z-direction, then B sees that A collects
the letter at height h = %ho (by supposition). On the other hand, due to relativity, A sees B
in motion and would see (if the z-direction exhibits length contraction) that the mail pole is
shortened as 2’ = %z since A collects the mail at height 2z’ = hgy then it is the letter at height
2z = vhg which is collected. With the assumption of transverse length contraction, A thinks
that they collect a letter above the letter at hy (as measured on the platform), while B thinks
that the letter collected lies below the letter at hg. This experiment involves an event occurring
at a single place and time, and relativity tells us that between inertial frames observers should
agree on such measurements (although they may need to convert between the synchronised time
and the origin of coordinates in each frame to do so). The only resolution to the contradiction
is if there is no transverse length contraction. It is only in measuring the duration between
two events or the distance between two events that the relative motion in a frame gives time
dilation and length contraction. To elaborate, if lightning strikes the clock tower and stops

the clock at 10.04pm, the time read on the clock-face is agreed by all observers, but observers
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disagree about the time elapsed since the lightning strike (they compare two events then: the
lighting strike, when they first look at their own watch and then some time later on looking
again at their watch) - even so no one will dispute the time on the clock face even if they have
spent all the time since the lightning strike travelling at 88mph.

These simple thought experiments changed the world and demonstrate the possibility that
sometimes thought alone is able to outstrip intuition and experiment.

7.2 The Lorentz Transformations

In each of our thought experiments there were two events being contemplated (the two lightning
strikes (or camera flashes), the electromagnetic wavefront starting and ending its journey in
both the light-clock and the light-ruler), from which we could deduce the lack of simultaneity
between frames, time dilation and length contraction. Let us suppose that the events have
space separation Az’ and time separation At’ as measured in S’, and space separation Az and
time separation At as measured in S. We have emphasised three findings (where in each case

the events contemplated are different):

o At = —%fl: From the lack of simultaneity, we have that At = 0 for the two camera
flashes returning to B in S to give the photograph of the front and rear clocks on the
train in our thought experiment, while in &', At = —& = —%Az/, where we note

that since Az’ = L then we must be measuring 2 — 2, where 27 and 2/, denote the
coordinates of the front of the train carriage and the rear respectively as measured in S’.
Consequently At' = t}, — th, = —%f/ (we recall that the clock at the rear of the train

runs ahead of the clock at the front of the train, hence the minus sign).

e At = ~vAt": From time dilation, where the two events are looking at a clock in he same
location at two different times, so Az’ = 0 (the light-clock does not move relative to A).
o A/ = %Ax: From length contraction, where the two events are the location of each end
of a rod in frame S at the same moment in time in S’ so At = 0. This is not the same
thought experiment that we used to deduce length contraction, but we can deduce from
the way the length contraction is written what must have been measured. Remember the
% factor goes with the proper length, so here we have written the length contraction for
a length Az (in S). The measurement of the two ends of a rod in S are carried out by an
observer in S hence At = 0. When an observer deduces the length of an object they are
able to say what the separation of the ends of the object is at the same moment in time.

We write the expression in this way, because it will make the next steps simpler.
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In addition we may add on a simple deduction about Ax’ between the two frames:

o Az’ = —vAt' The relative change in position of the origin of frame S (so Az = 0) as seen

from S’ over time.

These may not be the most natural way of framing each idea, but the presentation lends itself
to deriving the Lorentz transformations.

The Lorentz transformations are expressions about the difference in measurements of events
between two frames in relative motion. We have almost all the ingredients in the observations
above, but in addition we can deduce that the Lorentz transformations, if they are to preserve
physics between inertial reference frames, must map linear motion to linear motion between

reference frames. The Lorentz transformations must be linear transformations, i.e.

At = AAY + BAZ
Ax = CAY + DAY

where A, B, C' and D are constants (remember v is constant). The coefficients A, B, C' and
D can’t depend on particular coordinates otherwise the transformation between frames would
depend on more than just their relative motion (which is what differentiates them), it also
cannot be that the Lorentz transformations take special values at a particular point and time
in spacetime - as the transformations must be relative and so cannot vary depending on the

location of either frame.

From our earlier observations we can now deduce that®

At = yAt' + v%Ax' =~(At + %Am')
c c

Az = Al +yAz' = y(vAt + Az').

Since v = wve, is in the z-direction there are no transformations on the measurements of
intervals in y and z, so Ay = Ay’ and Az = Az’. Despite the transformations being related to
two different measurements it is common to drop the A’s: one can think of this as setting one
of the events in S being measured to be at the origin (so z = 0) at time ¢ = 0, and by arranging
the frame S’ so that its origins coincides with that of S at time ¢’ = 0 then if the other event

is at (¢,x) and (¢, 2') as perceived from S in either frame, then Ax = 2, At = ¢, Ax’ = 2/, and

8From time dilation, we obtain A = v, then using simultaneity we find B = =7, from length contraction we

get D = ~, and from the relative motion of the frames we find C' = ~v.
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At' = t'. Altogether this gives a rewriting of the Lorentz transformations:

v
t =t + gx/)

z =y(vt' + ')
y=y
z2=2

It will be useful to work not with ¢ but instead with ct, so that we have a fourth variable
which has the dimension length, and also to use § = %, in this case the Lorentz transformations

become

ct = y(ct' + pa’)
r = y(Bct’ + ')

The above gives the relations between coordinates deduced in frame S for both S and S’, if
instead we were to make deductions from S’, then while the primed coordinated would become
unprimed, and vice versa, the relative speed of the frame being observed would also change

from v to —v, so B — —f and the corresponding relations for measurement from S’ are

ct" = y(ct — Bx)

2 =~y(—Pct + x)
v =y
2=z

The Lorentz transformations generalise the Galilean transformations and for v < ¢ then using

p =1, % ~ 0 and v ~ 1, we recover the Galilean transformations. Furthermore the Lorentz
transformations preserve the speed of light in each frame, and leave Maxwell’s equations in-

variant.

7.2.1 Addition of Velocity

The Lorentz transformations solve a problem that seemed to come from requiring that the
speed of light is constant: how is it that one can fail to speed up light? If I am driving® at half
of the speed of light and I turn on the car headlights, how fast do the light waves head oftf? We

91 do not drive and shouldn’t be allowed to, not even at half the speed of light.
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see that there is no problem in the rest frame of the car: the light travels at the speed of light,
with respect to the car. The conundrum comes in a frame which see the car moving in the
same direction as the light. The problem is resolved once we understand how to add velocities
in relativity.

Consider the train (frame S”) and station (frame S) of observers A and B again, and suppose
that A bowls a cricket ball at speed u in the direction of the train’s motion on the train. What
speed does B on the platform deduce the ball is travelling at, given that the train is moving
at speed v? Let us denote by frame S” the rest frame of the cricket ball. We have a series of
Lorentz transformations for moving between the frames and we will denote the gamma factor

for the relative speed v by «(v) and for relative speed u byy(u),

v(v) (At + %Am’)

(v)(
Az = ~(v)(vAt' + Az')
7 (u) (A + = Az")
c
= vy(u)(uAt” + Az").
We may proceed in a number of ways, one method is to substitute At and Az’ into At and
Ax, and then read off the new Lorentz transformation that relates At to At” - within which
one can find the relativistic addition of speeds u @& v. However a simpler method is to choose
Az’ to be the distance the ball travels in time At’, then A reports that ﬁf, = u. On the other
hand, B reports the following
Az ~(v)(vAl + Ax')
At () (At + LA
v+ 4L
v Az’
L+ 2 AY
vt+u

uv
I+ =

The relativistic addition of speeds is

v+ u
144

UPprv =

If one were travelling in a car at speed v = ¢ and turned on the headlights u = ¢ then a

pedestrian would observe the wavefront of the electromagnetic wave travelling at speed 1%+§ =
22

¢ as expected. Furthermore lim, ..[-%5%] = ¢. The velocity addition rule demonstrates that

1+ uv
one cannot add speeds less than ¢ to get to the speed of light, nor can one add speeds v < ¢ to

obtain a speed greater than the speed of light.
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7.3 Minkowski Space

Thinking about the Lorentz transformation in the previous section may put one in mind of a
rotation in the (ct, x) plane, as there are some similarities at first glance, but a rotation would
preserve the length c¢?t>+ 2, but here we find that ¢*t*+x* = y2((1+4 8?)t”? +4vt'a’ 4+ (1+5%)z"?).
If we had found coefficients of (1 — 3?) these would have cancelled with 72 and if we could have
removed the cross-term in ¢'z’ this would have been fruitful. We may fix both problems by

instead considering:
Y (ct' + Ba')? + y*(Bet’ + 2')?
YA ((et')? + B2 + 2cBt'x") + 2 (B2 (ct')? + 2 + 2cpt'x)
Y((1 = %) (ct')? = (1= %))
)2

—(ct)* +2° = —
(

= —(ct')? + 2™

we have learnt that —(ct)? + 2? is a quantity left invariant by the Lorentz transformation
above. Suppose one could evaluate this quantity and found it to equal to some positive value,
for example —(ct)? + 22 = K? are points on a hyperbola in the spacetime diagram, and the
Lorentz transformation above is a translation along this hyperbola - let’s see why. If we change
variables so that v = cosh o, note that this is well-defined since v > 1 as is cosh a. Noting that

- =1 — 3? we see that 8 = tanh(a) and we have

5
ct\ [ (cosha)ct’ + (sinha)a’ \  [cosha sinha [t
) \(sinha)et' + (cosha)z’) ) \sinha cosha ) \ o/

To see this corresponds to a translation along the hyperbola —(ct')? + 2/ = K%, we may write

ct’ = K sinh o and 2/ = K cosh « then

cosha sinha Ksinhag )| [ Ksinh(ag + a)

sinha cosha ) \ K coshag K cosh(ag + )
where we have used the hyperbolic double-angle formulae: cosh asinh g + sinh acoshay =
sinh(ap+ ) and sinh asinh a + cosh v cosh ag = cosh(ag+a). A translation along a hyperbola
is the hyperbolic equivalent of translating a point around a circle in R?, which is just a rotation
about the origin. Lorentz boosts are hyperbolic rotations.

Since y and z are unaffected by the Lorentz transformation above we may deduce that the

quantity
—(ct)’ + 2+ y* + 2° = =17
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is left invariant as well. The quantity 7 is called the proper time!° : recall that this is the time
measured on the watch of the observer, for whom Az = Ay = Az = 0, or in the notation
above r = y = z = 0, which explains the nomenclature. Once we allow variations in space, the
proper time is the time measured on the observers watch as they traverse their world-line.

We have so far only considered a Lorentz transformation induced by two frames in relative
motion in the x-direction, this is called a Lorentz boost in the z-direction. We may also
consider Lorentz boosts which mix the y coordinate or the z coordinate and ct (corresponding
to a relative motion in the y-direction or the z-direction between the reference frames). Such a
transformation also leaves —c2d7? unchanged. We may construct a group of transformations,
the Lorentz group, which leave the quantity —c?d7? unchanged, in much the same way that

the orthogonal group O(3) leaves the Euclidean distance 2% + y? + z? invariant.

To construct the group we will define the Minkowski metrict!'? on a four-dimensional space
time,
1000
1o 100
=10 010
0 001

which is an object whose components are 7, where p,v € {0,1,2,3}, and the array above
contains 7, in the entry in the p’th row and v’th column. So that ngo = —1, i1 =122 =133 = 1
with all other components of 7, being zero. From this we may define four-vectors in R* given
by

Yo X0

Yl X!
Y = ) and X =

Y X2

Y3 X3

whose notation in components are Y* and X* and equip the space with the Minkowski inner

10We have opted to work with a mostly plus signature, but one could work equally well with (ct)? — 2% —y? —

22 = 272 as an invariant, doing so is referred to as working with a mostly minus signature.

11We commence the abuse of our familiar mathematical definitions here as the Minkowski metric is not
positive definite as is implied by the definition of a metric, similarly the Minkowski inner product is also not
positive definite but the constructions of both Minkowski inner product and Minkowski metric are close enough
to the standard definitions that the misnomers have remained, and the lack of vocabulary will not confuse our
work. Properly Minkowski space is a pseudo-Riemannian manifold in contrast to Euclidean space equipped

with the standard metric which is a Riemannian manifold.
12This is also discussed in appendix A, where the emphasis is on introducing the index notation and the

Einstein summation convention.
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product given by

XY =, X"y
= XY+ X'V + XY 4 XY
= X, Y*

where we have defined X,, = 7,,X" so that a contraction with the Minkowski metric tensor
is similar to taking the transpose of a vector in R?, although it introduces a minus signs as
Xo=-X% X, = X!, X, = X? and X3 = X3. The space R* equipped with the Minkowski
metric is often denoted R and called Minkowski space.

Four-vectors in Minkowski space no longer have a positive definite length-squared. All

four-vectors fall into one of three classes:

<0 S is called time-like
$?=8-8¢ =0 & is called light-like or null -
>0 S is called space-like.

Consider the subspace of RY3 consisting of the S° = ¢t and the S! = 2 axes. Vectors in this
two-dimensional sub-space are labelled by points which lie in one of, or at the meeting points

of, the four sectors indicated below:

Light-like Light-like

Space-like Space-like

S

>’

Let
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be an arbitrary vector in R%? also lying entirely within R»! due to the zeroes in the third and

fourth components, which denotes the spacetime location of a particle. So
S-S =—(8%%+ (5"
and hence if
(5%)% > (Sh)? S is time-like.

(892 = (SY)? 8 is light-like or null.
(89?2 < (5)? S is space-like.
If we plot the graph of motion of the x coordinate of S against ¢t the resulting curve is called

the world-line of the event, and the notion of a word-line generalises similarly for more general

displacement vectors. The gradient of the world-line

Gradient = = (7.1)

where v is the speed of the coordinate in the x direction. Hence if the coordinate moves at the
speed of light, 4+c, then the gradient of the world-line is £1. In this case, when x = vt = +ct

(recalling that the particle is only moving in the x direction) then
S?=—(ct)*+2*=0 (7.2)

so S is a light-like or null vector. If the gradient of the world-line is greater than one then v < ¢
and S is time-like, otherwise if the gradient is less than one then v > ¢ and S is a space-like
vector. One of the consequences of the special theory of relativity is that objects cannot cross
the light speed barrier and objects with non-zero rest-mass cannot be accelerated to the speed
of light.

The spacetime at each point is split into four pieces. In the sketch above the set of null
vectors form the boundaries of the light-cone for the origin. Given any arbitrary point in
spacetime P the set of vectors S — P are all either time-like, space-like or null. In the diagram
above this would correspond to shifting the origin to the point P, with spacetime again split
into four pieces and their boundaries. The points which are connected to P by a time-like vector
lie in the future or past light-cone of P, those connected by a null vector lie on the surface
light-cone of P and those connected by a space-like vector to P are outside the light-cone. With
the supposition that nothing may cross the light speed barrier any point in spacetime can only
exchange information with other points in spacetime which lie within or on its past or future

light-cone.
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In the two-dimensional spacetime that we have sketched it would be proper to refer to
the forward or past light-triangle. The extension to four-dimensional spacetime is not easy to
visualise. First consider extending the picture to a three-dimensional spacetime: add a second
spatial axis y, as no spatial direction is singled out (there is a symmetry in the two spatial
coordinates) the light-triangle of two-dimensions extends by rotating the light-triangle around
the temporal axis into the y direction'®. Rotating the light-triangle through three-dimensions
gives the light-cone. The full picture for four-dimensional spacetime (being four-dimensional) is
not possible to visualise and we refer still to the light-cone. However it is useful to be cautious
when considering a drawing of a light cone and understand which dimensions (and how many)
it really represents, e.g. a light-cone in four dimensions could be indicated by drawing a cone
in three-dimensions with the implicit understanding that each point in the cone represents a

two-dimensional space the drawing of which has been suppressed.

In all dimensions the light-cone is the cone at a point P traced out by all the light-like
vectors connected to P. No space-like separated points can exchange a signal since the message

would have to travel at a speed exceeding that of light.

7.4 The Lorentz Group

ct
x
Notice that the four-vector S = , which is the displacement four-vector in RY3 (compared

z
with the position vector r in R? it has a time component) satisfies

S?2=8-8=—(ct) + 2> +y*+ 22 = —*r?

This is a quantity that is invariant under the Lorentz transformations between frames with
relative motion in the x, y or z directions. The Lorentz group is defined as the group of
transformations which leave the Minkowski inner product invariant and will include the Lorentz
boosts as well as other transformations, such as reflections and rotations. Let A be a matrix

in R%® which transforms R'? such that the inner product between any two four-vectors is left

3By taking a slice of the three dimensional graph through ct and perpendicular to the xy-plane the two-

dimensional light-triangle structure reappears.
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invariant. Then if X’ = AX and Y’ = AY then
XI 3 YI — n#VXI/J,Yw
= N (N p XP) (A" Y7)
= (AN X" (A%YY)
where we have relabelled the dummy indices in the last line in order to make a direct comparison

with
X Y =n,X"Y"

If A leaves the Minkowski inner product invariant then it must satisfy
nAnAAuAHV = N
or in matrix notation,
AT'nA =1

where we treat 7 as a matrix. Notice that we need to use the transpose of A above because
in nA,{A’\MA"V = A)\MT//\NARI/ when we treat n as a matrix then we see that the sum over x in
MA", encodes matrix multiplication, but the sum over A in A)‘;ﬁ],\,.i does not (as A runs over
the column labels in 1) , but since we may raise and lower pairs of dummy indices together
then we can rewrite this as Ay,n*, = AT ,\n*,. which is the matrix multiplication of A” and 7,

where we treat 7 as a matrix.
Definition 7.4.1. The Lorentz group O(1,3) is defined by
-1

O(1,3) = {A € GL(4,R) [ATpA =0, n =

o O = O
oS = O O
—_ o O O

0
0
0
We may show that the transformations form a group:
(i) Closure: let Ay, Ay € O(1,3) then
(A1) AL A, = A (ATnA)As = AgnAs =1
so AjA, € O(1,3).

(ii) Associativity: Matrix multiplication is associative.

(iii) Identity: I, the four-dimensional identity matrix, is in O(1,3) as "l = 1.
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(iv) Inverse: If A € O(1,3) then ATnA = 5 implies that (AT)"'nA~! = pand (A7)~ = (A~H)7
is seen from taking the transpose of AA~! =1T. Hence A~! € O(1,3).

Among the transformations of the Lorentz group are the three Lorentz boosts (for frames in
relative motion); three rotations (among the three spatial directions); three spatial reflections
in the planes perpendicular to e, e, and e;; and a temporal inversion ¢ — —t. The subset of
transformations which preserve the orientation of space, and the direction of time, are called
the proper orthochronous, Lorentz transformations and form a subgroup denoted SO*(1,3),
consisting of the rotations and Lorentz boosts (6 transformations) which are continuously con-

nected to the identity element.

7.4.1 Lorentz Vectors and Tensors

A vector in R? is not just a collection of three numbers but is an object that transforms, under a
x

transformation of coordinates, in the same way as the vectorr = | y |. A change of coordinates

z
in R? moves from one reference frame to another. In Minkowksi space we will therefore define a

Lorentz vector as an object which transforms in the same way as the displacement four-vector
ct

T . .
S = under a Lorentz transformation., i.e. as
Y

z
S—8=AS

which in components is
St — S =AM, S”.

An object that transforms in this way is called a contravariant vector. We have also defined

S, =, S, under a Lorentz transformation S — 8’ = AS we have
Sy — S, = nuN,S” = ASS,.

An object which transforms in this way is called a covariant vector. Rather than awkwardly
talk about S, as being similar to, but different from the transpose of S*, we may talk directly
about the contravariant vector component S* and the covariant vector component S, or more
simply covector (or, sometimes, it is called the dual vector). The two objects differ in the way

they transform under a Lorentz transformation. Furthermore we may also introduce n** which
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raises indices as S* = n*S,. Then S? = 1,,S*S” = n,n"*S,S" = 5,5”. So nun'* = 4. In
terms of matrices n* takes values which are the components of

1000
L o100
T =10 010

0 00 1

Covariant and contravariant vectors are dual to each other: we can take the inner product
of a vector with a covector to find a scalar (S*T), is a scalar). Consider a vector V. = Ve,
where e, form an orthonormal basis for the vector space, then a covector U = U,e* where e/

form an orthonormal basis for the dual space, whose basis is defined by e, - €¥ = ¢!/, as then

)
Viet) =V -et = (Ve,) - e* = V* which is a number, indeed it is a component of ghe vector
V. One may then define vectors by their action on the dual space V*, and also define covectors
(i.e. specify their components) by their action on the vector space V. We could define a vector
abstractly as a map V : V* — R by the inner product and similarly a covector by U : V' — R.

This idea of vector spaces and their duals allows us to generalise and construct objects

whose components have more than one index, called tensors:

T:V*xV*...xVixVxV...xVJaR

N

-~ -~

m copies n copies
which has a component with m contravariant indices and n covariant indices:

TH1M2~~-MmV1V2mVn

such an object is referred to as an (m,n) tensor. It may be defined by the way it transforms
under a coordinate transformation, where each contravariant index transforms as a vector index,
and each covariant index transforms as a covector index. I.e. under § — AS we have T — T"
where in components

T2 — A1 H2 Iz o1 02 o PLP2---P
T " vrm = M N2 NN T, N, T T

Pm
7

g ~\~

m copies n copies

Tensors are a generalisation of the idea of a vectors and covectors (or dual vectors) and may
be constructed as multilinear maps which act on products of V' and V*. Just like a vector they

are defined by the way they transform under a coordinate transformation.
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7.5 4-Displacement, 4-Velocity and 4-Momentum

ct

x
The fundamental four-vector is the four-displacement!* S = which defines an event: it
)

z
gives the location in time and space of an occurrence. By definition S is a Lorentz vector.

We can find other physically relevant four-vectors by combining the displacement four-
vector S with Lorentz invariant quantities. For example the Lorentz four-velocity V' (or proper
velocity) is defined using the proper time, which is Lorentz invariant, rather than time ¢ which
is not. Starting from two events separated by At, Az, Ay and Az in frame S, but occurring
at the same location in a frame S’ moving at constant speed v between the two events. Now

all observers agree on the proper time A7 between the events. Then

cAt c
as_ 1 far|_arg
AT AT Ay AT %

Az ﬁ—j

since the event is measured at the same place in the moving frame S’, then it is the time
measured in S” which is seen to be dilated: in that frame At’ = A7t so yA1r = At. Now for
an infinitesimal change Ax = dx, Ay = dy, and Az = dz observed in an infinitesimal time

At = dt then we may define the four velocity as

C C
dz 1
VZZ—S:V o=

dt

where we see the appearance of the usual velocity for v < ¢ in the three spatial components of
ve

W)

We can check that V2 is a Lorentz invariant quantity:

the four-vector V', and we may write V = (

VE=VIV, = (= +0°) = = (1 - ) = —¢

14This is also known as the four-position.
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The four-momentum is defined as P = mV where m is the rest-mass (the mass as measured

in the frame in which the mass is stationary).

p_ <7mc>
ymu

The spatial part of the four-momentum is the usual Newtonian momentum multiplied by v, we
will denote this quantity by p = ymw which is a relativistic momentum. The zeroth component
is also intriguing:
PY :fymczmc—i—llmf—l—...
2¢
in the second term we recognise the usual kinetic energy multiplied by a factor %, this lead to
Einstein’s observation that P is the relativistic energy (since terms in a sum will all be of the

same type as the kinetic energy term, so the sum must be some form of energy):
2

mc 5 1 9
~mc + -—mv° +....

_ p0,.
E=Pc= = 5

This remarkable observation leads to the energy-momentum four vector being written in terms

£
of Fas P = (C) . The invariant quantity associated to P is
p
E
PiP, = —(=)* +p* = —m*c?
c
where we have used that P? = y2(—m?c? + m?v?) = —m?c?. Rearranging gives

E? = p*c® + m*c.

For a particle at rest we have p = 0 hence we find a particle’s rest energy is
E =mc. (7.3)
The equation also gives meaning to the relativistic energy for a massless particle (m = 0):
E = pc.

In electromagnetism we have been working with electromagnetic waves whose energy flux den-
sity is given by the Poynting vector (not to be confused in this chapter with the displacement
four-vector) § = i(E x B). From the Poynting vector one can define the momentum density
stored in the electromagnetic fields it is given by g = C%S’ . For a monochromatic plane wave one

can compute that the momentum |g| = % where U is the energy density of the plane wave. This
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is expressing that £/ = pc in the setting of electromagnetism, which was constructed without
recourse to special relativity.

To solve dynamical problems in relativity, one uses the conservation of total energy where,
for a particle of mass m moving with velocity v, E = ~(v)mc?, and conservation of total
relativistic three-momentum, which, for a particle, is p = y(v)mwv in any particular frame.
That conservation of energy and momentum are valid for dynamics in some frame implies,
by the first postulate of special relativity, that they hold in all Lorentz frames. However in
transforming between frames the quantities may vary, after all a particle at rest in one frame has
zero three-momentum, but in a frame in relative motion has a non-zero three-momentum. The
law of physics (that energy and momentum are conserved in dynamics) is still valid in all frames,
but the particular values of the quantities may vary. Since the four-momentum contains both
the energy in its zeroth component and the momentum in the remaining components, the two

conservation rules are equivalent to saying the total four-momentum is conserved in relativistic

dynamics.
E/c
The four-momentum P = Pe transforms as a Lorentz contravariant vector. Hence
Py
Pz

between two Lorentz frames S and S" with S’ moving at speed v in e, direction with respect

to S we have

E v(Z +2p)) E (% — 2ps)
. o / / _v R N
pa | _ | (E /+px) and P | _ V(—%E +ps)
py py py py
P2 A v, P2

The energy-momentum relation E? = p%c? + m?c* is invariant between Lorentz frames.

The relativistic version of Newton’s second law is

dp

dt

where the above is a three-dimensional vector equation and p is the relativistic momentum, i.e.
p = ymw where v is the velocity of the object whose rest mass is m. We should notice that this
might seem like an unusual choice for defining the force, and that it might have been sensible
to work instead with fil—f = F), this is called the Minkowski force and differs the force defined
above by a factor of % =, i.e. Fyy = vF. We may work with either force, so long as we are

careful.
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8. Relativistic Electrodynamics

Special Relativity is a necessary consequence of the need to reformulate mechanics so as to
accommodate Maxwell’s theory of electromagnetism. In this chapter we will investigate how
electromagnetism is consistent with relativity, by seeing how the electric and magnetic fields
transform under the Lorentz transformations and recasting Maxwell’s equations in a manifestly

Lorentz covariant form.

8.1 Lorentz Boosting the Magnetic Field of a Wire

In this section we will consider a simple example that was one of the ideas that motivated
Einstein’s work on special relativity. The idea is a simple one, the Lorentz force depends on the
velocity v of the test charge, but what happens to this force in the rest-frame of test charge.
Consider an infinitely long wire, aligned along the z-axis, carrying a current I = [ e,. Now
consider a test charge () located in the plane y = 0 a distance z from the wire which is moving

with a velocity v = veg:

€2 S

2,® % —>

Mobile e\eckrons,

sbck’\m..rs ? eocons . .X.

The wire has zero net electric charge: the negative charges of the electrons are balanced by the

181
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positive charges of the protons. The current is produced by electrons with velocity u = —u e,
which gives a current I = \ue, (we think of the wire as a line, hence the appearance of the line
charge density A of the electrons). The protons in the wire are stationary in the frame S. In
light of relativity, we realise that the computation of the charge density as viewed from S must
take account that distances in the rest-frame of the electrons will appear contracted in S. If
the charge density of the electrons in their rest-frame is A\ then the charge density is increased
as seen in S to A = y(u)Ag. It increases because if the charge density in the rest-frame of the
—L- L, while there is no effect

Y(u)
on the charge due to the speed of the frame of reference, hence A = ¢ = fy(u)L% = v(u)No.

electrons is \g = L% then in S length contraction gives L =

The charge density of the electrons is Ae = —7(u)\g while the charge density of the protons is

Ap = Y(u) Ao, to ensure that the total charge of the wire is zero.

pol

The infinite wire produces a magnetic field that circulates around the wire of size |B| = £2-

where r is the radial distance from the wire (as computed in example 5.2). At the location of the
test charge (a distance z from the wire in the plane y = 0), the magnetic field is B = —% ey.
Then, in frame S, the Lorentz force law gives a force on the test charge

F =Q(v x B)
_ _tol
N Q(vex 8 2mz e,,)
_ povl
=« orz -
_ _onx\(;’y(u)uv )
T2

where we have substituted I = 7(u)Aou. The test charge is subjected to a force that acts
towards the wire. The force is due to the steady current in the wire and the motion of the test
charge, so it is a magnetic force and a magnetic field. There is no electric field as there is no

net source charge (the charge densities of the electrons and protons cancel each other out).

Now let us look at the same situation viewed from the rest-frame of the test charge, that is
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from a frame S’ moving at velocity v = ve, with respect to S:

Q {'Shﬁnmrs w S

Mobile e\eckrons,

W= W@,V .‘/
—" . . . . . .

ve——o+ ? ° ) ® ® ®
—_
Sbc.biw\.ﬂs Qnﬁu\s. T
The test charge () is stationary in S’, the electrons now have velocity ' = —u ®p ve, where

we indicate the relativistic addition of velocities by @g, and the protons move at velocity
v = —ve,. As the test charge () is stationary then there is no magnetic force acting on @) in
S’, however we know that the laws of physics should be preserved between reference frames. It
cannot be that the test charge is accelerated towards the wire in S but not in S’. What is the

origin of the force on @ in S’?

The velocities of the charges in the wire has an impact on the charge densities due to length

contraction. In S’ we find

N = —y(u) Ao, and Ap = 7(0)Ap = 7(v)7(u) Ao

The lack of symmetry in the treatment of the proton and electron charge densities above is due
to the fact that S is the rest-frame of the protons, but not of the electrons, but we may deduce
the resting charge density of the protons in S because the wire has total charge density zero
(i.e. we used A\, + A\, = 0 to write A, in terms of the charge density of the electrons in their
rest-frame). We will now compute the total charge density in S": A{ + A}, for which we will

need y(u'). We have,
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SO

(w2 (1+ ) (8.1)

The charge density on the wire is not zero and produces an electric field. The electric field due
to an infinite wire of constant charge density was computed in example 3.2, and at the location

of the test charge (a distance 2’ = z from the wire):

AL+ N
EI — uez _ —’y(u)fy(v) uv)\o

2megz

€
2megzc?
and using ¢? = ﬁ we have the electric force on @ is

Qurouvg
,—_ _
F' = —v(u)y(v) 5s €

This is almost, but not quite, the force experienced by @) in S due to the magnetic field. We must
still relate the force in S to the force in S’. To do this we can use the Lorentz transformation

Z-

between frames to relate the components of the force.

The force we use is defined by F' = dt, where p = y(v)mw for a particle of mass m moving
at velocity v. The Lorentz transformation relating S to S’ is a boost by v in the e, direction,
and so mixes the temporal and the z-coordinates. The relativistic three-momentum transforms
as part of the four-momentum, while time transforms as component of the four-displacement.
Let us consider the components of the force:

’ dn’
dp, _ (0)(2dP° +dp,)  HG + G

F, = =
dt ~ () + Sdo) 1+5%

where we note that for Q in S’ we have: P° = ?' is constant, so dt, = 0 and ( is stationary

in S, so dt, = (. Altogether we have (for our charge Q)

F,=F.
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The y-component of the force transforms in a different way to the xz-component:
dp!
VT d T A(0)d+ Bdr) T A0)(1+ ) ()

and the z-component transforms in the same way as the y-component:

_dp. _ dp., = _
dt — y()(dt + %dx')  y(0)(1+ %) y(v)"

In frame S’ the only non-zero component of the force is the z-component, so we have

F,

P LF’ _ _Q,uoz\oy(u)uv
21z

and F, = F, = 0. This is precisely the force due to the magnetic field in S, but in S’ there is no

magnetic field, instead the force is due to the electric field. This is remarkable, the balancing

out of the forces comes from length contraction as well as the relativistic velocity addition and

the change of coordinates between frames due to the Lorentz boost. All of this was implicitly

encoded in Maxwell’s equations.

8.2 The Lorentz Transformations of EF and B

We have seen that a magnetic field in one frame is an electric field in another frame. In
general both the electric and the magnetic field will be non-zero and mixed by the Lorentz
transformations.

Consider! two infinite planes of surface charge o and —o, forming the ideal capacitor in
frame S. We studied the infinite plane of charge in example 3.3 and the ideal capacitor in
problem 12 of the problem sets. Let the two planes of charge be parallel to z = 0, with the
positive charge plane being z = 0 and the negative plane being z = d where d > 0, then the
electric field between the planes is

E="e, (8.2)
€0
Viewed from frame S’, moving at velocity v = ve, as measured in S, the infinite planes of
charge are moving with velocity —v = —ve,. Consequently the charge density is increased due
to the length contraction in the e, direction, we have o’ = v(v)o, so the electric field becomes
E = 1) e. =v(v)E.

€0

'We follow the approach of Griffiths in Introduction to Electrodynamics, and also Purcell’s Electricity and

Magnetism.
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If we had boosted in the ey-direction by v we would have found the same transformation.
However if we boost the ideal capacitor in the direction of the field, i.e. in the e, direction,
then the length contraction does not effect the charge density, only the distance d between
the plates is length contracted which does not change the field. We may summarise this in the
observation that a Lorentz transformation transforms the components of the field perpendicular
to the boost. For a Lorentz boost in the e, direction we have E, = E,, E, = v(v)E, and
E. = ~(v)E’, but this is not the whole story, we should adapt the setting to introduce a

magnetic field as well as an electric field and see how they transform together.

In S" the moving planes of charge produce two surface currents K,y = —wvo’e, for the
plane at 2z = 0 and K,_; = vo’ e, for the plane at z = d. The magnetic field for an infinite
plane of surface current was computed in example 5.4. The magnetic fields for the two planes

cancel outside the capacitor, but within the planes they sum to give
B’ = poK ey = pigvo’ ey.
This is a setting where we have non-zero components of both the electric and magnetic field:
E.=—=~(v)— and B, = povo’ = povy(v)o.

We may now consider these fields from another frame S” moving with velocity u = ue, with

respect to S’. The same considerations lead us to deduce that in S” we have

o’ o

=T oal  wd B = e’ = ()

u+v
1+45 -

electric and magnetic field in this setting, as subsequent Lorentz transformations in the e,

where w = u Hrv = This is the most general result of Lorentz transforming both an

direction will lead to similar expressions.

We have computed y(w) in equation (8.1) (for w = '), and so y(w) = y(u)y(v)(1 + %).
We find

v, o
EN: 1 R Y
L= A un (@) (14 5)
u B!
= E +-—%L
v(u)(E, Cz,uoﬁo)
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and

Bl = powy(u)y(v) (1 + 5 )o

—uqu;)ﬂwwmu+%90
= j (W) (v) (1 + v)o
— (W) EL + B)).

These expressions give us the most general transformations of £, and B, under a Lorentz boost
in the eg-direction. To find how the components E. and B! transform one may consider two
boosts in the e, direction of the ideal capacitor in frame S. Commencing with the field in
equation (8.2) but now, recycling our notation, S’ will be a frame moving with velocity v = ve,
relative to S so that two surface currents on either plate are? K,_q = —c’ve, and K,—q = c've,.
These produce a non-zero magnetic field between the plates of B’ = —ugK e, = —pgo’veg. In

frame S’ the non-zero components of the electric and magnetic field are
B=Z =y and B, = —py()o.

As before we now view this system from another frame S” which is now moving with speed
u = ue, relative to S'. In S” we have

"

E! = — =~y(w)— and B! = —puowo” = —powy(w)o.
€o €0
where w = u Gr v = qu%. Compared to the system boosted in the e, direction we have a

non-zero B! component (and a sign difference) but otherwise the result is similar. We may
rewrite £ and B in terms of E/ and B!, to obtain:

E! =~(u)(E, — uB)) and
B! =(u)(~ 5E.+ B.). (8.3)

These are the Lorentz transformations of £’ and B] under a Lorentz boost by u = ue,.

The Lorentz boosts of the system in the z-direction contract the distance between the plates
but do not change the electric field. For a frame S’ moving with v = ve, with respect to S
there is no magnetic field observed in S’. Now a second boost of the ideal capacitor by u = ue,

to a frame S” reveals an unchanged electric field and still no magnetic field. We have,

E! =FE..

2Follow the positively charged plate to deduce the direction of K as viewed in S’ - recall that the direction
of the current is the direction of flow of positive charge.
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The usefulness of considering the transformation of the ideal capacitor was that it gave a
system in which there were uniform electric and magnetic fields which could be transformed.
However in the last case the boost of the capacitor in the direction perpendicular to the plates
did not produce a magnetic field: we do not yet know how B! transforms under a Lorentz
boost in the e, direction. We have exhausted all the boosts of the ideal capacitor in three
dimensions, so we must think of a different simple setting in which we may boost a magnetic
field in a direction parallel to the field.

The infinite solenoid centred about the z-axis, considered in example 5.5, has a non-zero
magnetic field within the solenoid given by B = ugnl e, where I is the current flowing (in the
eg direction) in each of n turns of wire per unit length making up the solenoid. Now suppose
that n = % where ny, is the number of turns of wire in a length L along the solenoid (i.e. in the
e.-direction) in frame S, where the solenoid is at rest. In a second frame S” moving at constant
velocity u = ue, compared to S, the solenoid is moving with velocity —ue, and the distance
measured in the z-direction is observed to be contracted so L' = ﬁL. Hence the number of
loops of wire in S” has increased to n’ = y(u)n. At this stage we suspect that the magnetic
field in S” may increase, however we must also consider the effect of the Lorentz transformation
on the current. Since I measures the rate of flow of charge, then, due to time dilation, it is
observed in S’ that the charges move more slowly, so less charge passes a specified point on
each loop of wire in a unit of time (the definition of the current), so the current is reduced to

I' = ﬁ[ in frame S’. Both these changes cancel out in the expression for the magnetic field

in 9"

I
B = pgn'l'e, = uo(’y(u)n)m e, = ponle, = B.

Hence B, is not transformed by a Lorentz boost in the e, direction.

What we have seen is that a Lorentz boost transforms the components of the electric and
magnetic field which are perpendicular to the direction of the boost, but leaves the components
parallel to the boost direction unchanged. From the results above, we can see how pairs of
components of the electric and magnetic field, perpendicular to the Lorentz transformation
transform. We can see directly how E and B, are transformed into each other under a Lorentz
boost with velocity in the e, direction. The other pair of perpendicular field components are
B, and B!, which we wish to boost in the e, direction. We see the boost by ue, of (£, B})
in (8.3), but this is equivalent to boosting (£, B,) by ues, we simply replace £, — E,, and
B, — B! to find: E} = y(u)(E; —uB.) and B! = v(u)( — % E, + B.) for a boost by u = ue,.

We may now collect together our observations and write the Lorentz transformation of E

and B due to a Lorentz boost in the z-direction. Let S and S’ be two inertial frames, where



8.2. THE LORENTZ TRANSFORMATIONS OF E AND B 189
S’ has velocity v = v e, with respect to S, then

A
E. =E, B, = Ba

E =~()(E,—vB,) B, = v(v)(:—zEz +By) (8.4)
E. =y(v)(E. +vB,) B;:V@X—%Ey+3g.

These are complicated transformations - the electric and magnetic fields do not transform as
the spatial part of a Lorentz vector.

In certain circumstances the transformations may be usefully simplified. Notice that if
B =0in S, then, in 5,

E,
E'=11y(v)E,
y(v)E,
0 0
B=rws| e | =% 2 |=SexE)
—B, —B

where we recall that v = ve,. While if E =0 in S then, in S,

B,
B' = | y(v)B,
7(v)B:
0 0
E' =~y | -B.,|=v|-B,| =vxB.
B, B,

From the above we conclude that if there is a frame in which either £ or B vanish then in other

inertial reference frames they are related as shown above.

Example 8.1. Use the Lorentz transformations to find the electric field of a point charge q

which s moving with velocity v = v e,.

The rest-frame of the charge is S" in the Lorentz transformations above. Let us locate the

charge q at the origin, then in S" we have

E 1 aer 1 <( ; %)

= — r =
ey 1’2 dmeg \ (272 4 2 4 2'2)

ISENSR S
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and
B =0.

To find the electric and magnetic fields in S we may consider the Lorentz transformation due

to a boost by —vey i.e.

I
Sy

/
T

v
v)(—gE; + B,)

E,=E Ba
E,=()(E, +vB) By
E.=~@W)(E.-vB)) B,

8

N

(
(

v
= U><§E?IJ + B.).
We obtain
E! x
E=|ywe | = ( a ) |
v Yy Areg (2 + y2 + 2’2)% Ty
V(v)E 7(v)2'
and .
B = g(’v X E)
To express the fields in the coordinates of S we use the Lorentz transformation:
, v
t'=n(t — gx)
¥ =~(—vt + )
v =y
Z =z
then
x’ x — vt
Yy | =) |y | =(v)s
v(v)Z z

Notice that s =r — vt ey, and the source charge in S has x-coordinate vt, so that it remains at
the origin in S'. Hence s = r —r, where r, = vtey is the location of the source charge. For

simplicity we will find the fields for a test charge Q) located in the plane z = 0 depicted below:

S aa
Q

M

<

p3
<y
XV
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If we adopt coordinates s and 0, given by

5cos by x — vt
8= | ssinb, | = Y
0 0

then we find 2 + y? + 2" = y(v)?(z — vt)? + y* = y(v)2s% cos? 0, + s?sin® 0, and so we have,

_ 1 ( 7(v)g ) s
ATeg \ (y(v)2s% cos? 0, + 52 sin?6,)?

E

1 ( SIOkk > 1
= 3 —es
4meo \ (cos? 6, + ﬁ sin?@,)2/ s*
1 (-5 4
 dmeg (1-— Z—j sin®6,)? 52

This is an interesting result, as the electric field points from the present location of the charge
and not the location of the charge at the retarded time. What is most surprising is that this same
result can be derived using retarded potentials, rather than Lorentz transformations, where the
information from the retarded time position of the source charge combines to give the electric
field above, one that radiates away from the present location of the moving charge. The field is
not radial about the location of the charge, but notice when 6, — 0 or 6, — =, i.e. in front of
or behind the moving charge then the field s ﬁ times the field of the stationary charge, i.e.
it 1s weaker in front of and behind the moving charge along its direction of motion. While when
0, — 5 orty, — 37” then the field is y(v) times that of the stationary charge, it is enhanced. The
field is strongest in the plane perpendicular to the motion containing the charge. The field lines
bunch up towards a disc about the charge and perpendicular to the motion, an electromagnetic
pancake in which the electric field is stronger than it would be if the charge were stationary.
The electric and magnetic fields for a point charge moving with constant velocity were found by

Oliver Heaviside in 1888, long before the advent of relativity.

8.3 A Lorentz Tensor for Electromagnetism

In equation (8.4) we see the transformation of six quantities: E,, E,, E., B,, B,, B, into each
other under a Lorentz transformation between frames S and S’ where S’ has relative velocity v =
ve, compared to S. A Lorentz vector has four components and a Lorentz transformation acts
linearly on those four components to mix those components up. That there are six components
of the electromagnetic fields which transform into each other under a Lorentz transformation

means that they do not transform as a Lorentz vector. However they must transform as some
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Lorentz tensor, if the laws of electromagnetism are to be preserved between inertial frames.
The question is: what kind of tensor?

In section 7.4.1 we defined Lorentz tensors and showed how they transform under a Lorentz
transformation A. One of the defining properties of a particular tensor is how many independent
components it has. A Lorentz vector, in index notation, S* has four components as u €
{0,1,2,3} and may take any of four values. Consider a Lorentz tensor T##2 or T,,,,, both

rank-2 tensors have 16 components, T#1#2#3 or T, each have 64 components (there are four

H1p2p3
labels for each y; index). We seek a Lorentz tensor that has 6 independent components and for
this we will need to consider tensors with some additional properties. To see what we mean by

extra properties first consider a four-by-four matrix, it has 16 independent components (like
the TH#2 or T,

12
the traceless matrices (having 15 independent components, the trace condition removes one

). However we regularly consider sub-classes of four-by-four matrices, e.g.

degree of freedom), or the symmetric matrices (having 10 independent degrees of freedom), or
the antisymmetric matrices (having 6 independent degrees of freedom). This leads us to the
question: could we find an antisymmetric rank-two tensor which contains all the components
of E and B, whose Lorentz transformation encodes the Lorentz transformations of (8.4)7 The
answer will be in the affirmative.

Suppose we have a tensor T#'#2 then we may construct the symmetric part as
T(p2) — E(Tmuz + TH2k)
2
and the antisymmetric part as
[ 1
Tlripe] — —(THakz _ TH2my
2

Notice the use of rounded brackets to denote a symmetrisation of the two indices and the
square bracket to denote an anti-symmetrisation. By interchanging p; and py you can follow
the terms on the right-hand-side to see that T1#2] picks up an overall minus sign, while 7°(#1#2)
does not. This is the same idea that one is used to in working with the transpose of a matrix
(which interchanges the two index labels): an antisymmetric matrix picks up a sign under a
transpose, while a symmetric matrix is left unchanged. We may also think about the trace of
a rank 2 tensor, in this case the notion is a little bit different but still similar one may contract

the indices with the Minkowski metric to forma scalar which is called the trace:
nH1M2TH1M2 — _TOO + Tll + T22 + T33 =T,

Each of these ideas may be generalised to tensors of different rank.
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An antisymmetric rank 2 tensor T*1#2] has 6 independent components:

0 £O01 402 403
401 12 413
402 12 g 423
403 413 423

Tlens] —

How do they transform under the Lorentz boost in the z-direction? The matrix A (used to
express quantities in S’ in terms of those in S, which is what we need to compare with equation
(8.4)) is

v e 00
Ao |7 v 00
0 0 10
0 0 01

where v = y(v). A contravariant rank-2 tensor transforms under § — AS as
Tlan] _y AM1V1AM2V2T[V1V2]
Let us consider each non-zero component. For uy = 0, s = 1 we have

H01 _ A0V1A1V2T[u1u2]
_ A0V1A1OT[V10] +A0V1A11T["11] +A0V1A12T["12] +A0,,1A13T[”13]
_ AOVIAIOT[ul()] +A0V1A11T[U11]
— A AL T AO AL, TIOU - A0 AL IO 1 A0, AL L)
— AOGAL 0N — A0 AL 0

2
v
2401 _ 27 401

=7 ’Vg

_ 40

where in the second line we have used the fact that Al = 0 and A's = 0, and in writing the
third line that A% = 0 and A% = 0, in the fourth line that 71 = 0 and 7" = 0. The ¢!

component is not transformed. Now let us consider the other components, we will repeat the
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same steps above (but this time we omit the detailed working)

t/02 — AOV1A2V2T[1/11/2} — AOOA22T[02] + A01A2 [12] _ =y t02 t12>

t/12 _ A1V1A2V2T[V1V2 Al A2 T[02] + Al A2 T[12] v(—

(
t/03 — AOV1A3V2T[V11/2 AO A3 T[OB] + AO A3 T[IB] ’}/(t03 t13)
(-

P13 — A1V1A3V2T[V1u2 A10A3 T[OB] + Al A3 T[13] = t03 + t13)
25/23 — A2V1A3V2T[1/1u2} — A22A33T[23] — t23

By careful comparison with (8.4) we can match?® the six components t*1#2 with the components
of E and B:

t01:% tOQ:& t03=%
C C C
t?=B, t?=-B,
t*3 = B,.

Hence the components of the electromagnetic fields transform as part of a rank 2 tensor, called

the electromagnetic field tensor:

0 Ey Ey E.
Ey

pw_ | % 0 B. -B,
~& B, 0 B

-£ B, -B, 0
and we may construct the covariant rank 2 antisymmetric tensor by lowering the indices of the

components above using the Minkowski metric: F},, = nanuel’ M We find,

I
B2 0 B, -B,
Pw=156 _p o 5
E B, -B, 0

We note that we can construct the Lorentz invariant
1
2 2
F,F" = 2(B* — _02E ).

In the electromagnetic field tensor we have unified the electric and magnetic fields in a single
tensor. It remains to see how Maxwell’s equations may be fully reformulated in this covariant

notation.

3We can actually do this in two different ways, the alternative choice is to replace % — Band B — —% in the

expressions that follow. This second choice constructs an interesting tensor called the dual field strength tensor

*F s = 5 €1 papapa P34 which is very useful in the fullest Lorentz covariant formulation of electromagnetism.

40r sometimes simply the Maxwell field strength tensor, or even just the field strength.
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8.4 Maxwell’s Equations in Tensor Notation.

To express Maxwell’s equations in a Lorentz covariant way, we must express the source charge
density p and the source current density in a Lorentz covariant way. There are four terms, and
so we may hope they can be combined into a Lorentz vector. We must investigate how the
sources transform under a Lorentz transformation.

Consider a volume V' containing uniform charge ) at moving with constant velocity v in a
frame S then the rest-frame charge density py = % where 1} is the volume of the charge as
measured in its rest-frame. As viewed from S the volume Vj is contracted along the direction
of the motion, so that in S the charge is contained in a volume V = %V{) where v = ~y(v), hence

the charge density in S is

p= K =7 A = 7Po-
Vi W
There is a current volume density associated with the volume of moving charge given by J =
pv = poyv. We may combine these terms together in the form (c¢p,J) to find the current

four-vector, or four-current:

cp c
Jy Uy

J = = poy(v) = poV
Jy y
J, v,

since pg is a constant then the four-current J is proportional to the four-velocity and so trans-

3 Jx Oy | 9J, _ _Op
oz + Oy + 0z o nay be

forms as a contravariant four-vector. The continuity equation

rewritten as

L 9 01, 0T

0= 2=9,J"
ot T ox oy Tar T
where
10
c ot
0
= | %
Oy
0
0z

giving a simple four-vector version of the continuity equation d,J* = 0. The covariant differ-

ential operator 0, we introduced has a contravariant counterpart:

Q=
gle

o+

lo&le &l

Q
Y
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so that L o2 o o o2
2 — wo— —_— —_— _— =
0" =040 c2 Ot? + Ox? + Oy? + 022 -

Two of Maxwell’s equations may be written as

O, F" = poJ".
When p =0, 0, F" = pgJ" becomes
0 0 0
VFOV - FOI e F02 s F03
OFY = - (F) + 5o (F™) + -(F™)

18Ex+18Ey+16Ez
cOdr c¢Oy ¢ 0z

which becomes (using > = 2-) V- E = L. For p=i€{1,2,3} the equation gives

€0HO

, 10, ., a, . a o .
8,,FW — - F’LO . le i Fz? — F23
Ca ) )+ay( )+ 5, ()
= /J/OJZ
Now we can rewrite the components of the field tensor as F© = —%E" and the component

F = ek By (for 4,4,k € {1,2,3} where z! = 2, 22 = y and 2® = 2), hence we have

iv 1 OE' ijk
= ﬂ/(]z]l.
which in vector notation becomes
1 oF

The remaining pair of Maxwell’s equations arise from a property of the field strength tensor,
called the Bianchi identity,

1
Oty = g(a#FVP + 0 Fpu + 0,F ) =0

we will prove this holds when we look at the potentials as four-vectors. For now let us show

that it encodes the remaining Maxwell equations: The expression is totally antisymmetric so
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is only non-trivial when pu, v, p take distinct values. If each of the indices is space-like then (for

i, 5,k € {1,2,3}):
0= = (0;Fji + 0;Fyi + 01 Fy;)

(&(ejlel) + @-(ekilBl) + ak<€ilel))

Wl Wl

we note that Fj; = eijkBk. If we multiply this expression with €% (and sum over the repeated

indices using €%¢;;; = 26F - see appendix A) we have
o]
0= Ez‘jkg(ai(ejlel) + 0;(exuB") + Ok (eiuB"))
1 ; ;
=3 (9;(26; B") + 9;(26) B") + 0(26; B"))
=2V .B.
Now consider the Bianchi identity when p =0, v =i and p = j for i,j € {1,2,3}, we note that

Fy = —%, and we find

1
0 - g (80Ej + @Fjo + 8]'F0i)
1 E; E;
= 3 (Ol B) +0:(F) + 9;(=))-
Multiplying this equation by €% we obtain (dropping the coefficients),
OB* g
0= —at —+ GljkaiEj
or, in vector notation,
OB
0=—+VxE
at TV

which gives the last of Maxwell’s equations.

To see why the Bianchi identity holds we must look at the electric and magnetic potentials
in Minkowski space. You will not be surprised to learn that the electric potential ® and the
magnetic potential A combine to form a four-vector. As we saw [ = 0,0" is a Lorentz scalar
hence if the inhomogeneous wave equations J® = —% and (JA = —pgdJ are to remain valid they
must be recast into a Lorentz tensor equation, and the simplest possibility is if the potentials

combine to form the four-potential:

|—=

d

T

AF

<

s s

N
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then the inhomogeneous wave equations are
OA* = —peJ*
and the electromagnetic field tensor, in terms of the four-potential, is
Fr = orAY — 9" A
while
F. =0,A, —0,A,.
Now we observe the origin of the Bianchi identity as
8[MFVP] = %(8MFVP + aVFpu + 6pFuv)
= %(@L(&,AP —0,A,) + 0,(0,A,, — 0,A,) + 0,(0,A, — 0,A,))
= %(au&,Ap — 0,0,A, + 0,0,A,, — 0,0,A, + 0,0, A, — 0,0,A,)
=0
since 0,0, = 0,0,,.

We notice that the electromagnetic tensor is unchanged under the transformation of the
four-potential A* — A* + O'A as

Fr = 0rAY — " A — M = FAY — 90" AF + "0 A — V0" A = F*

so that the electric and magnetic fields are unchanged by this transformation. This is the
four-vector formulation of a gauge transformation. In terms of the components we recover
%@ — %CD — %%A, and A — A+ VA as we found in section 6.4.

Thus all of electromagnetism reduces to a pair of equations written in Lorentz covariant

form:
o, F" = poJ* and OuFyp =0

where Oy, F, ;) = %(@#Fl,p + 0,F,, + 0,F,.).
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A. Index Notation and the Einstein

Summation Convention

Index notation is very useful to help develop and sometimes even express fundamental scalar
and vector equations. We will adopt some standard conventions in this course, the leading
feature being we will adopt a different meaning for an upper index and a lower index on a
vector component.

Let a vector v have components v?, as v is a column vector then the index i labels the rows
a

of the single column in the vector. For example, suppose that v = | b | then the components

c
are v' = a, v> = b and v® = ¢. A scalar function, just like the components of a vector, has an
output which is a single number, so in index notation it does not differ and it does not have any
indices. For example the scalar function f in components is f. The indices on a component are
used to specify which element in an array of numbers is being referred to. Now we know that
the scalar product of a vector with itself gives a scalar and that we can write the scalar product
of v with itself in terms of matrix multiplication as v7v, where v* denotes the transpose of v.
As vT is a row vector, its components will be labelled by a column number. Our convention will
be to use a lower label on a vector to denote a column label, hence the i’th component of v” is
given by v;. The fact that the index is down indicates that we are considering an object with
column labels derived from the vector v, and is sufficient to inform us that v; is a component
of the transpose of v. That is we may write v -v = v'v = Z?Zl v;v'. The important take-away
is that an upper index labels a row, while a lower index labels a column.

Let us next consider matrices, which have rows and columns - so we expect a matrix com-
ponent to have one upper and one lower index, i.e. A’; indicates the component of the matrix
A in the 7’th row and j7’th column. In the scalar product, matrix multiplication in components
involves a sum over one upper and one lower index. How does the multiplication of a matrix

A and a vector v look in components? Well, suppose that Av = u where u is a column vector,

201
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so that it has components u’. Consequently we expect that Av written in components will also
have only one free index (meaning it has not been summed over) labelled 4, and furthermore
this must be an upper index. We can write (Av)’ = ' to indicate the i’th equation implied by
Av = u, but this hides how we write the multiplication of a matrix and vector in components.
As matrix multiplication involves a sum in each row across the column labels (lower index) of

a matrix and down the vector labelled by row indices (upper index), then we deduce that
3
()i =3 Afyd =l
j=1

Our conventions mean that a sum over neighbouring pair of indices, one on the left lower and
an upper index to the right, labelled by the same index encodes matrix multiplication.

The Einstein summation convention adopts the convention that repeated pairs of indices
(those denoted by the same letter) are summed over without having to write the summation
symbol, that is 327 w0’ is written as just u;0° and the Einstein summation convention implies
that the repeated i index is summed over its full range. In three dimensions, adopting the

Einstein summation convention, we have

uv" = uy vt + ugv? + ugv?

and the matrix equation Av = w is, in components,
T
Al =’

What about the transposed equation (Av)T = vT AT = u’? There is some subtlety involved
in deducing the expression in components for a transposed matrix, the relation between the

components of a matrix A and its transpose AT is

(A7) = 4]
in this we see that the first entry on the matrix component labels the row, and the second
the column - but whether the first index is up or down informs us whether we work with the
components of AT (having components A4;°) or A (having components A’;). To emphasise

2 2

1 1
. . . . . VUL UV Uy
the notational choice, consider a two-dimensional example: let A = vu? = ( ) =
VUL VU9

A% A%
vector index associated to the component of v and the second (row vector) index is associated

1 1 1 1 Al ALY ] )
to u. Now AT = wv” = <u o U2) = (Uluz v2u2> = ( Lo ) and so (AT)"; = Aj".

wuy uluy nu? v A2 A2

Al Al ,
( ! 2 , where in labelling the components we note that the first index on A’; is the column
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Returning to consider (Av)" = v" AT = u” we write in index notation v;(A")7; = u;, and using
that (AT)"; = A;* we find v;A;7. Note that this final expression is not a matrix multiplication
of a row vector v! with the matrix A, because the repeated indices are not nearest neighbours
(with the left index down and the right index up) - to read off the matrix multiplication one
must go back to v;(AT)7; to determine this is actually v7 AT in vector notation. One message
to take away is that both the nature of an index (whether it is up or down) on a matrix, and
its position (whether it is the first or second index) play a role in interpreting expressions in

index notation.
Comment(s).

o A repeated index which is summed over is called a dummy index or summation index, any

other index is called a free index.

e By repeating an index in the Finstein summation convention we add an operation (the
sum over that index) to that label. Consequently there are some strict rules we must follow

when writing equations in components using this convention:

— Repeated indices are implicitly summed over.

— No index can appear more than twice in any term, otherwise we would not know how
to expand the sum. E.g. consider the forbidden expression ujA';v?, there are three
indices labelled j here, so we are left wondering which pair (or even triple) of indices
we should sum over, i.e. does this mean: uy A'1v? 4+ ug Algv? + uzA'gv?, ug A'ot +

us A +uz A jvd, uj Aot +uj Al +u Alv? or even uy Aot 4 ug Alyv? +uz Algud ?

— Fach term must contain identical free indices.

e One advantage of working in components is that all worries about non-abelian multipli-
cation of matrices, for example, are taken care of using the components. For example
while AB # BA in general, when working in components, as each component represents
a number in a matrix then these entries can be moved past each other without worry, i.e.
(AB)'; = A" B*; = B¥;A%y. Note that (BA)'; = B', A"} which is a different expression.

As another example u” Av = w; Al = Al uo® = Aok,

o Consider (u"Av)"T = (vTATu) = v (AT ' = v AFu'. Now w;A'po* = wAv is a
number, so it is equal to its own transpose. Therefore we have u; A% = vy AFul =
u' A;Fvy, and we glimpse another consequence of our notation: pairs of up and down indices
may be raised and lowered in pairs, i.e. A';v7 = A%v;. To prove this we should introduce

the Euclidean metric tensor d;; whose entries are all zero apart from 611 =1, 6220 = 1 and
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033 = 1 - s0 it is similar to an identity matriz, albeit with a different index structure'. It
can be used to lower indices (i.e. carry out the transpose), so that 6;;v° = v;. We may
also introduce its inverse 51 whose components are 6% with all entries zero apart from
oM =1,62 =1 and 6% =1, and so 69v; = v'. Now consider again A'jv7 = A';69%y;, =
Ak, = Ay, as claimed. For the example we started with u” Av = u; AYpo* = vl Ay =
u' AFvy, = v (AT)Fut = v ATu, where we raised and lowered the pair of i indices at the
second equality and then raised and lowered the pair of k indices at the third equality.

Such tricks are very useful from time to time.

o Another pleasant consequence of the Einstein convention is that one can readily work out
the index form of any new term in an equation, as its free indices must match the free
indices of all other terms. Consequently one can often rapidly complete equations by index
matching against other terms and then filling in the missing indices as dummy indices.
The up-down index convention we have adopted makes this even simpler, as an up free
index must be a free up index on all terms in an equation (and similarly for down free
indices) and we may quickly check our equations to ensure that up and down indices are
matched, without ever pausing to wonder what type of object we are using nor worry too
much about whether we have a row index or a column indexr combing in the correct way

for matrix multiplication. We can rely on the conventions to do a lot of the work for us.

Why have we belaboured these conventions for index notation here in this course? One of
the consequences of unifying the electric and magnetic fields is that a four-dimensional space-
time emerges as a natural setting for electromagnetism. In this spacetime the inner product
will be the Minkowski inner product, rather than the Euclidean inner product, and vectors will
be upgraded to four-vectors whose zeroth component? is the speed of light multiplied by time
ct and whose second, third and fourth components are the usual position coordinates (z,y, z)

in three spatial dimensions. Let us suppose that

LA matrix would have one up and one down index, but this object has two down indices.
2It is helpful to label the temporal component of a four vector as the zeroth component as then the spatial

components remain the first, second and third components, so they retain their labelling from the three-

dimensional setting.
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then the modulus squared of the four-vector s, using the Minkowski inner product?, is
§-8=s5,8"= —P 2 P+

It is traditional to use Greek indices such as pu, v, p for the four space-time indices and Latin
indices such as i, j, k for the three spatial indices. Here we see that the lowered index has a
meaning which is different from taking the simple transpose: in addition to taking the transpose
the component s! of s has changed sign, i.e. so = —s°, while the spatial components have the

3

same sign s; = s', s, = s? and s3 = s°. To keep track of the signs when we raise or lower

indices we make use of the Minkowski metric tensor  which we may write as a matrix

1000
o 100
1o 010

0 00 1

but whose component index structure is 7, (as if it is an object with two column labels, rather
than a normal matrix), so that gy = —1, 11 = 1, 792 = 1 and 133 = 1. The importance of this
index structure is that it allows us to lower indices on four-vectors as 7,,s" = s, and hence
88 = 8,8 = n,s'st = s'n,st = s's, = s,8". Equivalently we may define its inverse 1!
in order to raise indices, and we write the component of ! as n*¥. The Kronecker delta 6%,
plays the role of the identity matrix in index notation and we can deduce n* from its defining
equation n**n,, = d*,. Therefore we adopt these vector component conventions in this course
because we will meet four-dimensional space-time, and it will benefit us to get used to working

with this component formulation of vector calculus in preparation.

d

oz
0

oy |’
9

0z
as the coordinates x, y and z are replaced with the components z!', 2% and 2% of a vector z,

then it is natural to adopt the notation & for the i’th component of V. Therefore (Vf)' = 0'f,

and V -v = Vv = 9;v'. In order to work with the components of curl we introduce the

In addition to vectors and scalars we will need to introduce a index notation for V =

totally antisymmetric Levi-Civita tensor e whose components are €;;,. It is called a totally-
antisymmetric tensor because if any pair of neighbouring indices are interchanged* then it
changes sign, so

€ijk = —C€jik = €jki = —C€kji = €kij = —C€ikj

3We have picked the ‘mostly-plus’ convention for the Minkowski inner product here, one can work equivalently

with the ‘mostly-minus’ convention in which  — —» and each term in s - s has the opposite sign.
4Interchanging neighbouring indices is similar to taking the transpose of a matrix, and a totally antisymmetric

matrix is one which satisfies AT = —A.
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Now €;;x in principal has 3% = 27 values (for particular values of {i,j, k} € {1,2,3}). But
due to the antisymmetry of € then if any indices are the same then the component is zero, as
€112 = —€112 = 0 as only zero is equal to its own negative. Hence only six components are

non-zero: those where the indices are all distinct, and these are all related to each other by

€123 = —€213 — €231 = —€321 = €312 — —€132-
The tensor is normalised so that €193 = 1 then we find the only non-zero components are

€123 = €231 = €312 = 1 (A.1)

€213 = €321 = €132 = — 1. (A.2)

We can now write the transpose of V x v in components as (V x v); = ¢;,07v%, so that, for

example,

ik
(V X ’U)l = Eljkajl)
2
= 612ka Uk + 613k831)k
2 2
= 61238 U3 + 613283’0

= 0%v® — 9%,

We could have given the vector component of V x v rather than its transpose, but it is nota-

tionally less convenient® :
(V xv)' = ¢ ;00"

where €', = 0"¢,;,. When we work with the curl we will frequently work with the row

vector in order to simplify notation. Notice also that in D dimensions where the component
of € is €,i, i, then the same construction used for the cross-product of two vectors gives
€irig..ipW P10 = (U X ©)iyi,. i, , Which is a tensor with D — 2 indices, so only when D = 3
does this have the single index of a (row) vector: in general, the cross product of two vectors

is only related to another vector in three dimensions.

Example A.1. Use index notation to show thata-(bxc)=b-(c xa)=c-(a xb).

The only oddity in this example is that for notational simplicity we will work with the

transpose of b x ¢ with component (b X ¢); = €;;xb'c* then to take the scalar product we must

5You may worry at this stage that working with the transpose of V x v will introduce the unnecessary
complication of having to remember that it is the transpose and not a component of a column vector, but no
extra memory is needed, the position of the index on the component does all the work for us. All conventions

are equal, but some are just better than others.
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multiply it by a':
a-(bxc)=adebc
= Vejca’
= —Vepcha’
= Vejpicta’
=b-(cxa)
and equivalently
a-(bxe)=depbct
= Peipa’tl
= cFepa't!

=c-(axb)

We may use the ! to raise all the indices on the Levi-Civita tensor, and work with the
similar object
NP — 5in5jm5kp€ijk-
One consequence of introducing €% is that we now have a way of taking the cross product of

u” and v7, i.e. we can consider objects such as €7*

u;jvi, which is a vector component. On the
other hand €;,,u'v™ is a row vector component, so we may matrix multiply these two objects
together to get a scalar, i.e. eilmulvmeijkujvk should be a scalar, and certainly all indices are
dummy indices but we can simplify this expression further, by noticing that when we sum the

indices of two Levi-Civita tensors some simpler object must emerge. Since €, €%

is an object
with four free indices: two up and two down we must hope to build the resultant object out
of the 0’; tensors. This is indeed the case, but to see this it is first helpful to consider the
two-dimensional case:
eikeij = elkelj + €2k€2j.

Now €€ is only non-zero when j = k = 2, in which case €2¢!? = 1, and the term ey,e? is
only non-zero if k = j = 1 when it gives €5¢*! = —1 x —1 = 1. Hence if k = j then €€ = 1,
ie.

i€l = 6%.
Now let’s think about the three-dimensional case of

Gijm‘fijk = €1jm€1jk + €2jm€2jk + €3jm€3jk
= €12m€"" + €13m€™" + E21m € + Fea3me™" + 31" + €306

= 20"
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by the same arguments we made for the two-dimensional case. Now let’s think about

ijk 1k 27k 35k
€ilm€ 10 = €1lm€ I 4 €2lm€ J + €31m€ I

¥ is only non-zero if | = 2 and m = 3 or [ = 3 and m = 2 and if j = 2

Ljk

Now the term ey;,,€%
and k =3 or j =3 and k = 2. In addition €y;,,¢7" is antisymmetric in [ and m and also in j

and k. We may define an antisymmetric product of § tensors which would have the same index

structure as this first term. Let us define &/v = 1(5/6% — 67.6F), then notice that o] = —d7"
and 6/ = —§/7  Now if I = 2 and m = 3 then &)y = %(5%5{? — 640%) which is equal to 1if
j=2and k=3 or —5 if j = 3 and k = 2 and zero otherwise. That is, ey;,e'7* = 25{;’;, and
consequently

€imeIk = 25{;’2 (A.3)

For completeness, we may also consider

igk __ 15k 25k 35k
Eijkﬁj = €1k€ J + €25k€ J + €35k€ J

12k 13k 21k 23k 31k 32k
= €19K€ T F €13k€ T F €1k€7 T F €93p€ F €315€7 T + €39k€

= 3!
and
k= 3lg%

)
Enmp€ nmp

where 05% = (6169 6% + 6,626k + 61676k, — 6i 070k — 6i676% — 6107 6%). We may check the

nmp n“m%p mYpn p’n“m mYn"p n“p“m p’mYn

consistency of our results by for using the final result to compute

Eimpe " = 3107

mp
= 0101, + 01, 630 + 81670k, — ot 516k — sisTok, — 5ls7 ot

i ok i ok i ok i ok i ok ko)
= 35ﬁn5p + 5;57” + 5;57” — 5ﬁn5p — 35;5m — 5p5£1
_j sk i ok
= 637151, — 5{,67”

ik
= 2(5ﬁnp.

Furthermore we also find
eijpeijk = 255;
j ok i ok
= 030, — 6,0
= 38y — o)
= 20%.
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Example A.2. Use index notation to show that a x (b x c¢) =b(a-c) —c(a-b).

(@ x (bxe) = e a;(epnmb™c™)
= a;b" ™" e
— gt (5501, — 01,8
= a;b"cm L), — ab ™SSl
= ajbicj — a,bc

=b'(a-c)—c'(a-b).
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B. Scalars and Vectors

A vector is constructed in relation to the coordinate axes of a vector space. The prototype
x

of a vector in R® is r = | y |. All other vectors that we construct in this vector space must

z
transform in the same way as r under a coordinate transformation. It is simple to construct a

similar array of three numbers which does not transform as a vector, for example suppose we
form a possible vector whose components do not refer to the coordinates in any way, such as
the number of cats, dogs and squirrels in a garden. Each component of this object is a pure
number, and although we might conceive that it has a direction, it would be a “direction” in cat,
dog, squirrel space and not in R3. This is evident upon make a change of the coordinates, for
example consider a rotation of the axes of R?® about the z-axis by 6, under this transformation

the displacement vector r transforms as

cosf sinf 0 x xcosf + ysinf
r—r' = | —sinf cosf 0 y|=1|—xsinf+ ycosh
0 0 1 z z

Any vector in R?® must transform in an identical way under this transformation'. On the other
hand, under a change of spatial coordinates the number of cats, dogs and squirrels does not
change at all, so because it does not transform in the same way as a vector should, it is not a
vector.

Scalars, like vectors, may be defined by the way they transform under a change of coordi-

nates. However scalars, unlike vectors, do not depend on the basis vectors of R3. A physical

!Under a more general transformation if 2 — y* where 2° is a component of r and y* a component of r/

and the transformation maps r — 7/, then the components of a vector transform as z* — y* = %xj where

the Einstein summation convention is in effect. For the rotation above, 2! = x, 2 = y and x> = z, while

1 . 1 1 1
3. 50, for example, 2L g = %xl + %xz + %JSB

y' =zl cosf+ x%sinf, y?> = —x'sinf + 22 cosd, and y> = x y 5

which is indeed the case.

211
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example of a scalar field is the temperature T' at any point r € R3. If we change the coordinates
of the axes, for example suppose we translate the space by a € R3, i.e. ¥ = r+a, then although
the way we identify points in the space has changed, the underlying temperature data has not.
Mathematically we could construct the temperature scalar function in the transformed coordi-
nate system as 7"(r + a) = T'(r), as the point at r + @ in the new coordinate system will have
the same temperature as the point at r in the old coordinate system. Hence the scalar field T'
is transformed to 7" where 7" = T'. Under a change of coordinates, a scalar field is unchanged.

Physical equations should not depend upon the choice of coordinate system used, hence
physical equations will be coordinate independent, which means that either side of any equa-
tion must transform in the same way under a coordinate transformation. Otherwise a change
of coordinates would lead to coordinate dependent terms appearing on one side of an equa-
tion and not the other. So, for example, physical equations will have the form of ‘scalar =
scalar’ or ‘vector = vector’. More complicated variations can be considered, but the important
requirement is that both sides of an equation have the same tensorial type?.

In the preliminaries of the course we have introduced the gradient of a scalar field and have
stated it is a vector, but we should check that it does indeed transform as a vector. Let’s
first think about why it is not clear that it is a vector. Consider V f its first component is a
partial derivative %. Now the derivative % transforms differently from a scalar or a vector®:
if we rotated the x-axis the derivative of f with respect to the new axis would generally be
different. However when we combine the three derivatives %, g—i and % in forming V f, then
together they do transform as a vector. Let’s consider the example of the rotation by 6 about
the z-axis to illustrate this idea. Under the transformation we have ' = xcosf + ysinf,
y = —xsinf + ycosf and 2’ = z. We will neglect the z coordinate in this example, as it does

not transform. Now, using the chain rule, we have

of _of oa' +8f8y ga_f_smgaf

dr 0 ox oy’ Ox ox' oy’

of _of ox"  Of oy . 6 of of

Oy 0z Oy oy oy oy 890 * COSQ@@/ '

We may rearrange this* to obtain the components of V f in the transformed coordinate system:

of _ of of
8;5 9% + sin ga—y
of _ of of
oy sm@ax + cos eﬁy

2Scalars and vectors are simple examples of tensors.

3While a vector transforms in a contravariant way, a derivative transforms covariantly, to understand these
terms and tensors one must study a course in differential geometry.

4Perhaps by noting that the inverse of a rotation by 6 is a rotation by —6.



of
oz’
That is, if we denote the transformation of the gradient by Vf — (V f) where (V f) = g—;,
of
EZd
then
% cosf) sinf 0 %
g—;, = | —sinf cosf 0 g—i
of of
37 0 0 1 5

Since V f transforms under the rotation in the same way as r, and because, in fact, it transforms

under general coordinate transformations in the same way as r then it is a vector.
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C. Cartesian, Cylindrical and Spherical Polar

Coordinates

We will make use of several coordinate systems throughout the course. In this appendix we will
outline the changes to the expressions in Cartesian coordinates when we work in cylindrical
and spherical polar coordinates.

C.1 Cylindrical Coordinates

We define our cylindrical coordinates (p, 8, z) in relation to Cartesian coordinates by

x = pcosf
y = psind (C.1)
z=2z
1
Let a set of unit basis vectors of the Cartesian coordinate system be denoted e, = | 0|,
0
0 0
ey = | 1] ande, = [0|. We may find e, as it is the change in the displacement vector
0 1

T =2Te; +yey +2e, when x, and only z, is varied by one unit, y and z are held constant. We

may understand e, and e, in a similar way. In cylindrical coordinates,

pcosf
p=| psinf
z

215
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Suppose that we transform p — p + dp (holding 6 and z fixed) then

cos 6
d0p =0p | sinf
0
hence the unit vector in the radial p direction is
cosf
e, = | sinf | = (cosf)e, + (sinfh)e,.
0

Similarly by varying 6 and z (and then normalising to unit length) we find the unit vectors

—sind
eg = | cosf | = (—sinf)e, + (cosh)e,
0
e.=|0] =e..

Consequently we have,

e; = (cosf)e, — (sinf)eq
ey = (sinf) e, + (cosf)eq

€, = €,.

The infinitesimal displacements, along a path where only one of each coordinate varies, are
dl, = dp, dly = pdf and dl, = dz and the volume element is dv = pdpdfdz.

We may rearrange (C.1) to find

24P = P
g:tan@
T
z2=2z
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then we may use the chain rule to find that
Vf—ai z+a£ y+g—£ez
~Gpas * 05 + 7500 (0%
CCSOT I T
* Gy * 350z * 52350
of 18]” of

=5, ,o8% T 5,0 (C.2)

The divergence is usually written in terms of the inner product. The infinitesimal displacements

— (sin6) ep)

+ ( + (cos ) eg)

computed above give

di* = (dp)? + p*(df)? + (dz)? = dI"dl
which suggests that the infinitesimal vector dl is

dp
dl = | pdb
dz

Notice the scale factor which appears on the 6 component: df is scaled by a factor of p to pdf,
in order to give a distance. Scale factors such as this are commonplace in curvilinear coordinate
systems, and make some expressions more complicated than one would expect. Notice that the
scale factor has made an appearance in V f above: if we had moved along a path where r and
z are constant i.e. dl = pdf then we would expect that Vf - dl = %pdé’ 1 af 5 (pdf) would
give the inﬁnitesimal change in f along a path where only 6 varies. Now since (dl)y = pdb,
then (Vf)y = p 2.

Before considering the divergence directly, observe that because at different points in space
the basis vectors in the cylindrical system will generally point in different directions, we must

be careful when taking derivatives of the basis vectors. For example we notice that

5 B — sin99 B
20 e, = | cos = ep
0
5 - 0952 B
90 €9 = — Sin = e,,

0
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but all other derivatives of the basis vectors are zero. In the divergence we will encounter such
terms, and so we will be cunning. We will use the observation that the vectors

0 e, and = (C.3)

p p

are all divergenceless. Let us check this, because it is informative about how one computes
the divergence in cases where the basis vectors vary with the coordinates. The only warning
is that in computing V - v one must first apply the derivatives in V and then after apply the
dot product (since the derivative may change the basis vector, one can see why the order of

operations is important here). For example,

V(%) = e (D e G+ e (%)

1 1
=€ (—;ep) +eq- (?6’9)
=0.

There is another reason these three vectors in equation (C.3) are divergenceless: it is because
they are all of the form Vf x Vg. Such vectors have zero divergence, this can be seen in

components as
0'(0 fOF geijr,) = (00 f)ejudFg + & f(0'0F g)esjn, = 0

because 0'Y fe;j, = 0 feij = —0'07 fe;, where we have used the fact the partial derivatives
commute, followed by a relabelling of the indices. A similar computation shows that the second
term above is also zero. To convince ourselves that the vectors in equation (C.3) are of this

form,, we first notice (by direct computation) that
€p X €g =€, € Xe,=¢e, and e,xe,= e

Then Vp = e,, VO = %69, and Vz = e,, hence

epX g €

Vpx V=22 _
p p
VOxVz= 228 _ %
p p

VzxVp=e, xe,= e.

So each of the above vectors is divergenceless.
Now we may use this observation to compute V-v where v = v, e, +vy €9+, €, by rewriting
v as

e e
v = (pvp)?” + vgeg + (pvz)f
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then using the product rule for the divergence: V- (fu) = fV-u+ (Vf)-u where f is a scalar

function and u is a vector function, we obtain,

€z

Vv =(V(p,))- ; (V) eo + (V(pvs)) -

having eliminated the divergenceless terms from the product rule. The dot product with the

basis vectors now picks out the relevant component of the various gradient functions, i.e.

To construct the curl, we will use the fact that V. x Vf = 0 for any scalar function f. In

particular when f = p, 6 or ¢ we have
1
Vxe=0 Vx(-e)=0 and V xe,=0.
p

Now we may adopt the same strategy we used to find the divergence of v, namely we write the

vector as )
v=1v,€+ pUg(;Co) +v,e,

to make explicit the part of each term which has curl zero and then apply the product rule

V x (fu) =Vf xu+ f(V xu) to v giving
V= (V1) % -+ V(o)) x (e0) + (V) x e

Using the cross-product relations for the basis vectors we then find:

Vv = ((Ve,).e0 — (Ve ) + (%(vag)pe, _ %(vag)zep) £ ((Vedoe, — (V0.),e0)
o (B (2

This is a complicated expression, but one way to keep a rough track of the form of the terms is

to notice that each time a 6 appears, either in vy or in % then the p scaling factor also appears

in the following fashion %%Z") and %% = %, or as %%. Apart from the appearance of

the inserted scaling factors the expression has the same antisymmetric form of the familiar

cross-product in Cartesian coordinates.
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C.2 Spherical Coordinates
We define our spherical coordinates (r, 6, ¢) in relation to Cartesian coordinates® by

T =1 Ccos¢cosl
y = 1 cos ¢sinf (C.5)
z=rsing

where the 6 € [0,27) and ¢ € [-7,]]. By following the methods outlined for cylindrical
coordinates we may derive that

cos ¢ cos 0 —sin6 —sin ¢ cos 6
er = | cosgsing |, e = | cosf |, ep= | —singsinf
sin ¢ 0 cos ¢

Hence,

ez = (cosfcosp)e, — (sinf)eg — (cosfsin¢)eg
ey = (sinfcos @) e, + (cosd)eg — (sinfsin ) ey
e, = (sing)e, + (cos @) ey
The infinitesimal displacements, along a path where only one of each coordinate varies, are

dl, = dr, dly = rcos ¢df and dly, = rdp and the volume element is dv = r? cos ¢dr df d¢. For

fixed radius r the infinitesimal area is da = 72 cos ¢ df d¢. Hence we have

0 1 0 10
Ve resea0 @ T 105 (€6)
so that the gradient of a scalar function f is
0 1 0 10
vi- Of gy 1100 (.7)

:8r6r+rcos¢8(9 r 0¢

To compute the divergence and the curl in spherical coordinates we first note that

er X eg =€y, € X ep=¢€, and ey x e = e

!Note that there are two standard ways to define spherical coordinates, in this definition the angles # and ¢
are both measured at the origin, with 6 being measured in the xy-plane from the z-axis, and ¢ being measured
from the xy-plane towards the positive part of the z-axis. Another common choice of the angles is to replace ¢
by 5 — ¢, or to re-order the labelling of the angle variables. For example to compare with the conventions in
Griffiths whose coordinates we label by (rq, 0q, ¢c), one uses rq¢ =r, ¢g = 6 and g = § — ¢.
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as direct computation will confirm. Using Vr = e,, V8 = —— ep, and V¢ = %e¢. By taking

T COS ¢
cross-products of these vectors, we may construct the divergenceless vectors:

1 1 d 1
es, —€p, and ————e,.
AN r2cos¢

7 COS ¢

By expanding a vector v in terms of these divergencless vectors as

1
72 CoS ¢

v = (v, cos ¢)< e,) + (vgr) <% eo) -+ (v¢r2 cos (]5)(

72 oS ¢

we simplify the computation of the divergence. Now

Vo= (V(ocos0) - (oer) + (V) - (1 eo) + (Vvar? cos o))
10, I 1
=2 1508 oo g @030 V)

To construct the curl we use the curl-free vectors:

1 1

Vr=e.,, Vo= eg, and Vo= ;e¢

T COS

to expand a general vector v as

v e, + ¢>< L e>+ <1e>
= U, € + VyT COS ver | —

o rcosqbo ¢ r¢
then we find

V xv=(Vu,) X e+ @(V(wr cosd)) X eq + %(V(%r)) X eg

= ((Vvr)seo = (Vo,)0es) + ml)s 5 (Ve cosg))req = (V(wrcosg))y er)
4 1((Vroer — (V). eo)

= (HV s = oo (T cos0))o) e + (Vs = (Vo). ) o
+ (g5 (Vlusrcos o), = (Vu)) e

— (00— pplcos)) er+ 1 (5 (00 = (o)) o

1,0 1 0
+ ; <E(U07") — m@(@,&) €.

‘o)

(7”2 coSs ¢

‘o)

(C.8)
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D. Orthogonal Polynomials

The trigonometric functions sin(nx) and cos(ny) for n € Z may be used as a basis in which
other functions can be written. The sense that these functions form a basis comes from the
idea that we may define an inner product over pairs of real functions f(z) and g(x) given by

an integral:
(f(2),g(x)) = / f(2)g(z)dz

for some suitable interval S. Now when we pick S = [0, 7] we may show that the trigonometric

functions sin(nx) and cos(ny) for n € Z are orthogonal functions. Let I,,, denote the integral
Lym = /7r sin(nx) sin(maz)dx
0
then using integration by parts one can show that
Lym = %/W cos(nzx) cos(mx)dx.
0

Using the double-angle formula for cosine we have

Lum (% - 1) = /07T cos((n+m)z)dx = 0.

™

Hence if n # m then I, = 0, while if n = m we have, by direct computation, I, = 7.

o
Therefore I, = 0pmy, 1.
T

/ sin(nz) sin(mzx)dr = =dpm
0 2

This is the sense in which sin(nz) and sin(mx) for n # m are orthogonal: the integral above,
interpreted as an inner product is zero. This result is incredibly useful, we may think of the
functions sin(nz) as forming a basis in which all other functions may be expanded® (this idea

rests upon the notion that the basis is complete, which is the case).

!The interested reader is encouraged to look up Fourier series at this point.

223
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We may use the integral to take the equivalent of a dot product against one of these basis
functions so as to read off the coefficient of a function expanded in terms of the basis func-
tions. Suppose that we were interested in writing a function f(x) as an expansion of the form
f(x) =" a,sin(nz), then we could compute the coefficients ., by integrating f(z) against

sin(maz), i.e.

/f smmxdx—/ E ay, sin(nx smmxdm—g annm :—m.

Put another way, we have found that
oo 2 T
= E — i dx | si :
f(x) 2 <7r /o f(z)sin(nz) x) sin(nx)

This idea which is useful in electromagnetism and at the heart of Fourier series is part of a

wider subject. The rest of this appendix is included for the interested reader.

D.1 Classical Orthogonal Polynomials

It is natural to wonder whether there is a canonical basis of functions which are orthogonal. If

so we may expand a function f(x) in such a basis F,,(x), so that
= Z a, F,(x) (D.1)

and quickly interrogate the coefficients «,, using the orthogonality of the functions F,:

(Fin, f(x))

o Fo) (D.2)

<Fm7f Zan Fm7F>—am<Fm7F> = Oy =
But what are the F,(z) and under which conditions do they exist? We will now follow a very

general procedure and develop the classical orthogonal polynomials in a single expression.

Theorem D.1. Let

F,(x) = ng) %(w(w)s”(m)) for n=0,1,2,... (D.3)

where Fy(x) is a first order polynomial in x, s(x) is a polynomial in x of degree two or less
with only real roots and w(x), the weight function, is a strictly positive function integrable in
the region (a,b) satisfying w(a)s(a) = w(b)s(b) = 0. Then F,(x) is a polynomial of degree n in
x and

b
/ pr(2) Fp(x)w(z)dr =0 V k<n (D.4)

where pi(x) is any polynomial of degree k.
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The formulation of F},(x) above is sufficiently versatile to include all the classical orthogonal
polynomials. By specifying precisely the function s(z) we will be able to determine w(z) and
the range (a,b) and for each choice we will find a new series of orthogonal polynomials which
will be useful in different settings. These will be described after we have proved the theorem.

In order to do this we will make use of two lemmas.

Lemma D.1. The following is an identity:

dm
M—m(ws"pgk) = ws" "P<kim V m<n (D.5)

Proof. For m = 1 the we have

d dw ds
%(ws”pgk) = @snpgk + nws”_lapgk + ws"p<p_1 (D.6)

where we emphasise that p<j is notation for any polynomial of degree < k, hence dfl% =

p<k—1. Looking at the above expression, and considering the lemma, we would like to count
the polynomial degree of each of the three terms on the right hand side and check that we can

factorise each term into terms of the form ws™ 'p<j, 1. We are obstructed in doing this by the

‘fi—q: in the first term. However we can use the definition of the orthogonal polynomials in the

main theorem to overcome this obstruction. We have

1d 1 dw ds
= —— = —— = p1(x). (D.7)

Fi(z) = wdx<ws) W dxs dr

In the last equality we are simply noting that by definition Fj(z) is a first order polynomial in

x. Rearranging we have,

dw ds
S = WP W (D.8)

which we may use to rewrite equation (D.6) in a way that clearly factorises according to the

lemma. Substituting we find

d ds 1  ds
— (ws" = (wp; —w—)s"" nws" " — WS Pt D.9
dx( p<k) = (wp1 dx) P<k + TPk +ws"p<—1 (D.9)
n—1 S n—1 n—1 dS n
=wp1S  P<k —W——S PpP<k +nws —P<k T WS P<p—1
dx dx

n—1 n—1 ds n
= " Ppr + (n— Dws™ o pap + ws"peg-

n—1
= WS P<itl

where in the last line we have used the fact that s(x) is a polynomial of degree two or less, i.e.

ds _

dx
proof of the lemma. O

§ = p<2, and hence p<1. Taking additional derivatives and repeating the process gives the
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We will need a second lemma which is derived from equation D.5 in the lemma above.

Lemma D.2. All the m deriwatives of ws™ vanish at x = a,b for all m <n, i.e.

d—(ws”) =0 vV om<n. (D.10)

m
dx r=a,b

Proof. From equation D.5, when k£ = 0 we have

dm
dx—m(ws”) = ws" "P<m (D.11)
and at x = a,b we have
d" n n—m-—1
d—m(ws ) = (ws) (s D<m) = 0. (D.12)
z r=a,b r=a,b r=a,b
O

Armed with this lemma we can now prove the main theorem.

Proof. (Of Theorem D.1)
b b dn
/kanwda::/ pk%(wsn)dx (D.13)
b m—1
d, d "
- / pr (s (ws")da

b m—1 n—1 b
dpy d d
:/ _ 2Pk (ws")dx + [pk—(ws”)}

dr dxn—1 dxn—1
NS ~~ J

=0 by lemma D.2

Repeating the integration by parts k times gives

b b kdkpk dn—k
/a kanwdx:/a (—1) ok dgnF (ws™)dx (D.14)

b d dr—k1 .
_C/a %(—dxnikil(ws ))dx
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where C' = (—l)kdkp’“ is a constant and we have used lemma D.2 again in the final line. To

dxk
prove that F,,(x) is a polynomial of degree n we use equation D.5 to note that ;i—nn(ws”) = Wp<p
and so
Fule) = 2 (s = pe. (D.15)
w dz™ =
To show that F}, is a polynomial of degree n we write
F.(z) = apz" + p<n-1 (D.16)

where a,, is a constant and we note that the repeated index does not indicate the summation
convention here. Now consider the positive definite integral (and use the power of the orthogonal

polynomials):
b b
h, = / F?wdr = / F.(apx" 4+ p<p_1)wdz (D.17)

b b
:/ Fnanxnwda:~l—/ Fop<p—1wdz
a a

-~
=0

where we have used the second part of the theorem (which we have proved first) to see that
the second integral vanishes. Consequently as the left hand side is positive definite then a,, # 0
and so F,(x) = py. O

The classical orthogonal polynomials were not found as presented above. They were each
found individually as solutions to particular differential equations. Consequently the historical
definitions of orthogonal polynomials are all normalised individually with a factor of K%n hence

we will now adopt the normalised function as our definition of the orthogonal polynomial F,,(z):

1 d
K, wdx™

The expression above is called the generalised Rodrigues formula after (Benjamin) Olinde Ro-

F,(x) =

(ws"). (D.18)

drigues, a Frenchman who first wrote down this formula in 1816. It was later independently
discovered by Sir James Ivory in 1824 and Karl Jacobi in 1827. After writing down this formula
Rodrigues became a banker. Some time later Rodrigues contributed again to mathematics and
has a strong claim to discovering the quaternions three years before Hamilton and without the
use of a bridge.

In table D.1 we list the orthogonal polynomials and the classification has been organised
according to the degree of s(x). It is important to note the range of the integration where
these polynomials are orthogonal, this gives a good indication of where these polynomials may

be useful. For example, the Hermite polynomials, are useful in Hilbert space, the Laguerre
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Name of F,(z) s(x) w(x) [a, b]
The Hermite polynomials, H,. Do e’ [—00, +00]
The Laguerre polynomials, L”(x). T e v>—1 [0, +00]
The Jacobi polynomials, P**(z). | 1 —2% | (1 —2)*(1 — )", p,v > —1 | [—1,+1]

Table D.1: The classical series of orthogonal polynomials.

polynomials are useful when separating and solving the radial part of the Schrodinger equation
for hydrogen, and the Jacobi polynomials occur in the study of rotation groups. The Laguerre
and Jacobi polynomial series are parameterised by v and (u, v) respectively and specific values
of these parameters select out interesting sub-series of the orthogonal polynomials. The most
famous case of this are the Legendre polynomials which are a sub-class of the Jacobi poly-
nomials having 4 = 0, v = 0 and hence w(z) = 1. The Legendre polynomials occur when
finding solutions of the Laplace equation in spherical coordinates (using the method of separa-
tion of variables), consequently they are closely related to spherical harmonics. The Legendre
polynomials occur naturally in multipole expansions, recall this is the expansion resulting from
translation of a spherically symmetric point source and the multipole expansion can be usefully

rewritten as a sum of Legendre polynomials.

D.2 The Legendre Polynomials

The Legendre polynomials are the orthogonal polynomials of greatest relevance to electromag-
netism. In this section we collect a few facts about these functions.
The Legendre polynomials, up to normalisation, are the Jacobi polynomials defined in table
D.1 with g =0 and v = 0, hence w(x) = 1. Then the Legendre polynomials are
P—1d121l—1F here | € {0,1,2,3,4
l(m)_Ql_l!@((CE_))_El where [ € {0,1,2,3,4,...}
i.e. the normalisation constant is K; = (—1)'2!/!. This is chosen so that P;(1) = 1. The first

few Legendre polynomials are listed in table D.2 In general we have

1
2
P.(z)P, dx = ———0pm.
/_1 ()P} do = 2

By construction we also know that

/1 pe(0)P(x)de =0 ¥V k<l

1
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1
L B@) | [(P(@)?de
0 1 2
1 T %
3z2—-1 2
2 22 5
5x°—3x 2
3 2 7
4 | 3521-302+3 2
8 9
5 63x°—7023+15x 2
8 11

Table D.2: The Legendre polynomials P,(z) for [ <5

where py(x) is any polynomial of degree k. The Legendre polynomials form a complete basis

of the polynomial functions so that any polynomial of degree n, p,(x), can be expressed as

=0

where [ < n and C are constant that may be determined by taking integrals of p,(x) against

the Legendre polynomials and using the orthogonality conditions:

1 n 1 2
/_p(az) k(x) x ; 1/_ kL axr 2% + 1 k

1 1

The Legendre polynomials satisfy the recursion relation
{4+ 1)Pyi(z) = (2l + 1)z P(z) — 1P (x) where [ € {0,1,2,3,4,...}

which give an alternative way to construct the Legendre polynomials once one defines Py(x) = 1
and Pj(x) = x. Another way to recover the Legendre polynomials is as the solutions to

Legendre’s equation:

P
%((1—962)%) =—-l(l+1)R where [ € {0,1,2,3,4,...}

it is this last property of the Legendre polynomials which make them so useful in solving

Laplace’s equation in spherical coordinates.
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SPECIAL RELATIVITY AND
ELECTROMAGNETISM PROBLEMS I

In this tutorial you will practise working with index notation and the Einstein summation con-
vention; and vector calculus. Questions marked with x are the most crucial problems to study

each week.

* 1. Let f be a scalar field, and let u and v be vector fields. Use index notation to prove the
following product rules:

(fv)=fV-v+v-Vf

b (uxv)=v-(Vxu)—u-(V xwv)

(€) V x (fv) = Vf x v+ f(V xv)

(d)Vxuxv)=w-Vu—(u-Vv+uV-v)—vV- u)

(a) V
(b) V
)
)
* 2. Prove the following vector identities using index notation:

(a) V- (V xv) =0,
(b) Vx (Vxv)=V(V-v) -

(Hint: For the last part use the identity: e;j, "™ = 6} 67" — 67" d%).
x
3. Calculate the line integral of the vector function v = | y | from the origin 0 to the
xYz
1
point @ = | 0 | when the path P is
0

(a) The straight line along the z-axis joining 0 to a.

(b) The path of straight lines: 0 — —a.

1
o =

(c) The path of straight lines: 0 —

— O O =
—_
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What is the line integral of the closed loop that travels along the path in (a) and returns
along the path in (b) in reverse? How does this compare with the line integral around
the closed path that starts with the path in part (a) and returns to 0 along the path in
part (c) in reverse?

. Compute the surface integral of the vector field v = %r, where r is the radial vector over

(a) the circle of radius R in two dimensions; and

(b) the surface of the sphere of radius R in three dimensions.

. Compute the volume integral of the scalar field f = \/2? + y? over the volume bounded
by the sphere of radius R centred at the origin in R3.
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SPECIAL RELATIVITY AND
ELECTROMAGNETISM PROBLEMS II

In this tutorial you will continue to revise vector calculus and work with the fundamental
theorems of vector calculus, in particular Green’s theorem and Stokes’ theorem. You will also
begin working with electrostatics using Coulomb’s law and some of its consequences. Questions

marked with x are the most crucial problems to study each week.

* 6. In the following let f, g be scalar functions, let u and v be vector functions and let k
denote a constant vector. Use the fundamental theorems for the gradient, divergence and

curl! to derive the following, for an appropriate volume V, surface S and path P,
(a) [, (Vf)dv= ¢, fda [Hint: use u = kf in Green’s theorem),

(b) [, (V xw)dv =— ¢ v x da [Hint: Substitute u = v x k in Green’s theorem],
(c) Green’s identity: [, ( F(V29) + (Vf) - (Vg))dv = $.(fVg) - da,

(d) Green’s second identity: [,,(fV?g — gV?f)dv = ¢ (fVg—gV[)-da, and
(e) [(Vfxda=— ¢, fdl

* 7. Compute the divergence of the function v = %er, where 7 is the length of the three-
dimensional radial vector r and e, = ~. Does your result agree with Green’s theorem?
Compare your result with the discussion of the divergence of T% e, in the lecture notes. Is
there a Dirac delta function at the origin for this function? Finally, what is the general
formula for the divergence of r™ e, where n € Z for n > —2 and for which values of n does

this divergence require a delta function at the origin?

8. Let F be a vector field in R3. The following statements are all equivalent:

)

) $ F-dl =0 for any closed path,
(c) f:F -dl is path-independent, and

)

IThe latter two of these are known as, Green’s theorem and Stokes’ theorem respectively.
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Prove this claim by showing that (a) is true if and only if (b) is true, (b) is true if and

only (c) is true, and (c) is true if and only if (d) is true.

9. Let F be a vector field in R3. The following statements are all equivalent:
(a) V. F =0 everywhere,
(b) $ F-da =0 for any closed surface,

(c) J. ¢ F - da is independent of S for any given boundary line, and

(d) F =V x A for some vector function A.

Prove this claim by showing that (a) is true if and only if (b) is true, (b) is true if and

only (c) is true, and (c) is true if and only if (d) is true.

10. You are given an electric field of the following type E(r) = qr

(a) Find V - E,
(b) Compute [(V - E) dv, where V' is a sphere of radius R centred at the origin,
v

(c) Compute fs E - da for a spherical surface of radius R centred at the origin, and
(d) Compute [ E -dl for the curve v(t) = (¢,a,0) and ¢ € [0, b).

Y

Do you get the same result in parts (b) and (¢)? Why?
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SPECIAL RELATIVITY AND
ELECTROMAGNETISM PROBLEMS III

In this tutorial you will practise working with Gauss’s law to find E(r) using an appropriate
Gaussian surface, and will start working with the electric potential . Questions marked with x
are the most crucial problems to study each week. This week you should attempt problem
15 completely and submit your answer to your tutor, it will be marked as if it were

an exam problem and returned to you.

% 11. A long cylinder carries a charge density? that is proportional to the distance from its axis
given by o = kp, where k € R and p is the radial cylindrical coordinate. Find the electric
field inside this cylinder.

* 12. Two infinite parallel planes carry equal but opposite uniform charge densities +o, see the

sketch below, the planes are separated by an unknown distance in the x-direction.

e

) <) )

+C =@

7

Without calculating any integrals, use the result of example 3.3 to find the electric field

in the three regions:

(a) To the left of both planes.
(b) In between both planes.
(c¢) To the right of both planes.

2In cylindrical coordinates we denote the radial coordinate by p, so that here, unusually, we will use o to

denote the charge density per unit volume.
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[Hint: Use the superposition of electric fields.]

13. If the electric field (given in spherical coordinates) is

E(r)= ﬁ(Ser + cos ¢ cos ey + 2cos¢sin¢sin06¢>
r

in some region, for some constant k, what is the charge density?

[Hint: The answer is p(r) = £ <3 + sin §(1 — 6sin? gb))]
* 14. Find the electric potential ® for the following charge distributions:

(a) A spherical shell of radius R, centred at the origin, and carrying a uniform distribu-

tion of charge of constant charge density o.

(b) An infinitely long, thin wire aligned along the z-axis and carrying a linear charge
density of A. For this case you will not be able to set the zero of the potential to be
at infinity (why not?), instead pick an alternative reference point for the potential

that gives a finite answer.

(c) A charged infinite plane, coincident with the xy-plane, carrying uniform charge den-
sity 0. As in part(b) you will need to pick a reference point for your potential that

is not at infinity.

15. Consider the Yukawa potential® which is given by

1 qe™#"
d(r) = —
r) dmeg T

where ¢ € R and g > 0. Note that for u = 0 the reduces to the potential for a single

source charge q.

(a) Find the electric field E(r) associated to this potential.

(b) Use Gauss’s law to calculate the charge density that produces the Yukawa potential.

3Named after Hideki Yukawa (1907-1981) who proposed this potential in a 1935 paper to resolve problems

with an atomic model.
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SPECIAL RELATIVITY AND
ELECTROMAGNETISM PROBLEMS IV

In this tutorial you will work with a number of standard electrostatic problems with a focus on

using the potential, and, where possible, the method of images. Questions marked with x are

the most crucial problems to study each week.

16.

*x 17.

18.

* 19.

Consider a uniformly charged thin sphere with radius R and charge density o. The
sphere has a small hole at the north pole with radius ¢ (d < R). Find the electric field
everywhere inside the sphere (but not too close to the hole). [Hint: You only need to

solve this problem approximately, so you should not do any integrals here!]

Compute the average potential over a sphere of radius R due to a single point charge g
located outside the sphere. Confirm that your result is equal to the potential due to ¢ if
it were located at the centre of the sphere. [Hint: For simplicity centre the sphere at the

origin and place the source charge ¢ on the z-axis.]

Give a short argument to justify Earnshaw’s Theorem: ‘A collection of charged particles
cannot be held in a stable equilibrium by electrostatic forces alone.” [Hint: Test the

requirements of stable equilibrium using Gauss’s law.]

0
A point charge ¢ is located at | 0 |, outside a grounded, conducting sphere of radius R

a
centred at the origin.

(a) Explain why the potential outside the sphere may be found by considering the prob-
0
lem of the potential for two charges: ¢ located at | 0 | and a second charge —%q

a

0

located at | 0

R2
a

(b) Find the potential outside the grounded, conducting sphere.

(c) Find the total induced charge on the surface of the grounded, conducting sphere.
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20. Use the method of images to compute the potential due to a point charge ¢ at | b

x
surrounded by two grounded, conducting (semi-)infinite planes P, = {| 0 | | > 0,z €
z
0
R} and P, = {|y | |y > 0,z € R}. The situation is depicted in cross-section in the

2
plane z = 0 from above (looking down the z-axis) by

?3\,

[Hint: You should add more than one image charge.]
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SPECIAL RELATIVITY AND
ELECTROMAGNETISM PROBLEMS V

In this problem set you will solve Laplace’s and Poisson’s equations using separation of vari-
ables and Green’s functions. Questions marked with * are the most crucial problems to study

each week.

* 21. Consider a conducting rectangular box of sides a, b and ¢ oriented as shown below

All faces of the box are grounded except the top face (which lies in the plane z = ¢). On
the top face the potential is f(x,y). Determine the potential inside the rectangular box
in terms of f(z,y).

22. Consider a rectangular pipe constructed along the z-axis and formed out of two infinitely

long grounded conductors at x = 0 and z = a and another two infinitely long conductors
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at y = —b and y = b which are held at constant potential K.

§= .
on whic\ §=\<

7

z
4
° _?(
/1
X=0
ownde > =o-
§=.

on whidw §=K

Find the potential within the rectangular pipe.

x 23. Consider an infinitesimally thin disc defined by the points in R?® satisfying 22 + 3? <

R?, z =0 carrying a constant surface charge density denoted o.

(a) Write down the charge density p(r) for r € R3.
[Hint: You will need to use a step function.]
(b) Find the potential along the z axis.
(c) What happens to the potential along the z-axis when R — 0o? Compare the result

with the formula for the infinite plane.

24. Consider a hemisphere given by |[r| = R and —R < z < 0 and assume that it has a

uniform charge density o on its surface.

(a) Write the charge density o(r) in spherical coordinates.
(b) Evaluate the scalar potential along the z axis.

(c¢) Find the electric field at the origin.

25. Prove that the Green’s function for the two-dimensional Laplace operator is 5- In(|r —').
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26. Consider the linear electric quadrupole:

consisting of three point charges on the z-axis q at z = g, —2qat z=0,and q at z = —g.
Find its potential ®(x,y, z) and show that for r > d it is approximated by the quadrupole

term in the multipole expansion for ®(r).
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SPECIAL RELATIVITY AND
ELECTROMAGNETISM PROBLEMS VI

In this problem set you will continue to work on electrostatics, but also commence work with

magnetostatics including the Lorentz force law, the Biot-Savart law and the magnetic vector

potential. Questions marked with x are the most crucial problems to study each week.

* 27.

28.

29.

* 30.

31.

* 32.

Find the electric dipole moment of a thin sphere with radius R. The surface charge density
o depends on the spherical coordinate ¢ the following way: o(¢) = ogsin ¢, where oy is

a real constant. What is the monopole term in the multipole expansion of this system?

Consider two conducting spheres of radius R and Ry which are very far from each other
and are connected by a thin wire and carry a total charge ). Ignore the interaction
between the two balls. Being conductors, the value of the scalar potential at their surface

is equal.
(a) How is the charge distributed between the two spheres?
(b) What is the electric field at the surface of each?
(c) How does this problem explain spark-plugs and lightning rods?
Find the trajectory of a test charge ) of mass m moving in a magnetic field B = Be,,

where B is a constant, whose initial position is r(0) = e,, and whose initial velocity is
v(0) = —ey + e,.

Find the trajectory of a test charge (), initially at rest at the origin, subjected to a

constant electric field E = Fe, and a constant magnetic field B = Be,.

Consider a thin infinite wire with constant current I, whose position is described by the
equations: z = 0, y = 0. Explain why the current density is J(x,y,z) = 16(x)i(y)e,.
Use the current density to find the vector potential (use the integral formula from the

lectures). Find the magnetic field from the vector potential.

Consider a torus around which a long wire is uniformly wrapped (so that you may ap-
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proximate each loop of wire by a circle:

where each loop of wire carries a current I and there are n loops of wire in total on the
torus. With the torus aligned as shown above (i.e. with the plane of its larger circle being
perpendicular to e,). Prove that the magnetic field is in the ey direction (in cylindrical
coordinates). Find the magnetic field.

33. A spherical shell of radius R, carrying a uniform surface charge o is set spinning at

constant angular velocity w. Find the magnetic vector potential produced at a point r.
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SPECIAL RELATIVITY AND
ELECTROMAGNETISM PROBLEMS VII

In this problem set you will continue to work with magnetostatics, although our attention will

start to focus on electrodynamics as well, and we will do some work with Faraday’s law. Ques-

tions marked with x are the most crucial problems to study each week.

* 34.

35.

36.

* 37.

Prove that the component of B perpendicular to any surface with a steady surface current
is continuous at the surface. Prove that the component of B parallel to any surface with a

steady surface current is discontinuous across the surface - and compute the discontinuity.

In this problem we will prove a vector identity that is helpful in re-writing the magnetic

fer-r’dl’:—erx/da’.
P s

(a) Use Stokes theorem for v = ¢f where ¢ is a constant vector and f a scalar function

/Sfoda:—]ifdl

where P is the boundary of S.

(b) Prove that
]{(c-r)dl = —c X /da
P S

where ¢ is a constant vector, by substituting f = ¢ - into the result of part (a).

dipole moment:

to prove that

(c) Hence prove the identity stated at the start of the question.
Find the magnetic dipole moment m of a current I circulating around a square of side L.

A square loop of wire with sides of length L whose edges are parallel to the e, and e,
directions lies with its closest edge at a distance d from an infinitely long straight wire

on the z-axis which is carrying a steady current I = [e,.

(a) Compute the flux of B through the square of wire.

(b) If the square loop is moved at a velocity v = ve, away from the current what is
the electromotive force generated, and in what direction around the square does the

current How?



246

* 38.

39.

APPENDIX E. TUTORIAL EXERCISES
(c¢) Repeat part (b) but with v = ve,.

An alternating current generator: A square loop of wire with sides of length L lying
initially in the plane y = 0 and bisected by the z-axis, is rotated at angular speed w
about the z-axis. This wire rotates in a uniform background magnetic field B = Be,.

Compute the electromotive force £(t) for this generator.

A transformer: Two conducting wires are wrapped around a cylinder in such a way that
the same magnetic flux passes through every turn of both coils of wire. The first wire
has n; turns around the cylinder and the second wire has n, turns of wire around the

cylinder. If there is a changing current I(¢) in the first wire show that

& L
& B n
where & is the electromotive force induced in wire two and & is the electromotive force

induced in wire one both due to the changing current in wire one.
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SPECIAL RELATIVITY AND
ELECTROMAGNETISM PROBLEMS VIII

In this problem set we will continue to work with electrodynamics: electromagnetic waves,

energy, gauge choices and the retarded and advanced potentials. Questions marked with x are

the most crucial problems to study each week.

40.

41.

*x 42.

*x 43.

44.

Prove that the spherical wave
f(?", t) — leik(r—ct)
,

is a solution of the three dimensional wave equation LJf = 0.

Prove that there is no non-trivial solution to Maxwell’s equation in a vacuum where the

electric field is

-1 .
E(r,t) = Ey—e™r=)
r
where Eo is a constant.

Write down the real electric and magnetic fields for a monochromatic plane wave of

amplitude Fjy, angular frequency w that is
(a) Travelling in the direction —e, and polarised in the e, direction.
(b) Travelling from the origin to the point x = 1, y = 1 and z = 1 with polarisation
parallel to the plane y = 0.

The propagation of energy by light: A monochromatic plane wave in a vacuum has electric
field
E(z,t) = Eo( cos(kz — wt)) e,.

(a) What is the accompanying magnetic field B(x,t)?

(b) Compute the energy density U = %(EoEQ + %B2) for this wave.

(c) Find the Poynting vector S = ﬁ(E x B) for this wave and compare it with U.
(Discussion Question) Qualitatively discuss the effect on a stationary, isolated (point-
like) test charge @ in an electromagnetic vacuum which is impacted by a monochromatic

plane wave? (For the purpose of this discussion, you should assume that the electric field

of the test charge does not change the electromagnetic wave.)
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* 45.

46.

APPENDIX E. TUTORIAL EXERCISES

Consider the spherical electromagnetic wave with

E(r.t) — A%

(cos(u) - ki sin(u)) eq

r r

where A € R is constant and u = kr — wt where ¢ = % Show that E satisfies all four of

Maxwell’s equations in a vacuum and find the associated magnetic field B(r,t).

One can solve the inhomogeneous wave equations:
-
€o

Od = — /L()J

with the retarded and the advanced potentials. Using this ability to solve such equations

show that it is always possible to choose the potentials in the Lorenz gauge:

0P
V . A = —GOMOE.
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SPECIAL RELATIVITY AND
ELECTROMAGNETISM PROBLEMS IX

In this problem set we will start to work with special relativity: we will look at simultaneity,

time dilations and length contraction; the Lorentz transformation often through some apparent

paradoxes. You should aim to submit at least one starred (x) question for marking.

* 47.

48.

* 49.

The twin paradox. Consider two identical twins, called A and B, who have the same age
(up to some decimal points at least). Twin B stays on Earth while twin A travels on a
spaceship at a very high speed v (relative to B on Earth) to a distant star and back. When
the twins are reunited on Earth, are they the same age? If not, which one is younger?

—1
Many formulae in special relativity contain the factor v(v) = ( 1— Z—;) , which con-

trols how strong the deviation from “classical behaviour” is. Here c is the speed of light
(~ 3 x 10°m/s) and v is the relative velocity of two inertial systems (or the velocity of a

particle within a system).

To get an idea of the size of relativistic effects, compute v(v) for v = 360km/h (a very fast
train), v = 30km/s (earth moving in its orbit around the sun), v = 0.9¢ and v = 0.998¢

(velocities common in elementary particle physics).

Find the speeds v for which v(v) = 1.01 (a deviation from classical behaviour by 1%) and
v(v) = 2 (a deviation by 100%).

The muon is an unstable particle that spontaneously decays into an electron and two
neutrinos. The mean lifetime of a muon in its rest frame is 7 = 2.20us. Most muons that
reach the Earth are produced by cosmic rays in the upper atmosphere at altitudes of 15

km with typical speeds of 0.95¢.

(a) Using Newtonian (non-relativistic) dynamics, what fraction of the muons would

—t/T

reach the Earth without decaying? The decay law is N = Nye "7, where 7 is the

mean lifetime,
(b) According to special relativity, what is the mean lifetime of a muon in Earth’s frame?

(c) How far is the Earth from the upper atmosphere for such a (relativistic) muon?
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(d) According to special relativity, What fraction of the muons reach the Earth from
the upper atmosphere? Think about the problem from both the frame of the Earth

and the frame of the muon - do the answers from both frame’s agree?

50. Consider two inertial frames: S with coordinates z* and S’ with coordinates y*. The

* Hl.

frames are arranged so that the coordinate axes coincide at some initial moment, and in

particular x! is parallel to y'.

A rod is stationary in the frame S’ where it is measured to have length L’ and to make
an angle 0" with the y! axis. In the frame S the rod (and the frame associated to it, S’)

1

is moving with speed v along the x' axis. What is the length of the rod for an observer

that is stationary in S? What angle does it make with the x! axis?

Consider a train of length 100m at rest and a tunnel of length 80m. The tunnel has
doors on both ends: initially the entry door to the tunnel is open and the exit door is
closed, but the doors are programmed so that whenever a train reaches the exit door it
is automatically (and immediately) opened to let the train through and the entry door

closes automatically as the back of the train passes it.

What speed should the train have so that it would fit inside the tunnel exactly? What
about the frame of the train, would people on the train say that it fits inside the tunnel
completely? Describe the sequence of events in the train frame and show that there are

no contradictions.
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SPECIAL RELATIVITY AND
ELECTROMAGNETISM PROBLEMS X

In this problem set we will continue our relativistic work, and look at Lorentz transformations,
Lorentz invariants and relativistic dynamics. Questions marked with x are the most crucial

problems to study each week.

* 52. Show that the d’Alembertian operator transforms as a Lorentz scalar under a change in

the coordinates given by a Lorentz boost in the e, direction.
53. Show that if the four-displacement between two events is:
(a) time-like then there exists an inertial reference frame in which the events occur at

the same location,

(b) space-like then there exists an inertial reference frame in which the events occur at

the same time, and
(c) light-like then the two events could be connected by a light signal.
* 54. A pion of mass m, at rest decays into a muon of mass m, and a massless neutrino

(neutrinos are not really massless, but have negligible mass, and for massless particles,
the 4-momentum satisfies P*P, = 0).

(a) Write down the 4-momenta for all the particles.

(b) Using 4-momentum conservation find the speed of the produced muon.

(c) On average, how far will the muon travel before disintegrating? (use m, ~ 139MeV/c?,

m,, ~ 105MeV/c?, and data about the muon lifetime from the previous problem set.)

* 5. Using the conservation of 4-momentum show that a single massive particle cannot decay
into a single photon? (a massless particle which moves at the speed of light), instead it

can only decay into two or more photons.

56. There are two basic strategies which are used in particle accelerators. The first has a

fixed target, where you smash a particle of mass m; with energy Fj into a test particle of

4A photon is the quantum of the electromagnetic field, and emerges when one quantises electromagnetism

in quantum electrodynamics.
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mass m; that is at rest. The second involves colliding beams, where you accelerate two
particles to energies Fj for a head-on collision. Either way the goal is to produce some

new particle with mass my.
(a) Find the mass of the produced particle mx in terms of the initial data Ej, m;, and
my for the fixed target scenario.

(b) Find the mass my in terms of the beam energies Fj, for the colliding beam scenario

(you want to produce a particle at rest to make it as massive as possible).

(c) What kind of accelerator would you build if you wanted to discover heavy particles

(e.g. the Higgs boson)?



