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The Mathematics of Waves |

from Catastrophe to Solitons

Dr Paul P Cook
DcPartmcn’t of Mathematics
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Aims:

I. Understand why waves spreacl or break. (CATASTROPHED

2. Discover that some waves remain Peﬁcectlg s’table.
(STABILITYD

D Stuclg the equation that Procluces stable waves in shallow
water: The KdV equation. (MATHS)
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Two Million Dollar Motivations

Yang-Mills and the Mass Gap
‘Can one construct 4D quantum Yang—Mills theory
rigorously, and prove it has a positive mass gap?”’

(Fields can form stable structures (e.g. flux tubes between quarks),
closely related to soliton behaviour.)

Navier-Stokes
‘Do smooth three-dimensional fluid flows stay
smooth for all time, or can singularities form?’
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Wave Equations

A one-dimensional wave equation

2

Uit — C Uxx
2 2
Notation i
t dt) tt dt2
~ du d*u

UX b0 TP UXX e o o
dx’ dx?
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Wave Equations

* Solution:
u(x,t) = fix — ct) + g(x + ct)

where f and gare any functions.

* This is an infinite set of solutions!
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Movmg Wave F’roﬁles

Consider ety — flc o

It is a wave whose shal:)e IS unchangecl and moves to the right |
at speecl © |

t=0 C(x-ck) =C 0N

N NS

The Point at x=0 initia”9 (t=0) corrcsponcls to x~ct=0, later

f

WE have x=ct to keep the argument Zer o
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The Linear Wave Equation

* The wave equation is linearin u: I vis a solution and w is a
solution the v+w are solutions too.

* u=f(x-ct) moves to the right with sPeecJ &
. u=g(><+ct) moves to the left with speecl C

* 1C(><~ct) is a solution to a simpler equation:

us +cu, =0
* N.B.

d—2 —czd—2 0= - cd . | cd u=2~0
dt? dx2 )" \dt dx / \dt “dx/)
T b

ur —cu, = 0 us +cu, =0




Harmonic Travel

P T

| u=Acos(k(x —ct)) =

4

W
Where w=kc so S5 7

Iing Waves

& Harmonic trave”ing waves form the builcling
D ocks 01[ many trave”ing wave solutions.

* gre sine or cosine wave trains e.g.

A cos(kx — wt)

. At =0 /\ /A

6 . AT gt N g g (s SIS - o ol B B Y T B

2 e e T N T I TR ST S-St

g A /J}\




Travellin g Waves

AN
FERUERY. -

u = Acos(kx — wt) c:% )\:2_7T

k

A wave travels one wavelength N A_ 20

C
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Trave”ing Waves Summary

u = Acos(kx — wt) e |

* Thisis a trave”ing wave solution to  u, + cu, = 0

15 w
* |[ts wave speed Is constant e C

+ Solutions can be added together to find new

solutions: it is linear.
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Addition of Waves

. A trave”ing wave is the real Part of
i Aei(kx—wt)

= Acos(kx — wt) + iAsin(kx — wt)

* The angular Frequencg w=ck is a function of k.

* We coulcl add many tra\/e”ing waves togc—:ther

to ﬁncl anot‘qer wave

u=) Ak D
k
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- Addition of Waves: Beats
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Phvsics Demos

Courtesﬁ of st Mary’s University, California
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https://www.youtube.com/watch?v=V8W4Djz6jnY
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Dissipation

| et’s moclhcg tlﬂe wave equation From

ur+cu, =0

to:
u; + cu, + du,, = 0

There is a tra\/e”ing wave solution u = Aetke—wt f

w = ck 4 idk?

glVlﬂ g g — Aeik(x—ct) edkzt
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Dispersion

| et’s consider adcling a term with three x derivatives:

Up + CUy + duy,, = 0
This has a trave”ing wave solution u = Ael =Y

with clisl:)ersion relation

w = ck — dk?

anc] wave SPCCCI W}'HCl"I CICPCI"IClS on Wa\/elength:

W ) 472
E:C—dk :C—dv

e SV, Sl i P~ —~— v,




Dispersion
4772
)\2

w
s d
k C &

Now it 5 472

C

the wave has zero wave speecl!
ne right i+ A >

or it travels to the left it e

4724
C
472d
C

1

A wave travels to t
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Dispersion
Gravity waves in cleep water: = /gk

&z 8 dw 1 /g
oVl D dc 2\ k

Long wavelengths travel faster-.

Capxllarg waves: L

P

T\ 2T dv 3 T|k|
)\p dk = 20

Short wavc:lengths tra\/el Faster.
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DisPerSion

Gravity Wave
(e.g. a stone
dropped in water)

Capillary Wave
(e.g. a raindrop
falling on water)
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Non-~Linear Terms

Coulcl wWe make wave~speecl a Function 01C amplitucle?

Consicler: | A non-linear term in u.

ut+(c+u5£=0

Points Carrging value u now move at c+u - theg depencl on
the ampli‘cude of the wave, U.

du(x(1), 1) dx dx
=u+u—=0= —=c+u
dt dt dt

on the characteristic curve x (t).
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Dispersive, Non-linear Wave Equations

ux + Uyxx = 0

ut—l— '
/ P

~ Non-linear term Dlspersion term 1
(wave~speecl (wave—-speecl
depends clepencls
on amPli’cucle) on waveleng’th)

Can we find solutions for which clispersion and amplituc:le
clepenclence cancel out?

In fact an equation having this form describes shallow

water waves.
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Solitons

“l was observing the motion of a boat which was rapid|9 drawn alonga Narrow
channel ]39 a Pair of horses, when the boat suclclenlg stoPPecl — not so the mass
of water in the channel which it had put in motion; it accumulated round the

prow of the vessel in a state of violent agjtation, then 5uclclenlg leaving it behind,

e I

rolled forward with great Velocitg, assuming the form of a large solitarg

elevatiom a round ecl, smooth and well-defined heaP of water, which continued
its course along the channel aPParentlg without change of form or diminution of
speed. | followed it on horseback, and overtook it still ro”ing on at a rate of
some eight or nine miles an hour, Preserving its original ﬁgure some thirtg feet
long and a foot to a foot and a half in height. Its height graclua”g diminished,
and after a chase of one or two miles I lost it in the windings of the channel.
Such, in the month of August 1854, was my first chance interview with that

singular and beautiful Phenomeﬂon which 1 have called the Wave of Translation.”

f

John Scott Russe”, 1854
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Solitons

u,+ouu, +u. ., =0
A N
Non-linear term Dispersion term

This is the Korteweg—-cle Vries equation (or KAV equation)

<

hich governs the motion of shallow water.

[Korteweg-cle Vries 1895]

it has a trave”ing wave solution:

==

2 coshz(%\/E(x — ct))
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| ook for a travc”ing wave solution u = f(x—ct) =f(&)to

i ouu tu, =1
Substitution gives:

_Cf/ + 6ff/ _I_f/// — (_Cf+ 3f2 +f//)/ — 0
Integrating with the bounclarg condition that f, £ vanish at imqnitgz
(oo
Bae s
At
and boundarg conditions implg o \/Cf2 — 23 We have

i
Y24 =0 = —ff 3 S =S AL (D) =0

el
=

C
Substituting N— gsechza leadstoa = - 75 and so

& L o)
U=— —((x—c
> >
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Credit: Christophe Finot, Laboratoire Interdisciplinaire CARNOT de Bourgogne, Equipe Solitons, Laser et Communications optiques,
With soundtrack by Ennio Morricone (The Ecstasy of Gold)



https://www.youtube.com/watch?v=wEbYELtGZwI

lntegrable Equations

Wlﬁg are solitons SO stable?

The Kdv equa’cion IS an example of an integrable Pd.e., these are

equa’tions which have an infinite number of conserved c]uan’cities:

Q1 = Judx, Q2 — [uzdx, Q3 = J(u)% - 2u3)dx
These constraints restrict how the wave can evolve.

Result: the wave Proﬁle cannot sl:)reacl or change shape.
In finite~-dimensional systems, integrabilit9 means having as many

conserved cluantities as clegrees of freedom.




lntegrable Equations

E‘xampies of integrabie sgstems include:
~ The KdV Equation (shallow water waves)

- The nonlinear Sci’iré’)clinger Equation (oPticsj Bose-

Einstein condensates)
- Sine-Gordon E‘c]uation (i<in|<5 and topological solitons)
~ Toda lattice (nonlinear interacting Particles)

= Heisenberg sPin chains (quantum integrable model)
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Inverse Scatter ng,

Gamlner, Garcenic, Kruskal and Miura discovered (1967) that the Kdv equation can be solved

usi ng the inverse scattering equation.

Idea: Instead of solving the nonlinear Kdv equation clirectlg) we turn it into a linear Problem (a

Schréclinger equa‘cion) and solve that instead.

; e e
-y, + ulx, Dy = Ay clon Hy={ ————+ V() v =Ey
2m dx?

The wave Proﬁle acts like a Potential N a Schré’)clinger ec]uation.

By ?o”owing how waves scatter off the Po‘cential u, we can construct u.
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| ax Pairs

A lLax Pair IS a way of rewriting the ec]uation so that the eigenvalues of an oPerator

don’t change N time.

— Y, + ulx, Dy = Ay may be recast as an operator equa’cion:
02
Ly = Ay where L(x,t) = —— 4+ u(x,t)
0x?2

Together with the comgatibilitg condition
[L,B] =L,

Where B=BH (x) is the oPerator satis%ing

Sl
T

Nonlinear evolution is replacecl bg an operator equation.

Sgstems constructed this way have constant eigenvalues, which makes them solvable.
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Summarg Comments

* Wave ec]uations are mathematica”g interesting and the
aPPIications are wide.

* Certain equations are more interesting than others
(integrable equations) :

* The mathematics involved is Predominantig:
* vectors (scaiar and cross~l:>rociuct),
s calculus (derivatives, integrals), and

* vector calculus (clirectional cieri\/ati\/esJ line
integrais).

* |tis an active area of mathematical research.
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| ax Pairs

UL u(x, f)l// o /h/f

May be recast as an oPerator equation:

2
Ly = Ay where L(x,t) = ——— + u(x, t)
x>
Time evolution:
Write U(7) = e then
T )]
UonLx,t)=1+7—+——+ ...)L(x,t) = L(x,t + 1)
dr <=2 dt

Lx,t+ Dy, t+17)=Aw(x,t+ 1)
—> L(x,t+ 1)Uyw(x, 1) = AUyp(x, 1)

Or U 'L(x,t + 1)U = L(x, 1) equivalently  UL(x,)U~! =L(x,t+7)

e T



| ax Pairs

Writing L(0) = U 1)U (nowwith U = U(¢)) then taking

the t derivative and rearranging gjves:

LU - IUU"—_ BL IR |l B
Where B = — UU!, so the Lax pairs are the operators
LandB satis%ing the Compatibilitg condition [L, B] = L

Such a sgstem guarantees that the eigenvalue Problem

Ly = Ay has constant eigenvalues.




| ax Pairs

Lw+ Ly, =Ap+Ay, — (L —w=U—Ly
Using the compatibilitg condition
(LB—BL—-A)y =U—-Ly = (L-)(y,+ By) =Ly
An inner Procluct gives

Alwl® = (L= )y, + By) |w) = (w,+ By | (L — Dy) =0

Where we took L to sehc—-adjoi b




| ax Pairs

The question can now be asked: what is B (x) which ensures that

0
By = — O_th given that L is a second-order differential operator.

B is first order: B, = Cla_ is the generator of x translations
X

2
B is second order: B, = Czﬁ + Du — [B,,L] =0.
X

0° 0
B is third order: B; = Clﬁ e Dz”g + Esu, solving the

compatibilitg equation gjves the KdV equation from By = —y.
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