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] 59mmetrg
Which of the Fo”owing shapes has more symmetry?

AN O

It’s onlg slightly harder to answer the same question

for the ec]uilateral triangle compare& to the square:
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Groul:) theorg IS a way to encocle the sgmmetrg transmcormations

algebraica”g.

A sgmmetrg transformation is a transformation that not onlg

reserves the sha e but also the distance be’cween oints on the
P l P P
polygon.

The triangle has six sgmmetrg transformations:
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Each transtormation can be built out of two fundamental

transformations:

O- denokes oo cokeakion \9\5 7‘«/$ ('\.c_. '\.'7.6)

A ») denckes oo col\e ot e Yo Veetico\l \we oise c\t'ms Y Teiomn (S\Q_ .



The sgmmetry group of the triangle is then denoted bg
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Tlﬁe re!ations encocle wha’c wWe
Stands for the span of a

and b: it contains all the

“words” you can write

5 2 c =
down using the symbols a — —
gthe sy YANRWANRYVAN

and b. E.g. aaaba, ab, <

|<now about thc—: sgmmetries O1C

the triangle e.g.

bababbbbbbb, and s on. ANSVANSAN

The infinite list of words is reduced tojust six words ]39 applging the

relations.



The symmetrg group of the equilateral triangle IS our Prototgpe of a
gI”OUP:

Definition 1.1. A group is a set G and a mapping from the Cartesian product G x G into G

(a law of composition or multiplication law ), which we will denote by juxtaposition
GxG—->G : (91,92)— 919, (1.1)
with the following properties:
(i) Associativity: gi(g293) = (9192)gs for all g1, g2, 93 € G
(ii) Identity: there exists e € G, called an identity, such that ge = eqg = g for all g € G

(iii) Inverse: for all g € G there exists g~ € G, called an inverse of g, such that gg=' =

—tg = e, where e 1s an 1dentity in G.
g tg = e, where e is an identity in G

For the symmetries of the triangle) the inverse transformations are:
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The sgmmetries of the five Platonic solids are built out of those of
the regular Polggons.
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Tetrahedron Hexahedron/Cube Octahedron

Dodecahedron lcosahedron



The set of Platonic solids
possesses a symmetrg

transtormation:

5waPPi ng vertices for the centres

O1C a ‘FBC@ mal:)S thé SI"IBPCS as

Tetrahedron <—> Tetrahedron
Cube <—> Octahedron

Dodecahedron <—> Icosahedron




Polyhedron ¢+ Vertices ¢ Edges ¢ Faces ¢ Schlaflisymbol ¢ Vertex configuration $

tetrahedron ' 4 6 4 {3, 3} 3.3.3

cube 8 12 6 {4, 3} 4.4.4
octahedron 6 12 8 {3, 4} 3333
dodecahedron 20 30 12 {5, 3} 55.5

icosahedron . 12 30 20 {3, 5} 3.3.3.3.3



A sgmmetrg transformation must leave vertices unchangecl, hence

the vertex/ edge clualitg tells us that:

The cube and the octahedron have the same sgmmetrg group, as
do the octahedron and the icosahedron.

There are on|9 b, symmetrg groups for the 5 Platonic solids: the

groups are more fundamental than the Platonic solids.

In aclclition sgmmetrg groups may be sgmmetries o1C more abstract
objects such as algebraic equations, or even theories of the

universe.



The term group was coined 139 Evariste Galois:
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One of the great achievements of the 20th centurg was the

classification of the finite simple groups in the Atlas of finite groups
(published in 1983)
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The order of a group G is the number of elements in the group and
is denoted |G|. The order of the group of sgmme’cries of the

equilateral triangle s 6.

We can construct tlﬁe groups o1C low orcler ancl write out their

multiplica’cion table (Cag!eg table):

Groups of order1

Let G=le}




Groups of order 2

Let G={e,a) < 2
e c 0-
O~ O~ 0?

As the group is of order two, then either

Q:L - e ot 03"-‘—0\

But if we multiplg the second choice bg the inverse to a we find:



However I‘F a=Cc tl‘]éﬂ W¢e Oﬂlg have a grouP OF orcler one.

Hence it must be that the group of order two is given bg

e O
< < (6N
4 O« e

In terms of sgmbols and relations this is written:

< oY et ol = e

Itis called the cgclic group of order two and denoted  Z..



For larger group tables the construction is made easier once we
realise that each group element can appear once and onlg once in

CSC!"] FrOw or column.

Suppose the contrarg was Possible ancl N a row we Founcl that

LN o T = &

APAUIN N
ts Q
\O\B o .

= oA and o= a &
=> b =c
In which case b and ¢ are identical and so correspond to onlg one

column in the group multiplication table.
group P

A similar argument holds for columns.



Groups of order b,
et Gz{e,a,b}
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This is the cgclic group of order A, denoted Z.
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2. Knots

GrouPs may act or be encoded in all sorts of settings. We will think

about some groups associatecl to knots.

The Picture-Hanging Puzzle (of A. SPi\/ak)

We have considered groups given bg sgmbols and relations. What
happens if a group has no extra relations bcgoncl the group

axioms? Then we have a free group.

Itis riskg to hanga Picture !39 one nail: the nail could fail and the
Picture would fall.



The Picture~hanging Puzzle asks when it isjust as riskg to hanga
Picture bg two nails.

will the tangling of the s‘cring about the two nails below unravel i

either of the nails is removed?




Groul:) tl’weorg can hclp us encocle the way tl’we string looPs over tl’we

nails.

_ Give the nails some names A and B.
_1f the s‘cring loops clockwise over A denote that ]39 aand ifit looPs
clockwise over B denote that bg b.

~ Let anti-clockwise IooPs be gi\/en bg the inverse elements.
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How about?
S

[Hat~til:> to Professors Gérard Watts and Konnie Rietsch, for more see

the paper at https: // arxiv.org/ Pchc/ 1ZO§.§6OZ.P<311C]



The Braid Groups

Consider:
- two boards with n pegs on each
- n threads connect the two sets of pegs
- threads may not entangle with themselves

This construction is called an n-braid. E.g.

— i

Are examples of §~]3raicls.



Braids can be multiplied ]:)9 comPosing them as follows:
- Line any two braids up heac:l~to~tail,

- connect the alignecl threacls and

- remove the interior boards.

E‘.g.
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The identitg §~braicl IS given bﬂ:

r

?

Given any §~braicl, can you construct the inverse braid?



To find the inverse to any braid 9oujust have to rotate it around so
that board two is rotated to the Position of board one and vice-

Versa:
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The n-braids form a group denoted B,. \



The 2-braid group is the intcgers N disguise:
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What do braids have to do with knots?
The answer is that every braid can be converted into a knot or set
of |<nots, bg connecting the threads of board two up to those of

board one, Forming closed IooPs of threacls, often knotted.

Braids givc anice computational way to describe knots.



Conway’s Rational Tangles

Commence with the identit9 2-braid and label the corners:

R ©

We will define two simple actions on this:

1. Twist ‘em up (T): B litts their thread up and A passes

unclemeath.



1. Twist ‘em up (T): B litts their thread up and A passes

undemeath.
A o —p | %
N " '\/4
This gives the l~tang|e: there is one overlap of the threads

and as we look from left to riglﬁt the toP~!e1Ct thread (now
held Bg B) overlaps the other string once. If it had gone

under once we woulcl ca“ this the ~1 tangle.

Algebraica”g)
N =M.



2. SPin ‘em round (S): where A, B, C and D rotate anti-clockwise
bg ninety clegrees.

We get an undefined tangle, what is the tangle number for this

conﬁguration’? Canwe gi\/e it some meaning’?

S(o) =R



Some Exercises!

1. Find an algebraic expression for % (o)

2. Show that <% (n) = A

3. Untangle T(O) using onlg S and T actions, and hence show
that (V)= -1,

4. Consider X" S(0) - what does this implg for 5(0) as a
number? Can you make sense of this?

5. Undo the Z~tangle usingS and T actions.

6. If we could swap all the Crossings in a tangle, so that a string
crossing under another becomes one that passes over, we
would map an n—-tangle to its negative the ~n~tangle. Call this
the mirror. With this in mind compare sX*(0) =m with Y3 (o)

to ﬁnd the un‘mown m.



159 Now we may guess that:
N (| = nx A %C'\\’*—/(\.

To check these guesses, we may use them to trg to untangle some

complicated ’(:anglesJ e.g.

TOSTSN(0) = I3 (2)

= T 3X*(%)
=N >(*)
= N ()
= 3.
S . _s, 1\°© > >



There is a simple relation on the sgmbols Sand T

(S <) = e

o SNIN ST ()= DN DT S (axd)
= <N 3™ (_%am)
=57V (%40)
< 5T (0
=3 (7%)

= 1MN\.

~ ' =23SNSTS

With this inverse we can guarantee that we can untangle any tangle!



But... it may not givc: the most efficient untangling for examplc
consider again the 3/5- tangle given 139

TSI (0)

The inverse element is

T-28- 173827 ~1 = (STSTS)*S(STSTS)*S(STSTS)
— STSTSSTSTSSSTSTSSTSTSSTSTSSSTSTS
— STSTTSTSTSTTSTTSTSTSTS
— STSTTTSTTS
= STST3ST?S

Which has some redunclancg as:

3/55% 5135 1/3% 3505 00l 00



From the tangles) we have another group: it is called the modular

group and is defined bg

< ng > 'S\ QVN S'L:.-. < , (ST)FS:Q_.

The modular group appears n many diverse areas of mathematics and
Phgsics, from the mock modular forms found bg Ramanujan to the
computation of the entropg of a black hole in s’tring theory.



5. Monsters.

The largest of all the sl:)oraclic, finite groups is called the Monster
group.

It’s cliscoverg coincided with the end of 150 years of searching to

CliSCOVCf' ncecw sgmmétrg groups.

Tlﬁ@ Of'ClCF O{: thC Monster groul:) IS

246 X 320 x 59 x 76 X 112 x 133 x 17 x 19 x 23 x 29 x 31 x 41 x 47 x 59 x 71
= 808, 017,424,794, 512, 875, 886, 459, 904, 961, 710, 757, 005, 754, 368, 000, 000, 000



The Monster group can be defined in terms o1C twelve sgmbols ancl
eightg relations.

The relations are best described bg use of a cliagram (called a
Coxeter diagra m)
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Monster relations:

Fach sgmbol squares to the iclentitg.

O:L = e ? &\D'\wl = e 2 CC'\SL'——- e , (c}\‘\\m:e_) (0—‘, 31 = e [\(2- °°—\°-\'\QAS—X

It connected on the cliagram then their Procluct
cubed is the iclentitg.

2.9 (o -\\3 e, (‘o-\c-\\% = e eke. \: AN ru\m‘c'\onsrx

H; not connectecl tl’meg commute.

a,,cs_ oco = cio ad =d o ekc, [ ]S (-q_\o.\'\u\g‘x
The spider relation.
( ao.c o, ¢, a ey )\Q =e. KN ce.\ok'\of\'&

Quotientin gout the centre.
T4 coldion ),



Thank—you.



